MununcTepcTBO HayKH U BBICIIETO 0O0pa3oBaHus Poccuiickoit denepannu
OI'bOY BO «Y nMmypTckuit rocyAapCTBEHHBIN YHHBEPCUTET

TEOPUA YIIPABJIEHUA
N MATEMATHYECKOE MOJAEJIMPOBAHHUE

Marepuansl Beepocceniickoit kondepeHmn
C MEXIYHapOAHBIM Y4acTHEM
«Teopus ynpaBieHns: 1 MaTeMaTHYECKOE MOJICITMPOBAHUEY,
MIOCBSIILICHHOH TaMSITH
npodeccopa H.B. Azbenesa u npodeccopa E.JI. Torkosa

Yacts 2

WxeBck, Poccus
16-20 mrons 2025 r.

‘y-'

WxeBck
2025



VK 517.9 (063)
BBK 22.161.61431, 22.161.85431, 22.199431, 22.18 11431
T338

Hs30anue noocomosneno npu punarncosoii noddepacke Munucmepcmsa
HayKku u evicuieco 06pazosanus PO ¢ pamxax eocyoapcmeennozo 3ada-
nus, npoexm FEWS-2024-0009.

PenaknmroHHas KOJIJIETHSA:
A.C. bannukos, T.C. beikoBa, C.H. ITonoBa

T338 Teopus ynpaBieHHs] 1 MATEMAaTHIECKOE MOJCIUPOBAHNUE :
MaTepuanbl Beepoc. koH(D. ¢ MexayHap. ydacTHeM, MOCBS-
nieHHoi mamsatu mnpodeccopa H.B. Azbdenea u mpodeccopa
E.JI. Tonkosa (MxeBck, Poccust, 16—20 utons 2025 r.) : B 2 4.
Y. 2. — WxeBck : Y amyprekuit yausepeuret, 2025. — 300 c.

ISBN 978-5-4312-1264-2
DOI: 10.35634/978—5—4312—-1264-2-2-2025-1-300

B yactu 2 cOOpHHKAa aHOHCHPYIOTCS PE3yJIbTaThl HCCIICI0BaA-
HUI 110 MaTeMaTHYECKOW TEeOpHUH ympaBieHus, Teopuu auddepenin-
TbHBIX WIP W MAaTeMaTHYeCKOMY MOJACIMPOBaHui0. IIpeacTaBiieHs
CIICYIOIIME HAYYHBIC HAIMPABICHHS: TEOPUS YIPABJICHUS, yIPABICHUE
JUHAMHUYECKAMH CHCTEMaMH B YCJIOBHAX KOH(DJIMKTA M HEOIIPEISIICHHO-
CTH, 3a7[a4H OI[CHUBAHUS M WACHTH(QHUKALINN B THHAMHYCCKIX CHCTEMaXx,
YHCJICHHBIC aJTOPUTMBI DPEIICHUS 3aad ONTUMAILHOTO YIPAaBJICHUS,
MaTEeMAaTHYECKOE MOJICITUPOBAHNE B MEXAaHUKE CIUIOIIHOW CPEJIbl, MaTe-
MaTHYECKOE MOJCITUPOBAHNEC B MEXAaHUKE JKUIKOCTH W ra3a, MaTeMaTu-
YEeCKOe MOJICIIUPOBAHUE B SKOHOMHUKE, MAaTEMaTHYECKOE MOJICIIUPOBa-
HHE B OUOJIOTHHU.

VK 517.9 (063)
BBK 22.161.62431, 22.161.85431, 22.192431, 22.1815431

ISBN 978-5-4312-1264-2 © OI'bOY BO «Yamyprekuit
DOI: 10.35634/978-5-4312-1264-2-2025-1-300 rOCyJapCTBEHHBIH yHHBEpCHTET», 2025
© ABropsI cTateit, 2025



ConepxkaHue

Teopust ynpasienust u nuddepeHImaibable Urpbl . 10

Azamov A.A., Samatov B.T., Turgunboeva M.A. The prob-
lem of interception of one inertial object by another in a
dynamic flow field . . ... ... ... ... 10
Bykova T.S., Zaitsev V.A. On assignment of the upper Bohl ex-
ponent for linear time-varying control systems in Hilbert
SPACES .« v v v e e e e e e e e 14
Kinzebulatov D. SDEs with critical distributional drifts . . . . 17
Petrosyan L.A., Pankratova Y.B. Constructing time-consistent
cooperative networks in non-zero sum differential network

GAINES .+ . o o e e e e e e e e e e e e 18
Samatov B.T., Umaraliyeva N.T. Il-strategy algorithm in dis-

crete pursuit game with total constraints . . . . . . . . .. 21
Zaitsev V.A., Kim [.G. On matrix coefficients assignment for

block matrix bilinear systems in the Hessenberg form . . . 25
Zamyshlyaeva A.A., Bychkov E.V. Optimal control of solutions

to the Cauchy problem for IMBq equation . . . . . . . .. 28

Axmanosa C.B. Habaromaemocrs u crabuiausaius ¢ HabJIo-
JaTejieM HEeJIMHENHbBIX HEIIPEPbIBHO-/ITUCKPETHBIX CHCTEM

VIOPABIICHUS . .« o o v v v v e e e e e e e 31
Acramosa W1.B., Jlamuu JI.A., ®Ounmunosckuit A.B. O6 omnoit
napaboImIecKoii 3a1ade IJIaIKOr0 yIpaBaeHus . . . . . . 35

Basynkuna A.A. Onenka cyMMapHOI'O JIOXOJa C Y4E€TOM JHUC-
KOHTUPOBAHUA JJIsl CTPYKTYPUPOBAHHBLIX MOJe/Ie IuHa-
MHUKHU HOIYJIAIME . . . . . . . . . . . .o o e 39

Bapcerssa B.P. O6 oinoit 3aj1ave yrupasiieHus JIMHERHON TUHA-
MUYECKON CUCTEMOIl ¢ HePa3/eJIeHHbIMI MHOIOTOYEYHbI-

MU U UHTETPAJBHBIMHU YCJIOBUAMU . . . . . . . . . . . . . . 42
Bapcerstn B.P., Maresocsin A.I'. O6 oxmoii 3a1a4e mpecieoBa-
nug BITJTA camosieTHOro THIla HAJA3eMHOIO O0ObeKTa . . . 46

Bapcersu B.P., Conoxymra C.B. O6 ommoit 3a1ade onTMaJIbHO-
IO TPAHUYIHOTO yIPAaBJIEHUS pacHpeieJIEHHON HEOTHOPOI-
HO K0J1e0aTeTbHON CUCTEMON ITPY MUHUMI3AIUNA ITPAHNY-
HOM DHEPTHHU . . . .« v v v v e e e e e e e e e e e 49



Brarogarckux A.W. OgHoBpeMeHHas MHOIOKPATHAST TIOUMKA B

KOH(MJIMKTHO YIIPaBIIeMOM IIporiecce . . . . . 53
Byrtepun C.A. O cucremax ympaBjeHus Ha BpeMeHHbIX rpa(bax

C MAKJIAMA . . . . . . .. b6
Bunucos A.A., Cenakos A A yCTOI/IUII/IBaH KOOIIepaIisi B O~

HOM KJlacce JUHAMUYEeCKUX CeTeBbIX UTD . . . . b8

T'omoronos M.U. Vpasuenus I'amuiabrona—dAkodu c ,ZLpO6HbIMI/I
KOMHBAPUAHTHBIMY ITPOU3BOJIHBIMU 1 N3MEPUMBIM I10 Bpe-

MEHW TaMWJIBTOHUAHOM . . . . . ... 60
Hagneros /I.B., Epmos A.A., yI_HaKOB B H O 9HUCJIEHHOM BBbI-
YHUCJIEHUU MepPhl HeBbIHyK.HOCTI/I Q-MHOXKECTBa . . . 62

Esicakos A.Il., CmuproBa B.B., Ilpockypuukos A.B. ACI/IMH-
TOTI/I‘IeCKI/Ie cBoOficTBA CI/ICTeM cuHXpoHU3aIuu B hopme
Bosbreppa . . . .. ..o .. ... .. .. 66

Usamroxun A.B. COBMeCTHaH ONTUMUBAIINS MEXKIIJIAHETHON HI3-
KOHEPreTUIECKON TPAEKTOPUM U OCHOBHBIX IApPaMETPOB
KOCMHUYECKOI'O allapaTa ¢ Majoi Taroit . . . . .70

Uamectnes U.B., Bapunos A.M. O6 ommoit ,ZLI/ICerTHOI/I I/II‘pO-

BOIl 3ajiade IPECIIeIOBAHNSA-Y/IEPKAHUS C HEBBIILYKJIBIMU
BeKTOrpaMMaMU yIIpaBJeHu# . . . . .. 73

Koctun I'.B. Yupasyieaue nmpoaoabHbIMT KOﬂe6aHI/IﬂMI/I yIpyro-

IO CTEP2KHSI C IIOMOIIBIO ITHE303JIEKTPUIECKOr0 aKTioaTopa 76

Kocroycosa E.K. O monmsapaibHOM MeTOAE pelleHus] 3a1a49n
TEPMHUHAJBHOI'O YKJIOHEHUS B MHOI'OIIIANOBBIX CUCTEMAX C
OMJIMHEHOCTBIO . . . . . e oo .. 80

Kpaxorko B.B., PazmbicioBut F H H -VIIPaBJISIEMOCTb CUCTEM
¢ SaIIaB,ILbIBaHI/IeM JIECKPUIITOPHBIM JIMHAMUYIECKUM PEry-

JSATOPOM . . . . P O
Kpupymma H.II. MeTOILbI MOILeJII/IpOBaHI/IH HEeJTMHEWHBIX JTUHA-
MHIYECKUX CHCTEM . . . . . « o v v v v v v e v e v ... 86

Jlantunckuit B.H. MuoroTogyeunas 3a1a4a yupapjeHus: ¢ HHTe-
rPaJIbHBIMU OFPAHUYCHUSIMU THUIA PABEHCTB Ha yIpaBjeHue 89
Jlenros A.Il. O6 ycriokoeHUU CUCTEMBI yIIPABJIEHUsT HEATPAJIb-
HOT'O THIIa HA BpeMeHHOM rpade-3Be3je C 3ala3IblBaHu-

eM, IPOIOPIMOHAJIbHBIM BpEMEHH . . . . . . e oo .. 93
MaKCHMOBa N.C. YupapiisieMOCTb HEJTMHEHHBIX CUCTEM C Hepe—

MEHHO# CTpYyKTypo#t . . . . . ... 96
Menbaukos H.B., Pomxuna M. I/I LIeTTepI/IHr -9KCTpEMaJId B

CTa6HJm3auHI/I cucreM, adGUHHBIX 110 yIpaBieHuio . . . . 99



Muxaitnos A.B. Hucjiennoe mocrpoeHue CTabUIBHBIX MOCTOB
7 ONTUMAJIbHBIX TPAEKTOPUN B JMHEHHBIX InddepenIu-
AJIHBIX UT'PAX C MHOI'OMEPHBIM (Pa30BBIM BEKTODPOM .

Moxerosa E.C. IToumka yberaromiero B 3ajate Mpecie0BaHNIsT
BTOPOTI'O IIOpsdAJKa BO BpEMEHHBIX IITKaJIax . .

Myxcunos E.M., Hazapos B.P. O paspemumocru 3a1a4u mpe-
cjieJ0BaHuAd JIJIsI KOHTPOJIBHOI'O IIpUMEpa HeI/ITpaJIbHOFO
THIIa B THIHLOEPTOBOM ITPOCTPAHCTBE C e

Myxcunos E.M., Xakumos P.U. O pasperumoctu 3ama4qu mpe-
CJIe/IOBaHUS JIJIs KOHTPOJILHOTO IIPUMEPA 3aI1a3/IbIBAIONIE-
ro TUIA B THJILOEPTOBOM IPOCTPAHCTBE . . .

[Mapununa E.M., Ilucapesa A.M., 3akkyp [l. MexaHI/ISMbI CTH-
MYJIIPOBAHUS KOOIEPAIUA B KOHEYHO IOBTOPAIONIENCS
JIMJIEMME 3aKJIIOYEHHOTO . . . .

[Tanko B.C., Tpy6uukos I'.1. CDe,ZLOTOB A A MaHmHa Zl;y61/IH—
ca ¢ orpaHHYeHneM Ha ynpasienue B L, npu pe(1,2]: mo-
CTpOEHMeE JIByMEPHOI'O MHOYKECTBA JIOCTUKUMOCTH .

[Terpos H.H., ®omuna E.C. Hecranumonapuas juneiiHas 3a-
Jlada I'PYIIIOBOTO IIPECJIE/IOBAHNS C [IPOCTON MaTpuieil n
BO3MOYKHBIM HApYIIIEHUEM B JIMHAMUKE

ITerpocsn I'I. O npobHOII yupaBJisieMOil CUCTEME C O6paTHOI/I

CBZISBIO B BHUJIE IIPpOIECCa BbIMETaHU A

[Tonosa C.H., ®axpasueBa I.A. OO0 ycjoBUSIX paBHOMEPHOI

TTOJTHO praB.HHeMOCTI/I JIMHEHHBIX TUOPUTHBIX CUCTEM

Pomuna JI.M. O6 onenkax xapakTepucTuk cbopa pecypca me-
TOJOM IIOCTPOCHHSA ITOJIOZKHUTE/JIbHO HMHBapHaHTHBIX MHO-
KECTB

Pywmsianies A.H. O KOHCTPYKTHBHOM UCCJIEIOBAHUY 33184 yIIPAB-

JIEHUST JJIsT TUHAMUYIECKUX MOJIETIeH ¢ KyCOTHO-THHETHBIM
3AITa3/TLIBAHUEM .
Cepros .A. K npssMmoMy MeToy HpOrpaMMHBIX HTEPAIUil B
CJIydae KOHEIHOT'O UUC/IA TIOMEX . e

Cumkuna A.B. OnrumasibHasi alllpOKCUMAIMS IIPEIETbHBIX
MHOYKECTB JIOCTHKUMOCTH JIMHEHHBIX TUCKPETHBIX CHCTEM
MPU OTPAHWIEHHBIX BBIUUCIUTETHLHBIX Pecypcax

Cy66oruna H.H., Kpymennukos E.A. O uuncnennom HOCTpO—
eHun aIIIIpOKCI/IMaLLI/II/I peIleHnsT 3aJ[a9i PEKOHCTPYKIUH
VIPABJIEHUI PU HEBBIMYKJIBIX [€OMETPUIECKUX OI'DAHU-
YEHUSAX Ha, YIPABICHUS

103

105

109

112

115

118

121

124

127

129

132

135

139

142



Cymun B.U. Metoj BOJIBTEpPOBBIX (DYHKIIHOHAJIBHBIX ypPaBHe-
HUi B IPO0JIEMe CUHTYISIPHOCTH YIIPABJISIEMBIX HATAIbHO-
KPAaeBbIX 3aJ1a4 . .

Tapacosa O.I. OHTI/IMI/IS&HI/IH JI0X0JIa, C yquOM ,ZLI/ICKOHTI/IpO-
BaHUS JJIg MoJiesieil TOMmyadarnuil, 3aIaHHBIX ,ZLI/Id)d)epeH—
nuaJIbHBIMU YpaBHEHUIMUA . .

Yeosa A.A., TapacbeB A.M. HOBG,ZLGHI/IG [IEPEMEHHBIX MOJIEIN
pocra npn JIOTUCTUYECKU PACIPEJIE/IEHHBIX PUCKAX HCTO-
IEHUST PECYPCOB

Venenckuit AA., Jlebenes I1. ﬂ; O BBIIEJICHUN o6naCTe1/1 ,[[1/1(1)
(bepeHquyeMOCTI/I MUHUMAKCHOI'O PEIICHUS B OJHOM KJIacC-
Ce KpaeBbIX 3aJia4v JJIsd ypaBHeHI/Iﬁ I'aMUJIBTOHOBa TUIIQ

Hexan O.B. K paBHOMepHOil yIIpaBisieMOCTH CUHTYJISIPHO BO3-
MYIIEHHBIX CHUCTEM C KBasHIU(PDEPEHIIUPYEMbIMUA KO3(D-
durmenTamMmu

Yenmos A.I. A6crpakTHas 3aja4a O JOCTHXKHUMOCTH: MHOXKE-
CTBa IIPpUTAKCHHA U IIPEJICTaBJICHUA B TEPMHUHaX YyJIbTpPa-
GuILTPOB .. .

Yennos A.I., Yennos H A Saﬂaqn MapIprTI/ISaHI/II/I EKOM-
MO3UIIUS U JUHAMUYECKOE IIPOIPAMMUPOBAHUE .

Yepuukosa A.B. O6 onruMabHOM EPUOATYIECKOM cOOpe BO3-
0OHOBJIIEMOTO pecypca JIJist JTOCTUZKEHUsT HAOOIbITIei acb—
dexTuBHOCTHU . . .

Yepuos A.B. O Tounoit I‘.HO6&.HI>HOI/I praBHHeMOCTI/I HeJIMHEe-
HOro ncbdepeHmajbHOIO YPaBHEHUSI B T'MJILOEPTOBOM
[IPOCTPAHCTBE

[Tabypos A.A. ACI/IMIITOTI/IKa OIIPEIETISTIOIIETO BeKTopa B JIN-
HEeNHBIX 3aladax ,HGIHGBOFO praBJ’IeHI/I?I C IVIaJKHMHN
OrpaHUYEHUSAMH HA YIIPABJIEHUE . e

[Mlemuaxkos K.A. 3agaga ynpasjienust HeluHEHHON crucTeMoit ¢
HeTOYHON mH(MOpMaIeil B yCIOBUSIX BO3IEHCTBUsT IOMEXHT

Xaitsio E.H. Vupasienue mporeccoMm JiedeHus PAKOBOTO 3a-
GoJieBaHus B Mozeau KoHKypeHiuu Jlorku—BoabTeppsl ¢
HEOIIPE/IEJIEHHOCTHIO . Ce e

Xaprosckuit B.E. O dunurHoit CTa6HﬂH3auI/H/I FI/I6pI/I,ILHBIX JIn-
HEHHBIX HEIPEPHIBHO-IUCKPETHBIX CUCTEM

145

149

152

156

159

163

166

170

173

177

180

183

186



Xaprosckuit B.E., Merensckuit A.B., Kapnyk B.B. Jluneiiasie
CHUCTEMbI HEHTPAJIHLHOTO TUIA: ACUMIITOTUYECKAs OICHKA,
9KCIIOHEHIIMAJIbHAS CTADMIN3AIIS U MOJIAIbHAS YIIPABJIs-
€MOCTb 110 HEIOJIHBIM U3MEPEHUAM . . . . . . . . . . . . . 190

Xaproeckuit B.E., Ypban O.U. 3amava uHUTHON CcTAaOMIN-
3aIUU [0 HEIOJIHBIM U3MEPEHUSAM JIJIsl JIMHEHHBIX CUCTEM

HENTPAJIBHOIO THUII& . . . .« « v v v v e e e e e e e e 194
XnebnnkoB M.B. Hexpynkas rapanTupyrommasi (pUaIbTpamys B
JUHEWHBIX JUHAMHYIECKHX CUCTEMAX . . . . . . « . . . . . 197
MaremaTuvieckoe MOJeJIMPOBaHUE . . . . . . . . . . .. 201
Agayeva N.A. Mathematical modeling of gas dynamics in the
reservoir-pipeline system . . . . . . ... L0000 201
Litvinov V.L., Livinova K.V. Modeling hydrocarbon solution
filtration using cubic equations of state . . . . . . . . . .. 204

Makarov P.A., Shcheglov V.I. FDTD simulation of normally in-
cident plane harmonic electromagnetic waves on a planar
interface between two linear, homogeneous and isotropic
media . . . ... 206

Tashpulatov S.M. Spectra of the energy operator of three-
magnon systems in the Heisenberg model. Three-dimen-
sionalcase . . . . .. ... oL 209

Velmisov P.A., Pokladova Yu.V., Abrashkin P.M. Mathemati-
cal modeling of dynamics and stability of pipeline systems 213

Amgprokosa B.FO., Tapacos B.H. O6 ycroitunBoctn koser,
MOJIKPEIJIEHHBIX OTKOCAMU . . . . « « o o o v e e e o o 216

Awnronosckast O.I'., Becknyorass A.B. K uccienoanuto jguna-
MUKU CUCTEMbI CHHXPOHU3AIUU C UMITYJILCHBIM YaCTOTHO-
baz0BBIM YHPABICHUEM . . . . . . o oo o e o e 220

Tepmuzep O.B. Maremarudaeckoe mojiesiupoBanue j1eopMupo-
BaAHHOI'O COCTOAHHUS TOHKOI HAHOILJIACTUHBI C UCIIOJIb30Ba~
HUEM TEOpUHM MUKPOCTPYKTYPHOI nedopmaruu . . . . . . 222

Hvurpues M.C., Kamamnos H.®., Yebakoa B.FO. Moaenu-
pOBaHUE IOJIYYEHUs [UHKA B IIPOIECCE IJIEKTPOJIN3a JIJIst
JAJBHENTTTNX TTPUJIOKEHUHN B aJIJIATHBHBIX TEXHOJIOTUAX . . 224



Eropenkos B.A. HeobxoaumocTh y4eTa II€peKpEeCTHOIO BJIM-
AHNA KOMIIOHEHT BOJIHOBOI'O BEKTOpa IIpU IIOCTPOEHUN
HEOTPAKAIONIUX HCKYCCTBEHHBIX KPAEBBIX YCJIOBHUH st
2D ypaBuenus IllpenmHrepa, OMUCHIBAIOIIETO ,ZLI/I(bpaK—
OUIO OIITUYECKOI'O IIyYKa . . e .

Kanunauna A.B., Tioxtuna A.A. CDyHKL[I/IOHaJIbHLIe KJIACChI OIIpe-
,HeﬂeHHOCTI/I noJjieii 1 MCTOYHUKOB B KBaSUCTAITUOHAPHBIX
3a/1a9ax JIEKTPOMATHUTHONW TEOPUHU C e

Konocesuu B.U., Konocesuu FO.B. Jlocrarounsie yciioBus riio-
6aJIbHOM YCTONINBOCTH MHOT'OTOKOBBIX MOJIe/Ie CHHXPOH-
HOT'O U ACUHXPOHHOTO 3JIEKTPOMOTOPA .

Kopostesa M.P., Toukos JI.E., Yeprosa A.A. MaTeMaTI/IquKoe
MO,ILeJIHpOBaHI/Ie UCTEYEHUS »KUJIKOCTH U3 €MKOCTH C BbI-
COKUM JIABJIEHUEM .

Jlemmept A.A., Kazakos A.JI., HryeH ﬂ M O YUCJICHHOM Me-
TOIE HOCTpOGHI/IH IJIOTHERIIINIX VIIaKOBOK TI'€0/I€3NYCCKUX
KPYTroB B chepUIECKUil CerMeHT . e e

JInuckuna E.FO. UccaemoBanme quHAMUYIECKONH MOIEIN PHIHKA
TPyJa C IIPOU3BOJICTBEHHOMN cbyHKImeH ¢ JIUHEHHON 3J1a-
CTUYHOCTBIO 3aMENIeHus . .

Maiikos /1. H., Maxapos C. C. AJIFOpI/ITM YCKOPEHUsT PaCcIeTOB
[IpU PeIeHu OOPATHOIM KoacbchLu/IeHTHOI/I 3ajladn  JIJIs

YpaBHEHUA ITBE30IIPOBOJIHOCTHA . .

Manakosa H.A., Hukonaesa H.I. LII/ICHGHHOQ HCCJIEIOBAHIE
BprO}K,B;eHHOI/I Mojiesin HeJuHeHo# auddysun co ciy-
JaiinbIM HadaJbHBIM ycjosueM Loyonrepa—Cumoposa

Mapkos C.UM., Utkuna H.B. Meros BupTyabHBIX 3JIEMEHTOB
JJId pelieHrs IIPUKJIaJHbIX 3a/1av FeO(bI/I:SI/IKI/I .o

Mapreirenko C.M. Maremaruyeckoe mojiesinpoBanne (HOU3MKO-
XUMUYECKUX MaKPOIIPOIECCOB B JIMCKOHTHUHYAJILHOM IIPHU-
OJIM>KEHUN . .

Maproimos C.H1., Tkau JI IO O6 OJTHOM pe3yJbTaTe KOJLIEK-
THUBHOI ,ZLI/IH&MI/IKI/I CHUCTEMbI BPAIIAaIOMIUXCA IaCTUIL

Mywmunos C.}O. Maremarudeckoe MOfe/IMpOBaHIe B3aUMOCBSI-

. 227

. 229

. 231

. 235

. 237

. 241

. 243

. 246

. 249

. 2581

. 254

3aHHON Kpocc-nuddy3un cou 1 BJaru B IMOYBEHHO cpejie 258

Hepoxornn H. C. Biounblii KOHBelepHBIN ajJropuTM MeToia
COIIpﬂ)KéHHI)IX I'PaJUCHTOB C IIE€PEKPbLIBAIONIMMHUCA KOM-
MYHHKaIUAMMA .

. 260



Hosukoe A.K. IlapanienbHble «Oe3MaTpUIHBIE» AJITOPUTMBI
MK mpu perreHun 3aJ1as T€OpUH yIIPYTOCTH

[TaBmoBa H.I'. [Ipumenenne Teopuu HAKPBIBAIOIIAX 0T06pa>Ke—
HUN K MCCJIEJIOBAHUIO MATEMATUICCKUX MOJIEJIENl PHIHKA .

[Tumenos B.I'. Meros nepeMeHHBIX HAIIPDABJICHUH JIJIsl HEJIMHEH-
HOro MudPY3UOHHOTO YPABHEHUS C 3ala3/IbIBAaHIEM

Promuna K.A. Maremarutieckoe MOJIETMPOBAHUE BJIUSTHUAST TEM-
[epaTypbl HA PACIIPOCTPAHEHNE BUPYCHON HHMEKITNN

CemezneBa A.B. O mocTtaHOBKe IPAHUIHBIX YCJIOBUM B JTUHAMUA-
YeCKHUX 33J/[a9aX TEOPUU YIIPYTOCTH

Cepreesa H.B. Illabanosa I./1., Tananko . E MO,ZLGJII/IpOBa—
HUE COPTUPOBOYHBIX TPAHCIIOPTHBIX CUCTEM CETHIO MaCCO-
BOI'O ODOCJTY KMBAHUS .

Cwmeranun FO.M., Cmeranuna B. M HeBLIpO}K,ZLEHHaH ByneBa
JIOTHKA . .

Yebaxosa B. 1O. MO,ZLGJII/IpOBaHI/Ie IIPOIIECCOB B IEJIOYHBIX DJIEK-
TPOJIUTAX TIPHU JIEKTPOJIU3E

[Maknenn A.A., Kapnos A.W., Mopap F MeTO,II; JIOJIN CMellIe-
HUsl JIJIs pacdeTa TOPeHus MOJIMMEPHBIX MATEPHAJIOB

[Tekyn U.A., Macnoeckass A.I'. XapakTepuCTUKU IPAKTHIe-
CKOIl CXOJIMMOCTH MEeTOJ1a, KOHEUHBIX Pa3HOCTEl JIJIsl HeJTU-
HEIHOI 38/1a4u THUIIA «PeaKIus-Tudy3usiy TPU MOJIEIIU-
pOBaHUN GAKTEPUABLHOIO POCTA, . . :

[Mlenynpro A.C. JIByXoTAMHBIN METOT, HapaMeTpI/IquKOI/I UJIEeH-
TUMUKAIUT JJI JUCKPETHBIX MOJIEsIell Xa0THIECKUX IIPO-
[IECCOB

[Mumkua B.A. O MonenpoBanny pa3BUBAIONIUXCST CUCTEM .

. 263

. 266

. 269

. 273

. 274

. 277

. 280

. 285

. 287

. 290

. 292
. 295



TEOPUA YIIPABJIEHUS U
ANPPEPEHIINAJIBHBIE UT'PHI

The problem of interception of one inertial
object by another in a dynamic flow field

A.A. Azamov, B. T. Samatov

Tashkent, V. I. Romanouvskiy Institute of Mathematics of the
Academy of Sciences of Uzbekistan
e-mail: abdulla.azamov@gmail.com, samatov57@gmail.com

M. A. Turgunboeva
Namangan, Namangan State University
e-mail: turgunboyevamohisanam95@gmail.com

In space R", we consider a differential game with two players,
called the Pursuer and the Evader. Let a parameter x € R™ (respec-
tively, a parameter y € R™) designate a position of the Pursuer (the
Evader). Then the players perform their motions in accordance with
the equations

Z=u+ Fp(t,z), (0)==x1, z(0)=xg, (1)

g =v+ FE(tay)v y(O) = Y1, y(O) = Yo, (2)
where z,y,u,v € R", n > 2, t € Ry :=[0,+00); Fp: Ry x R" - R"”
(Fg: Ry x R™ — R™) is an efficient flow field for the Pursuer (for the
Evader); xq,yo are the players’ initial positions and x1,y; are their
initial velocity vectors. It is considered that xg # yg and 21 = y1.
The control parameters u, v in (1)—(2) are picked as measurable
functions u(-): Ry — R™ and v(-): Ry — R" respectively, and these
functions are involved fulfilling the following geometric constraints
(shortly, G-constraints):

[u@®) <p, p>0, Jo(t)] <o, 0=0. (3)
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Let Ug = {u("): |u(t)] < p, t >0} and Vg = {v(): [v(t)] <
o, t > 0}.

In equations (1) and (2), the functions Fp(t,z) and Fg(t,y) can
represent external forces affecting the movement of players, respec-
tively. Note that when players move within a certain compact subset
of R? under the same influences on movement, the pursuit-evasion
differential game was studied in [1, 2] through the method of con-
structing optimal reachable sets for players. In this case, piecewise-
continuous functions are chosen as the players’ controls.

The main objective of our work is to study a more general class
of the second-order nonlinear differential games using the parallel
approach method for players [3, 4]. In many model pursuit problems,
the parallel pursuit strategy (referred to as the Il-strategy) plays a
crucial role in securing a win for the Pursuer. In [4, 5] and many
other works, the Il-strategy has been effectively applied to solving
various problems in differential pursuit games.

Assumption. There exist Lebesgue-integrable functions k(-): Ry —
Ry and q(-): Ry — Ry with k(t) < k, q(t) < q satisfying

[Fp(t,x) — Fpt,y)l < k(t)|lz -yl +q(t)

for any x,y € R", where k = sup;>( k(t), ¢ = sup;>oq(t), k > 0,
q=>0.

In the differential game (1)—(3), the objective of the Pursuer
is to catch the Evader (a pursuit game) at some moment T, 0 <
T, < 400, i.e. to reach the equality x(T*) = y(T*), where z(t)
and y(t) are trajectories generated during the game. The notion of
“trajectories generated during the game” requires clarification. The
Evader tries to avoid the meeting with the Pursuer (an evasion game),
i.e. to guarantee the relation z(t) # y(t) for all t > 0, and if it is
impossible, to prolong the moment of the meeting as far as possible.

Pursuit-evasion games. For the sake of simplifying the cal-
culations, let w = w(t,z,y,v) == v —n, n =n(t,z,y) = Fp(t,x) —

Fp(t,y), & = 20/l20l, 20 = 20 — yo, Y(w) = /(w, &) + p? — |w]> +
<w>§0>'

Definition 1. For p > |w|, the control function

u(w) = w —7y(w)éo (4)
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is called the II-strategy of the Pursuer in the pursuit game.

Definition 2. In the evasion game, the control function v(t) = —o§j
is called a strategy of the Evader.

Theorem 1. Let p > 0+ q+ k|z9|. Then Il-strategy (4) guarantees
that the Pursuer wins on the time interval [O,T(;] i the pursuit
game, where

2 —0— .
. Vi i kA0,
/2|20 L
pre—t if k=0.

Here, the number Tg is called a guaranteed time of the pursuit.

Theorem 2. Let 0 > p+ q + k|zo|. Then the strategy v(t) = —o&
guarantees that the Evader wins on the time interval [0, +00) in the
evasion game, and the distance between the Pursuer and the Evader
satisfies |zo| > |2(t)| > 0 if k =0, or |2(t)| > |z0| if k # 0 for any t,
t > 0.

A set of meeting points of the players. In the theory
of differential games, it is highly significant that the set of meeting
points of the players is explicitly constructed. As known, the triplet
(yo,yl,v(')), v(-) € Vg, produces the Evader’s motion trajectory

y(t) == y(t;y0,y1,v(-)), and the triplet (z,z1,u(-)), u(-) € Ug,
creates the Pursuer’s motion trajectory x(t) := a:(t; 0, T1, u()) for
every t € [0, T*], 0 < T, <Tg, where T} is the players’ meeting time,
viz, z(Ty) = y(T%) holds at this time. Accordingly, for (z(t),y(t))
at each t € [O, T*], we can write the multi-valued mapping

H(x(t),y(t)) = =(t) + T (t,2(t), y(t), v(-)) [H(z0,50) — 0],

where F(t,:v(t),y(t),v(-)) =1- |Z—10‘ ({(t — s)’y(s,x(s),y(s),v(s))ds,
_l’_

1
H(wo,y0) = 70 — C(20) + R(20)S, Clz0) = 222, R(z) = L222L,
S={s:|s| <1}



Let

p?—o

/ t—s) (p _0277(5)—%\n(s)\s—Fp(s,m)))ds,
0

where K(t) := K(t,z(t),y(t)). Then we construct the multi-valued
mapping

H* (t,2(t),y(t) = H(z(t),y(t)) + K(¢, z(t),y(t)).

Theorem 3. The multi-valued mapping H*(t, z(t), ()) txy s
monotonically decreasing with respect to t, t € [0,Ty], i.e. if t1,ta €
[0,T)] and t1 < ta, then

H* (ta, (t2), y(t2)) — towr C H*(t1,2(t1),y(t1)) — t1a
holds.

Corollary. Theorem 3 implies that, the following inclusions are sat-
isfied for all t € [0,T,]:

1) H(x(t),y(t)) C H(wo,y0) — K(t, z(t),y(t)) + tz1;

2) y(t) € H(xo,yo) — K(t,x(t),y(t)) + txy.

The set
Ta
Hp(zo,y0,21,Tc) = U (H(:co,yo) — K(t,x(t),y(t)) +t$1)
t=0

is called the set of meeting points of the players in the pursuit game.

1. Sun W., Tsiotras P. Pursuit evasion game of two players under an ex-
ternal flow field // American Control Conference (ACC), IEEE Xplore,
2015. P. 5617-5622.

2. Sun W., Tsiotras P., Lolla T., Subramani D.N., Lermusiauz P.F.J.
Multiple-pursuit/one-evader pursuit-evasion game in dynamical flow
fields // J. of Guidance, Control, and Dynamics, 2017. Vol. 40, no. 7.
P. 1627-1637.

3. Isaacs R. Differential games. New York: John Wiley and Sons, 1965.

13



4. Petrosyan L.A. Differential games of pursuit. Singapore: World Scien-
tific Publ., Series on optimization, 1993.

5. Azamov A.A., Samatov B.T. The II-Strategy: Analogies and Applica-
tions // The Fourth International Conference Game Theory and Man-
agement, St. Petersburg, 2010. Vol. 4. P. 33-47.

On assignment of the upper Bohl exponent
for linear time-varying control systems
in Hilbert spaces

T.S. Bykova, V. A. Zaitsev

Izhevsk, Udmurt State University
e-mail: tsbykova@qmail.com, verba@udm.ru

Let X be a separable Hilbert space; by (-,-) denote the scalar
product in X, ||z|| := /(x, z) denotes the norm. By I: X — X denote
the identity operator in X. By L£(X1,X2) denote a Banach space of
linear bounded operators F': X1 — X5 with the norm ||F||zx, x,) =

sup{||Fx||x,: |lz|lx, < 1} (further we omit the subscripts in the no-
tation of norms).
Consider a linear system of differential equations:

#(t) = AD)z(t), teR, zeX. (1)

We suppose that the function A(-) satisfies the following con-

ditions:
(a) A(t) € L(X,X) for any t € R;
(b) the function R 3t — A(t) € L(X,X) is strongly measurable and
Bochner integrable on finite subintervals of R [1, Ch.III, Sect. 1.1,
1.2];
(c) sup [T | A(s)|| ds < +oc.

teR

By a solution of system (1) we understand, by definition, a
solution of the integral equation x(t) = z¢ + ftz A(s)x(s)ds, where
x(tg) = xo. Let ®(t,7) denote the evolution operator of system (1)

14



[1, Ch.III, Sect. 1, p. 100] that is the solution of the operator system
dX/dt = A)X, X(1)=1.

Definition 1. The upper Bohl exponent [1, Ch. 11, Sect. 4] of system
(1) is the number

() = EEIMWW+&ﬂW
T,8 o] S

The upper Bohl exponent of system (1) is one of the characteristics
of the asymptotic behavior for solutions to (1). In particular, the
condition »#(A) < —a < 0 is sufficient for uniform exponential sta-
bility of all solutions to system (1) with the decay rate a. Because
of condition (c), the upper Bohl exponent of system (1) is finite [I,
Ch. I1I, Sect. 4, Theorem 4.3|.

Consider a linear control system:

#(t) = A(Q)z(t) + B{u(t), teR. (2)

Here x € X, u € 4; X, 4 are separable Hilbert spaces; A(t) satisfies

conditions (a), (b), (¢); B(t) satisfies the following condition: (d)

vVt € R B(t) € L(4, X), the function t — B(t) is strongly measurable

on finite subintervals of R, and sup||B(t)|| < +oco. As admissible
teR

controllers for (2) on some finite interval [tg,?;] we take functions
’LL() S LQ([to,tl],u).

Definition 2. System (2) is called ezactly controllable on [to,t1] [2]
if for any xg,x; € X there exists an admissible controller u(t), t €
[to, t1], steering the solution of (2) from z(ty) = zo to x(t1) = 1.

Let the controller in system (2) have the form of the linear

state feedback:
u(t) = U(t)z(t), 3)

where U(t) € L(X,4) Vt € R, U(-) is strongly measurable on finite

subintervals of R, and sup |U(t)|| < +oo (then the controller (3) is
teR

admissible on any [to, t1]). The gain operator function U(-) satisfying

these conditions will be called admissible. The closed-loop system

takes the form:

i(t) = (A(t) + Bt)U(t))=(t). (4)
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Definition 3. The upper Bohl exponent of system (2) is called ar-
bitrarily assignable by linear state feedback (3) if for any u € R there
exists an admissible gain operator function U(-) such that, for the
closed-loop system (4),

#(A+ BU) = p.

The corresponding definition in finite-dimensional spaces was
given in [3] (see also [4]) for the upper (and lower) central (and Bohl)
exponents.

The problem of assigning the upper Bohl exponent had been
solved for time-invariant systems (A(t) = A, B(t) = B) in [5], and
for periodic systems (A(t+w) = A(t), B(t+w) = B(t)) in [6], based
on the property of exact controllability.

Let us construct the controllability gramian W (t1,t0): X — X
on [tg,t1] for system (1) (see [6]):

t1
W(tl,to)x:/t (g, s)B(s)B*(s)®*(to, s)x ds,

Definition 4. We say that system (2) is uniformly exactly control-
lable, if there exist ¥ > 0 and v > 0 such that, for any tg € R, for
any x € X, the following inequality is fulfilled: <W(t0 + 9, to)x, :c> >

Yzl

This definition goes back to Definition 5.13 of Kalman’s classic
work [7]. Based on this definition, the following results are estab-
lished.

Theorem. Let system (2) be uniformly exactly controllable. Then,
the upper Bohl exponent of system (2) is arbitrarily assignable by
linear state feedback (3).

Corollary. Let system (2) be uniformly exactly controllable. Then,
system (2) is uniformly exponentially stabilizable with an arbitrary
pregiven decay rate by linear state feedback (3).

This research was funded by the Ministry of Science and Higher Education

of the Russian Federation in the framework of the state assignment, project
FEWS-2024-0009.
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SDEs with critical distributional drifts

D. Kinzebulatov
Québec, Université Laval
e-mail: damir.kinzebulatov@mat.ulaval.ca

I will discuss recent progress on weak and strong well-posedness
of SDEs with critical distiributional and super-critical singularities in
the drift, including the minimal level of thermal excitation needed to
overcome blow ups due to the presence of attracting singularities in
the drift. The latter arise e.g. in the Keller-Segel type interacting
particle systems immersed in a turbulent flow. The proofs use a
variant of De Giorgi’s method in LP with p chosen in a way that
allows to reach the critical magnitude of the singularities of the drift,
and a modification of the method of Réockner—Zhao of establishing
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strong well-posedness. The talk is based in part on joint papers with
K.R. Madou, Yu. A. Semenov and R. Vafadar.

1. Kinzebulatov D. On particle systems and critical strengths of general
singular interactions // Annales de I'THP (B) Probab. Stat., to appear
(arXiv:2402.17009)

Constructing time-consistent cooperative

networks in non-zero sum differential network
games

L. A. Petrosyan, Y. B. Pankratova

Saint-Petersburg, St Petersburg State University
e-mail: l.petrosyan@spbu.ru, y.pankratova@spbu.ru

A class of n-person differential games on the network with game
horizon [tg, T is considered.

e N ={1,2,...,n} is the set of players (nodes) in the network.

e Denote the set of all arcs in network N by P. P = {arc (i,]) :
i,j € N, i # j}

e The set of players connected to the player ¢ is K(i) = {j :
arc(i,j) € P}, fori e N.

Let z°(T7) € R™ be the state variable of the player i € N at
time 7, and u’(7) € U’ C R¥ control variable of the player i € N
where U; is a compact set.

At tg, players choose neighbors simultaneously and indepen-
dently with whom they intend to interact during the game. The
player ¢ can choose neighbors from a fixed subset of players N; C
N\{i}. The sets N; can be different for different players, and for
each player i, the number of its possible neighbors is limited by the
number n;. Communication is established (that is, the link is cre-
ated in the network) between players i and j if i € N;, j € N;. The
resulting network G is called admissible network.
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The state dynamics of the game is
(1) = fi(z'(7),u’ (1)), 2'(to) = x}, forT € [to,T] andi € N. (1)

Functions f(z%, u) are continuously differentiable in z* and u’*
and satisfy the conditions of existence, uniqueness and continuability
of the solution on the interval (tp,T') for all admissible piecewise
continuous controls with a finite number of discontinuity points. For
notational convenience, we use z(t) = (x'(t),2%(t),...,2"(t)) and
zo = (x},2¢,...,20).

We consider a special case, where the payoff of the player i
depends upon his state variable and the state variables of players
from the set K(i). Thus, if the connections remain valid, the payoff
of the player ¢ is given as

H; (:C(l),...,xg,ul,...,u") =
= Z / hg (J:Z (1), (7’)) dr, i € N, (2)
JEK () 10

provided that the players do not interrupt communication. It is
supposed that functions h] > 0. In case, the player i interrupts
the communication with player j at some time instant ¢ functions
W (¢*(7),27 (1)) and h'(2?(7),2" (7)) will be set 0 for all 7 > ¢,
t € [to, T). In (2) the function A} (2% (7),27 (7)) is instantaneous gain
that player ¢ can obtain through network links with player je€K (i)
(note that (i,7) ¢ P) where x%(7), 27 (7) is the solution of (1).

In what follows we consider the cooperative version of the game.
In [2, 3] it is assumed, that at any time instant, players can break con-
nection between themselves and other players. Taking into account
the non-negativity of players’ payoffs, this assumption greatly simpli-
fied the construction of the characteristic function of the game and,
as a result, the calculation of optimality principles from cooperative
game theory based on it.

Define the value of the characteristic function for coalition N
in the network G.

Ve (20, T —to; N) = umzaeﬂjivz Z / ).a? (1)) dr

€N jEK(3)
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=> ) / ), @ (1)) dr

1€EN jeK(i)

where maximum is taken over the set of all admissible controls
(see (1)). Denote by V(zg,T — to; N) = mGang(:vo,T —to;N) =

Va(zo, T — to; N). Define values of the characteristic function for
coalitions S C N as

Ve, T —t0;8)=>_ > / ,@ (1)) dr, S C N.

i€S jESNK (3)

Note that the value of Vi (zo, T — to; N) depends on the net-
work that was formed at the initial time instant ¢y as a result of
the simultaneous selection of neighbors by players. We assumed that
players choose such a network G, which gives the maximum total
payoff of players from the set NV, i.e. Va(zo,T — to; N). We will call
such network G a cooperative network or a cooperative interaction
network.

Note that during the evolution of the game along the coop-
erative trajectory (z‘(7)) there is the following non-trivial property
that at some intermediate time instant on the cooperative trajectory,
the cooperative network may cease to be such, since the maximum
total payoff of players in the subgame from the initial states on the
cooperative trajectory can be achieved on another network (see [1]).

In the presentation, we propose a new solution concept based
on the ideas of redistribution of players’ payoffs on the time interval
[to,T] in such a way that after this redistribution the total payoff
of each player remains unchanged and, at the same time, the coop-
erative network G will also remain the same in all subgames along
cooperative trajectory on the time interval [tg,7']. This means the
time-consistency of the cooperative network.

1. Petrosyan L.A., Pankratova Y.B., Kong Qi. About the Instability
of Cooperative Communication Structures in Differential Network
Games // Contributions to Game Theory and Management. 2024.
Vol. 17. P. 155-163.

2. Petrosyan L.A., Yeung D., Pankratova Y.B. Cooperative Differential
Games with Partner Sets on Networks // Trudy Instituta Matematiki
i Mekhaniki UrO RAN. 2021. Vol. 27, no. 3. P. 286-295.
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[I-strategy algorithm in discrete pursuit game
with total constraints

B.T. Samatov
Tashkent, V.I. Romanovsky Institute of Mathematics at the
Academy of Sciences of the Republic of Uzbekistan
e-mail: samatovb7@gmail.com

N. T. Umaraliyeva
Namangan, Namangan State University
e-mail: umaraliyeva80@gmail.ru

This paper is devoted to the study of the Pursuit Problem,
when players make step-by-step movements and the players’ controls
must satisfy the total constraints, which are analogous to the integral
constraints on the players’ controls. To solve this problem, an algo-
rithm for applying the Il-strategy is given. According to the proposed
method, the players first converge and eventually coincide exactly.
The obtained results are verified using animation models created in
the Visual C'# programming language using the ScottPlot. WinForms
technology.

Discrete Pursuit Game. In space R¢, a discrete game is
considered:

P: x,=x, 1+u, (1)
E: y,=y,_1+v, (2)
where x,, and y,, are the positions of the Pursuer P and the Evader £
at step n, n =1,2,.... The initial states ¢ and y, satisfy g # y,.

The control parameters are given by sequences {u;}°; and {v;}°,,
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subject to the constraints:

[e.9] o0
2 2
S il <pf, po>0, D |uif’ <op, 09 >0. (3)
i=1 i=1
Substituting these controls into recurrent equations (1) and (2),
we obtain solutions in the form:

n n
P a:n:a:o—i-Zui, E: yn:yo—kz'vi.
i=1 i=1

Introducing z, = x, — y,,, the problem reformulates as:

Zn = Zp—1+u—v, (4)

n
Zn:ZQ—l-Z(’U/Z‘—'Ui),
=1

where zg = 9 — yg. The Pursuer P seeks to realize the equality
z, = 0 up to some finite number n, where n < N (Discrete Pursuit
Game), and the Evader E seeks to realize the inequality z, # 0 for
allm =1,2,... or to avoid this meeting as long as possible (Discrete
Evasion Game). This is a preliminary formulation of the Discrete
Pursuit and Evasion Games. More specific formulations can be found,
for example, in works [1-4].

Definition. In the Discrete Pursuit Game (1)—(3) or (3)—(4), the
sequence

U* — { u’;kz if |z77»—1‘ > U(Un), (5)

Pl uy i [zea] <p(vn),

is called the Il-strategy of the Pursuer, where u) = v,, — n(v,) &,
u:;* = Un — 2n-1, 77(’071) = max{0,63/|z0| +2<”n>€0>}> 50 =
zo/ |zo0l, 03 = p3 — o, and (v,,&;) means the inner product of
the vectors v, and &, in R, n=1,2,....

Let
n n
2 2
pa=po— Y U, on=05-> |vil,
i=1 i=1
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02 = p a2 =03 =3 (Ui~ [wif) -

i=1
Lemma. If at some step n the inequality |z,—1| > n (vy,) is satisfied,

2
then at step n the equality |ut|* = |v,|* + %n (vy), holds.

Theorem 1. Let in the Discrete Game (1) —(3) or (3) —(4) po > oo
and the Pursuer implements the Il-strategy (5).

a) If for steps k = 1,2,...,n inequality |zx—1| > n (vy) holds,
then for all steps k = 1,2,...,n we have zp # 0 and zp = zohg,
62 = 05y, 0 < hg < 1 holds, where hj, =1 — ﬁ Zlen(vi), k=
1,2,....n

b) If inequality |z,—1| < n(vy) is satisfied in step n, then in
step n the evader is captured, i.e. z, = 0.

Theorem 2. Let in the Discrete Game (1)—(3) or (3)—(4) po > 0p.
Then the Pursuer, implementing the 1l-strategy ( ), completes the
pursuit no later than in step N = [(|zo|/(po — 00))?] + 1, where the
sign [-] denotes the integer part of the number inside this sign.

Animation Model in Plane. To solve the Pursuit Prob-
lem (1)-(3) on the plane, an animation model was developed using
the Visual C'# programming language with the ScottPlot. WinForms
technology. This model analyzes the actions of both the Pursuer
and the Evader at each step n until the equality z,, = 0 is satisfied,
where 1 < n < N. In this process, the pursuer follows the Il-strategy
(5). The program implements step-by-step movement of the players,
with straight lines displayed between them to illustrate their parallel
motion.

Table 1: Initial coordinates and parameters.

X9 = (x1.,rx20) Yo = (01, ¥2,) v; = (v1,v2,) o Po |0l

v, =1/(1+ (G +1)?)

vy, = —1/(3 + %) 1.7 1.9 3.43657

(-1:5:1) (-1,2.9)

An experiment conducted using the animation model, based on
the data from the table (Table 1), demonstrated that the game ends
in favor of the Pursuer before the step guaranteeing the completion
of the pursuit (N = 296). The results are presented in the table
(Table 2) and in the graph (Figure 1).
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Table 2: Data on the course of the pursuit.

i xi= (x1,<vx21) ¥Yi = V1 ¥2) 1z Vy; Vo, [vil g; n(v;) U} Pi
1 | -0.49240, -0.49480 -0.15000, 1.83330 | 2.35314 | 0,85000 | -0,56667 | 1.02157 | 1.35882 | 1.08345 | 1.12721 | 1.52951
2 | -0.10390, -0.04040 0.12180, 1.49360 | 1.55051 | 0,27176 | -0,33970 0.43503 | 1.28730 | 0.80260 | 0.59784 | 1.40783
3 0.08360, 0.24190 0.25050, 1.37660 1.14691 | 0,12873 | -0,11703 0.17397 | 1.27549 | 0.40360 | 0.33886 | 1.36644
4 0.19820, 0.46830 0.32550, 1.33410 | 0.87511 | 0,07503 | -0,04252 0.08624 | 1.27257 | 0.27181 | 0.25374 | 1.34268
5 0.28100, 0.67970 0.37440, 1.31510 | 0.64223 | 0,04894 | -0,01899 0.05250 | 1.27148 | 0.23286 | 0.22703 | 1.32334
6 0.34720, 0.88660 0.40880, 1.30520 0.42311 | 0,03436 | -0,00993 0.03577 | 1.27098 | 0.21918 | 0.21726 | 1.30539
7 0.40370, 1.09210 0.43420,1.29940 | 0.20953 | 0,02542 | -0,00580 0.02607 | 1.27071 | 0.21357 | 0.21312 | 1.28787
8 0.45370, 1.29570 0.45370, 1.29570 | 0.00000 | 0,01955 | -0,00367 0.01989 | 1.27056 | 0.21107 | 0.20969 | 1.27069
2 /
. / L)) .
5 / ARPAT Wl
rd 7=
05 /
Figure 1: Graph illustrating the dynamics of pursuit.
1. Isaacs R. Differential games. New York: John Wiley and Sons, 1965.
2.  Petrosjan L.A. Differential Games of Pursuit. St. Petersburg: World
Scientific, 1993.
3. Azamov A.A. Fundamentals of Theory of Discrete Games. Tashkent:
Niso Poligraf, 2011. (in Russian).
4. Samatov B.T., Umaraliyeva N.T. The Il-strategy and its animation

model in plane // AIP Conference Proceedings, 2024. College Park:
American Institute of Physics, 2024. P. 020026-1-020026-11.
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On matrix coefficients assignment for block
matrix bilinear systems in the Hessenberg
form

V. A. Zaitsev, I. G. Kim

Izhevsk, Udmurt State University
e-mail: verba@udm.ru, kimingeral@gmail.com

Let K = C or K = R; M,, := M, 4(K) is a space of r x
g-matrices with elements of K, M, := M,,. Denote [1| by vecc
the mapping that “unrolls” a matrix A = {a;;} € M,,, column-by-
column into the column vector

vecc A = col (@11, .., A1, Qlps - -5 Qup) € Mupa;

denote by SP, : Mys — M, the operation of block trace defined by
the following rule: if A = {4;;} € My, Aij € My, i,j = 1,q, then
q
SP.A= > Ai.
i=1
Let s € N be given. Consider a block matrix bilinear control
system

t=F+wuB1+...+u.B)zx, K" wu,ek (1)

F11 . Fln Ball s Baln
Fnl e an Boml ce Bann
Ej7Baij € MS(K)> i7j = 1,—71, o = 17—T Here z € K™ is a state

vector, u, € K, o = 1,7, are constant control inputs.
Let an nth degree sth order monic A-matrix be given:

TA)=IN"+T N 4T, A+T,, IT;e€ M,K), i=T1,n.

From the polynomial W(\), construct the following block com-
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panion matrix or, in other words, a lower block Frobenius matrix:

0 I 0 ... 0
0 0 I ... 0
o= : : : EIEE (3)
0 0 0o ... I
T, Ty -Tho ... -T}

Definition. We say that, for system (1), (2), the problem of arbitrary
matriz coefficient assignment for the characteristic matriz polynomial
1s resolvable if for any I'; € My, i = 1, n, there exist constant controls
uq € K, a =1, r, such that the closed-loop system (1), (2) is reducible
by some non-degenerate change of variables z = Sz to the system

2=z, 2zeK",

with the matrix ® of (3), that is the matrix of the closed-loop system
(1), (2) is similar to the matrix (3): S(F+uiBi+...+u,B,)S™! = ®.

Suppose that the coefficients of system (1), (2) have the follow-
ing special form: for some p € {1,...,n}, the first p — 1 block rows
and the last n — p block columns of the matrices B, are zero, and
the matrix F'is a lower block Hessenberg matrix, i.e.,

Fiq Fio 0 0
Fy Fy Fos3 0
F= : : : - : ; (4)
Fo1g Foap Fhoaz o0 Faoag
Fnl Fn2 Fn3 e an

0,F;; € Mg;det Fj ;41 #0,i=1,n—1,

0 .. 0 0 ... 0
0 0 0 0
Ba = Bapl Bapp 0 0l (5)
_Boml Bomp 0 0_




Lemma. For the lower block Hessenberg matriz F' of (4), there exists
a non-degenerate lower block triangular matriz R such that the matrix
RFR™Y is a lower block Frobenius matriz.

The matrix R is constructed explicitly from the matrix F'. The
idea of construction is similar to [2, Sect. 2]

Let system (1), (2) with the matrices (4) and (5) be given. By
Lemma, we construct the matrix R. Next, construct the following
matrices Ojq € My 1,1 =1,n, a =1,7:

O;, = vecc [SPS (RFi_lBaR_l)] )

Construct

©11 ... 61,
0= : € MnSQ,r(K)'

O, ... O,

Theorem. For system (1), (2) with the matrices (4) and (5), the
problem of arbitrary matriz coefficient assignment for the character-
istic matriz polynomial is resolvable if the following condition is ful-
filled:

rank © = ns?.

The work is supported by Russian Science Foundation, project No. 24—
21-00311, https://rscf.ru/project/24-21-00311/.

1. Zaitsev V.A., Kim I.G. Matrix eigenvalue spectrum assignment for
linear control systems by static output feedback // Linear Algebra and
its Applications. 2021. Vol. 613. P. 115-150.

2. Zaitsev V.A. Spectrum control in linear systems with incomplete feed-
back // Differential Equations. 2009. Vol. 45, no. 9. P. 1348-1357.
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Optimal control of solutions to the Cauchy
problem for IMBq equation

A. A. Zamyshlyaeva, E. V. Bychkov

Chelaybinsk, South Ural State University
e-mail: zmyshliaevaaa@susu.ru, bychkovev@susu.ru

Let  C R™ be a domain with boundary 99 of class C°,
T € R;. In the cylinder Qx(0,T") consider Cauchy—Dirichlet problem
for improved modified Boussinesq equation (IMBq)

A= Az — a?Ax — A(z3) = u(s,t), (s,t) €Qx(0,T), (1)

x(s,t) =0, (s,t) € 9Q x (0,7T), (2)
xz(0) = xg, x(0) = z;. (3)

Eq. (1) models the propagation of waves in shallow water,
taking into account capillary effects, dispersion and convection of
medium. In [1] a (modified) mathematical model of wave propaga-
tion in shallow water in a one-dimensional domain was studied and
a soliton solution to eq. (1) was obtained. In [2] the existence of a
unique global solution to the Cauchy problem for eq. (1) was proved,
with A = 1, = 1. Because the operator A — A can be degenerate,
equations are not solvable with respect to the highest time deriva-
tive and such equations are called Sobolev type. Using the theory
of relatively p-bounded operators developed by G. A. Sviridyuk, it is
shown [3] that in suitably chosen spaces (1), (2) can be reduced to
an abstract semilinear Sobolev type equation of the second order

Li+ Mz + N(x) = u. (4)

Let X,2) be Banach spaces, the operator L, M € £(X;92)). The
set

pH(M) ={peC: (uL - M)~" € L(D: %)}
is called the L-resolvent set operator of the M. The set C\ p(M) =

ol(M) is called the L-spectrum operator of the M. Operator func-
tions (uL —M)~', Rl = (uL—M)~'L,LL = L(uL — M)~" with the
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domain p*(M) is called, respectively, L-resolvent, right L-resolvent,
left L-resolvent of the operator M. The operator M is called (L,o)-
bounded if

Ja>0VYueC: (|u| >a)= (ue pt(M)).
Let the operator M be (L,o)-bounded. Then the operators

1
pP=_ Loy
2m‘/R)‘( )dA,
I

1
Q= T/LQ(M)CD\,F ={AeC: |\ =r>a}
i
r
are projectors in the spaces X and %), respectively.

Let (I — @Q)u be independent of ¢, then the set

P={zeXx: ([-QM+N)x)=I-Q)u}

is the local phase manifold of eq. (4).

To formulate the optimal control problem, introduce the con-
trol space 4 and select a non-empty, closed and convex set i, in it,
witch is called the set of admissible controls. Let us pose the optimal
control problem as a condition for minimizing the functional

J(xz,u) — inf,u € HU,q. (5)

Let H = (H,(-,-)) be a real separable Hilbert space. Define
dual pairs of reflexive Banach spaces (X,X*) and (LP, L9) with re-
spect to duality (-, -).

In the given spaces define operators L, M, N satisfying the
following conditions:

(C1) L € L(%,X") is self-adjoint non-negatively defined and Fred-
holm;

(C2) M € L(X,X*) is self-adjoint non-negatively defined;

(C3) N € C"(LP,L%),r > 1 is s-monotone, p-coercive and homoge-
neous of order p — 1 operator, with symmetric Frechet derivative.

In addition, define the spaces of distributions L>°(0,7; X N LP)
and
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L>°(0,T;coimL), where X = ker L & coimL. The spaces conju-
gate to them are constructed using the Dunford—Pettis theorem:
(L0, T; X N LP))* ~ LY0,T;%* U L) and (L°°(0,T;coimL))* =~
LY(0,T; X%).

Theorem 1. Let u € L1(0,T; L) and conditions (C1), (C2), (C3)
be satisfied. Then for any (xo, 1) € Ty'B such that zo € X N LP,
x1 € coimL there is a unique solution to (3), (4) x = z(s,t) such that
x € L>®(0,T; XN LP) and & € L*>(0,T;coimL N X).

Consider the optimal control problem (3)—(5). Construct the
space { = L?(0,T; L?) and define a non-empty closed and convex
subset .4 in it. Construct the space X, = {z|z € L>*(0,7;X N
LP), & € L*>(0,T;coimL N X).

The pair (z,a) € X, x g is called a solution to the optimal
control problem if

J(z,u) = inf J(x,u),

(z,u)

where the pairs (x,u) € X, x U,q satisfy problem (3), (4). The func-
tion @ is called an optimal control. In [4] proved

Theorem 2. Let conditions (C1), (C2), (C3) be satisfied. Then
for any (xo,z1) € TP, T € Ry, there is a solution to problem

(3), (4), (5)-

For the space H take the Sobolev space W, () with inner
product

(f1, fo) = /f1f2d8, V1, fa € Wy ' (),
Q
where f; is a generalized solution to the Dirichlet problem (2) for
the equation Af; = f1. Set X = L? and X* = (L?)* and p = 4.
Conditions (C1), (C2) and (C3) are fulfilled. The following theorem
is true.

Theorem 3. For any (xg,x1) € TP, T € Ry, there is a solution to
problem (1), (2), (3), (5).

The work was carried out with the financial support of the Russian Science
Foundation (project No. 24-11-20037).
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HabmrogaemocTs n ctaduan3anusi C
HabJIIoJaTejaeM HeJIMHEeHbIX
HeITPePbIBHO- INCKPETHBIX CHUCTEM YIIPABJICHUS

C.B. AkmanoBa
Maenumozopck, Maznumozopcekutl 20cydapcmeertbill MeTHUBECKUL
yrusepcumem um. I. M. Hocosa
e-mail: svet.akm 74@mail.ru

Hesnuneitnble HeNpPepbIBHO-UCKPETHBIE (TUOPUIHBIE) JIXHAMY-
YEeCKHE CUCTEMbI aJIeKBATHO OIMCHIBAIOT MHOIHME CJIOXKHBIC, Pa3HO-
POJIHbBIE MIPOIECChl B aKTYaJbHBIX 00JIACTAX SKOHOMUKH, ITPOU3BO/I-
CTBa, aBUAIMOHHOI orpacsu (cMm., Hanpumep, [1, 2|). Paccmarpusa-
eTcsl HeJMHelHast TUOpUIHAst CUCTEMa yTIPaBIeHUs BHJIA

a/(t) = f(@(t), y(tk)), te <t <tpir,
y(thrl) _g(x(thrl)vy( ) (tk)) k= 0>172>"' ; (1)
w(t) = e(x(t),y(tk)),

e x € R, y € R™ — BekTops! cocrosiamii cucrembl (1), xapax-
TEpU3YIOINe IIOBEJCHUE HEIPEPLIBHON U JAUCKPETHONH dYacTeil 9Toi
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CHUCTEMBI COOTBETCTBEHHO, 4 € RY — BekTOp yupasieHus (Bxoja),
w € RP — Bekrop BbIxoga (p < n+m), h =ty —tx > 0 — nocrosiu-
nas Beamansa (k = 0,1,2,...), dyskmun f(x,y), g(x,y,u), ¢(x,y)
HenpepbiBHO uddepeHnIupyeMbl IO COBOKYITHOCTHU IIEPEMEHHBIX, IPU
9TOM BBIOJHSAIOTCS COOTHOIICHUST

f(ov 0) =0, 9(07 070) =0, ()0(070) =0, (2)
re. upu u = 0 cucrema (1) mmeer Touky pasnosecust x = 0, y = 0.

Ounpenenenne 1. Hazosem cucremy (1) noarnocmuio nabarodaemoti
npu h = hy > 0, eciim cymecrsyer | € N (I < n + m) rakoe,

qro Jyist Jo6oro t € [tg,tp+1), k = 0,1, u Jyist 06bIX YeTBEpPOK
(w1 (t), z1(t), y1(te), wi(t)), (u2(te), x2(t), y2(tr), w2(t)), sasanmbx
Ha [tg,tr41) U ypoBieTBOpsifOnmX cucreMe (1), U3 paBeHCTBA BXO-
JI0B 1 BBIXONOB U1 (tr) = ua(tr), wi(t) = wa(t), caemyer paBeHCTBO
cocrogmmit: x1(t) = wa(t), y1(tr) = y2(tr), t € [tr,try1), k= 0,1.

B Takom ciaydae o u3BECTHBIM 3HAYCHUSIM BXOJa U(tg) 1 BBIXO-
na w(t) npu t € [ty try1), k= 0,1, MOXKHO OHO3HAYHO OIPEJIETUTH
cocrosiaust x(t) n y(t), t € [tk,tkr1), U CAeIATH BBIBOJBI O IIPOIEC-
cax, HPOUCXOJISANIMX BHYTpU cucreMbl (1).

B mactosimeit crarbe 00CYKIA0TCsT BOIIPOCHI HAOJIIOIAeMOCTH
cucreMmbl (1), mocrpoennst Habmonares st cucreMel (1) u crabu-
musarnun cucreMs (1) ¢ HabsroaTeseM.

YunrsiBast coorromenusi (2), npeacrasum bysximn f(z,y),
u), (z,y) B BUIE

= A1$+Bly+a(x y) g(fﬁ,y,U) = Agx—l—Bgy—i—Cu—l—b(:v,y,u),

)
(,0(.%, ) D1$+D2y+c(x y) e Ap = f:/t(ouo)v By = fé(070)’ Ay =
g;( 0, ) - gy(0,0,0), C = g&(07070)7 D, = (70;“(070)) Dy =
<py(0, 0) — ManI/ILLbI COOTBETCTBYIOIINUX PA3MEPOB, IIPU ITOM TVIQJIKUE
HesmHeitHOoCTH a(x,y), b(x,y,u), ¢(x,y) yAOBIETBOPSIOT yCIOBUSIM
a(z,y) = o(llz+ Iy, ez ) = o(lel+]yl) mpw [zll+lgll — 0,
b(z,y,u) = ol 2]l + gl + [ull)  mpw 2]l + ] + ]l > .

[Monaras, aro det A1 # 0, MoXkHO 10Ka3aTh, 4To cucrema (1)
PAaBHOCHJIbHA, B €CTECTBEHHOM CMBICJIE, CUCTeMe, KOMIIAKTHAA 3allUCh
KOTOPOU MMeeT BUJL

Zpy1 = A(h)zi, + Buy, + (2, ) 3)
wg = D(h)z + v(2x, h), k = 0 ,

g(z,y,
(z,y
y

~

O
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puyeM

A1h A*l Aih _ B
_ | Tk _ e 1 (e )B1
= |: Yk :| ’ A(h) o |: A2€A1h AQAIl(eAlh — I)Bl + By :| ’

Jo | e(zk,yrs h)

D(h) = [ Die" DA (e —1)By + Dy |,
tr+h

e(xp, yi; h) = elmthd / e Ma(p(s, zr, yr), yr)ds

173

upu stoM = = p(t, T, yg) — peurenue 3aaaun Korn
o' = Az + Biyp + a(z, i), x(ty) = ok

5(xk7ykuuk; h) = A2€(xk?7yk3; h) + b($k+17ykuuk)u
7(2k> h) = V(xkaykv h) = Dlg(kaayk; h‘) + C(karlayk)v
e yr = y(tr), up = u(ty), wp = w(ty). YuursiBas padory |3,

MOXKHO JI0Ka3aTh, 910 &(2,u, h) = o(||2|| + ||u||) mpm ||2| + [|u]| = 0,
v(2,h) = o(]|z]|) mpu ||z|| = 0. Torna cupasemansa

Teopema 1. Cucmema (1) noanocmvro nabarodaema npu h = hg > 0
6 TOM U MOALKO MOM CAY4aAE, K020a NOAHOCMLIO HAOA00aeMA CU-
cmema (3) npu h = hy > 0.

Cucreme (3) npu h = hg > 0 COOTBETCTBYET CHCTEMa MEPBOTO
MIPUOJINZKEHNST BUIA

2k+1 = Aoz + Buy, ()
Wi :D()Zk, k}:0,1,2,... s

e Ag = A(hg), Do = D(hg). Orciona, ¢ yaeToM paHroBOro KpuTe-
pUsT TOTHO HABJIIOIAEMOCTH JTUMHEHHBIX JUCKPETHBIX CHCTEM, IMEET
MeCTO

Teopema 2. Ecau npu h = hg > 0 cucmema (3) noarnocmoio nabao-
daema, mo noanocmuvio nabarodaema cucmema (4).
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OcHoBbIBasich Ha Teopeme 2 u pabore [4|, nmpuxoaum K yrBep-
JKJICHUIO.

Teopema 3. IIycmv npu h = hy > 0 cucmema (3) noanocmuvio na-
bamodaema. Tozda cywecmsyem mampuua K pasmepa (n + m) X p
makas, ¥mo pewenus cucmemvi (3) npu h = ho > 0 u cucmemo

Vg1 = (Ao — K Do)vg + Buy, + K Doz, + &(2k, uk, ho),

5
k=0,1,2,... )

omeeuarom ycaosuto lim ||z — vkl = 0 npu wobwx u, € RY; 2z, vy €
k—o0

Rn+m

Cucremy (5) mazoBeM wabarodamenem Oz cucmemvs (3) npu
h = hg > 0.

C nomompio HabsOMaTe s (5) MOKHO PEIIUThL BOIPOC CTabu-
mm3aipu cucreMsl (1) B yCIOBUSX OTCYTCTBHS TIOJHOTHI H3MEPSeMOit
uHMOPMAII O COCTOSHUSIX TOH CHCTEMBI [5], PyKOBOJCTBYSCH CJle-
JIYIOIIUM YTBEPIKICHIEM.

Teopema 4. IIycmov npu h = hy > 0 cucmema (3) umeem cmabu-
ausupyrouee ynpasaenue u; = Fzp (F — mampuya paszmepa q X
(n+m), k = 0,1,2,...) u asasemca noanocmsvio nabrodaemod,
npu amom cucmema (5) asasemca nabarodamensem cucmemos (3) npu
h = hg > 0. Toeda pewenue x = 0, y = 0, v = 0 pacwupernrod
cucmemwi (1), (5) ¢ ynpasaenuem u(ty) = Fo(tg), k = 0,1,2,...,
ABAAEMCA ACUMNMOMUYECKY, YyemoTvusoim npu h = hg > 0.
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O06 omHOII TapaboJ/inmYecKoil 3aj1a4e IJIaJKoro
yIIpaBJIEHUS

W. B. AcramoBa
Mockea, MI'Y um. M. B. Jlomorocosa, POY um. I'. B. Iliexanosa
e-mail: ast.diffiety@gmail.com

. A. Jlammu
Mockea, HIIQ “OUTO”

e-mail: dalashin@gmail.com

A. B. ®uauHoBCKUit
Mockea, MI'TY um. H. 3. Baymana, MI'Y um. M. B. Jlomonocosa

e-mail: finv@yandex.ru

Bynem paccMmaTpuBaTh 9KCTpEMAaIbHYIO 33249y JJIsT TapaboIu-
9eCKOM CMENIaHHON 3a7a49u ¢ KOI(MDPUITMEHTAMHI, HE 3aBUCSIIIUMHA OT
BpEMEHN:

Ut = (a(x)uw)w + b(x)uw + h(:c)u,

(x,t) € Qr =(0,1) x (0,7), T >0, e
uw(0,t) = p(t), ug(l,t)=1(t), 0<t<T, (2)
u(z,0) =0, 0<zx<l, (3)

rjie JeiicrBurenbable QYHKIMN a, b (KOHBeKTHBHBIN wieH) u h (06e1-
HATONTIH TOTEHIHA) ABIAIOTCA TIaJknMi B Qp, 0 < ag < a(x) <
a1 < 00, p € WZ(0,T), v € W(0,T). 3necy Wk (0,T) — sro mpo-
crpancTBo CobosteBa ciabo auddepennupyeMbix OYHKIMI ¢ HOPMOI

k

T
2
Wson = [ |2 000

J=0
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Onpepenenne 1 (cu. [1, c.25]). O6osnaunm wepes Vo' (Qr) 6ana-
TOBO NPOCMPAHCMNEO PYHKUUT U € W;’O(QT) € KOHETHOI HOPMOIA

Il = 502 Dleaon + uelzacen

u Takux, 4ro t +— u(-,t) — mempepsiBHOe orobpaxkenme [0,7] —
L2(0>1)'

O6o3HaunM yepes W; (Qr) MuoxkecTBO bynKIIHit ) € W3 (Q7T),
yaosJsierBopsiiontux ycsaosusm n(z,T) = 0, n(0,t) = 0.

Omnpepenenne 2. Pyaxuns u € V21’0 (QT), yIOBIETBOPSIONIAS YCIIO-
Buio u(0,t) = ¢(t) 1 HHTErpaIbLHOMY TOXK/IECTBY

/ (a(z, )uyn, — bz, t)ugn — h(z, t)un — uny) dxdt =
T

T
/ &(z)n(x,0) dx+/0 a(l,t)yp(t)n(l,t)dt

JUIsl BCEX 1) € W;(QT), HA3BIBACTCA CAGOBIM PeUCHUEM 3a0a4U

(1)~ (3).

Wcenenyerca 3aja4a yIpaBJIeHUS ¢ TOYCYHBIM HAOIIOZCHAEM:
yIIpaBJisisi TeMIepaTypoit ¢ Ha jieeoMm korie uarepsaia (0,1) (bynk-
U0 1) cauraeM (PUKCUPOBAHHON ), T0OUBAEMCsI, UTOObI TEMIIEPATYPa
u(xg,t) B HEKOTOpOI TOouke xy € (0,1) GbuLia GiM3KA K 3aJaHHOM
dbyuknuu z(t) B Teuenne Becero nnrepsasa spemenu (0,7"). IIpomos-
JKasl MCCJIe/J0BaHus, HadaTble B [2—3], paccMOTpUM HOBBIH Crienu-
AJIbHBIH (PyHKIMOHAJ KAYeCTBa, BOCTPEOOBAHHBIA B IPHJIOXKCHUAX,
obecIeunBaIOIINil, B TOM YHCJIe, PABHOMEPHYIO OJIM30CTh PEIleHust u
nesteBoit byHKIMH, peam3yeMblit Hopmoit B mpoctpanctse Wi (0, T).
ITockoMbKy B IPHKJIIHBIX 3aJa9aX BpeMs YIPABJICHHA M HaOJIIO-
nenns 1 MOCTATOYHO BEIMKO, TO BIMAHUE HAYAJLHONW (DYHKIUU OT-
HOCHUTEJILHO MAJO W UM MOXKHO IpeHeOpedb, IOJIOKHUB HAYaIbHYyIO
bYHKIUMIO paBHON HYJII0. 3aMETHM, YTO Pa3IMYHBbIE SKCTPEMAJIbHbIC
3314 JJIs 1apaboJIMuecKUX ypaBHEeHnil nccse1oBamuch B [4— 7).
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Teopema 1. Ecau ¢, € W2(0,T) u ¢(0) = 9(0) = 0, mo zadaua
(1) = (3) umeem eduncmeenroe caaboe pewenue u € V21’0(QT) cu €
V;’O(QT), U HEPABEHCNGO

llly00gpy + luellyaoom < Cr(lellzom + 1¥lwzom):

guinoAHAEMCA ¢ Hexomopot xonemanmot C1 > 0, ne 3asucauets om
Pyrruul © u Y.

O6oznauum uepes ® C W3(0,T) melmycroe MHOMKECTBO yHPaBJISIO-
mux QyHKIWA @, yuosiaersopsiiomux yciosuio ¢(0) = 0, a uepes
3 C W0, T) — memycroe MHOMKECTBO TIeJIeBBIX (DYHKII 2, Y/IOB/Ie-
TBOpsifomux ycaosuio z(0) = 0.

Paccmorpum dbyHKImoHa

3[27t17t27s0] =

T 2 2 (4)
— [ (Cplenst) = 2026+ gy 0 8) 20 )

rie ¢ € ®, 2z € 3, u, — pemenne 3aj1aun (1) —(3) ¢ 3amanH0l DyHK-
mmeil yupasiennss ¢ u t; € Loo(0,7), j = 1,2 — Takue BecoBble
dbyHKIUU, ITO
ess inf v;(¢) >0, j=12.
tE(O,T) ]( ) 9 j 9
Cunrasi pyHKIHNIO 2 GUKCHPOBAHHON, PACCMOTPUM 3819y MUHUMU-
3arnnn, 0bO3HATNB

m[z, vy, vo, D] := inf J[z,t1,vo, ] (5)
ped

Teopema 2. Ecau mmoocecmeo © 3aMKHYMO, SLINYKAO U 02PAHU-
weno 6 W2(0,T), mo daa mobozo z € 3 cywecmeyem maxas edun-
cmeennaa gynrkyus g € ©, wmo

m[z, T1, T, (I)] = 3[2, Ty, T, QD()].
Omnpepesienne 3. Byaem rosopurs, aro 3agata (1) - (3), (5) naommno

ynpasaaema n3 MEOKecTBa ¢ Bo MHOXKeCTBO 3 (eM. [2,3]), econ st
BCEX Z € 3 BBIIOJHIETCS PABEHCTBO M|z, t1, ta, P] = 0.
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Teopema 3. 3adava (1) —(3), (5) naommo ynpasasema u3 mmoorce-
emea ® = {p € W2(0,T): p(0) = 0} 60 mmoocecmeo 3 = {z €
W(0,T): 2(0) = 0}.

YcraHOBIIEHBI CBOMCTBA yIpaBsionieil (hbyHKINN, pean3yro-
mieit MuHuMyM yHKIoHaa (4).
Pabora nognepxkana PH®, npoek Ne 25-11-00133.
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OneHKa CyMMapHOTO JIOX0/1a C yYeTOM
JUMCKOHTUPOBAHUS AJisd CTPYKTYPUPOBAHHBIX
MoOJeJiell AUMHAMUKW TTOMYJIAIAN

A. A. Bazyakuna
Baadumup, PI'BOY BO «Baadumupcrui 20cydapcmeerbit
YHUBEPCUMEM
umenu A. I u H. I Cmosemosvizs
e-mail: hirasawa33rus@email.com

PaccmorpuBaeTcs Mome b IUHAMUKY TIOITYJISIITAN, PA3BUTHE KO-
TOPOH IIPU OTCYTCTBUU IKCILIyaATAIIUN 3a/1aHO aBTOHOMHON cHCTeMOi
muddepeHImaabHbIX YPaBHEHMIT

t=f(x), tne zeR}y ={zecR":2,20,...,2, 20}. (1)

[Ipu sToM, ecau n 2> 2, TO MOIYJISIUSI HA3BIBAETCSA CTPYKTYPUPOBAH-
HOT (/6O OHA COCTOUT U3 OTJEJNBHBIX BUIOB X1, ...,Tn, JAOO pa3-
JIeJIeHa Ha N BO3PACTHBIX TPYII), OJHAKO BCE yTBEPXKJICHUS TAKIKE
BEPHBI U JIjIsl OJJHOPOJIHBIX TIOMyJIAIui (TO ecTh B ciaydae n = 1).
[Ipeiosiaraem, 9To U3 MOILYJISIUE B MOMEHTBI BpeMenu T (k) =
kd, d > 0, u3Bjekaercss HEKOTOpas JI0JIsd OHOJIOIMIECKOIO pecypca

u(k) = (u1(k),...,un(k)) €[0,1]", k=1,2,...,

YTO IPUBOJUT K MIHOBEHHOMY YMEHBIIEHHIO €r0 KOJIMIecTBa. B ckob-
Kax 00O3HAYMM BpPEMEHHBIC, 8 HIKHUMH WHJICKCAMU — IIPOCTPaH-
crBeHHble napamerpbl. Yepes wu;(k) obo3HAUMM J0JIH0 pecypca i-ro
BUJIA, U3BJIEYEHHOTO U3 HOIyJIsiin B MoMeHT 7 (k). Pacemorpum mMHO-
xecro U = {u: @ = (u(1),...,u(k),...)} u nccaenyem sanauay no-
crpoenusi ynpasjenuit @ € U Jyisi JOCTUZKEHHsI OLPEJIJIEHHOTO pe-
sysibraTa cbopa pecypca. C y4eroM sKCIIyaTaluy HOJIydaeM yIpaB-
JIAEMYIO CUCTEMY C UMITYJIbCHBIM BOS,ZLGIZCTBI/IGM

fz:fz(x)7 t # kd,
zi(kd) = (1 — ui(k)) - z;(kd - 0),

riae z;(kd — 0) u z;(kd) — xosmaecTBO pecypca i-ro BHIA JI0 U TIO-
ciie cbopa B Moment 7(k) = kd coorBercTBenHo, ¢ = 1,...,n, k =
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1,2,.... Ilpenmonaraem, ITO peIIeHUsi 9TON CUCTEMbI HEIPEPLIBHBI
cupaBa, PYHKIMK f; HEIPEPBIBHBI 110 COBOKYITHOCTU IMEPEMEHHBIX U
YJOBIETBOPAIOT yeqoBuio Jlunmmmna. Takzke cauraem, 9TO perieHust
cucrembl (1) SIBJISIIOTCST HEOTPUIATEIBHBIMU [PU JOOLIX HEOTPUIA-
TeJIbHBIX Ha4YaJIbHBIX YCJIOBUAX, TO €CThb BBIIIOJIHEHO YCA06UE KE6A3U-
noaostcumenvrocmu (cM., Hanpumep, [1]).

[Tycrs X;(k) = wz;(kd — 0) — koymuecTBO pecypca i-ro Buja
10 cbopa B moment kd, k = 1,2,..., ;(0) = 2¥ — mauamsnoe Ko-
JamaecTBo pecypea, C; > 0 — arperupoBaHHasi CTOMMOCTh YCJIOBHOI
eJIMHUIIBI i-TO BUJA. ByIeM paccMaTpuBaTh CIeIyONIyIo XapaKTHPH-
CcTUKYy cbopa pecypca.

Onpenenaenne. CymmapHvim 00T00oM C Y4emom JUCKOHRMUPOBAHUA
Ha3bIBaeTCHd PyHKIINA

Ho (7,2(0)) = 0 CiXi(j)ui(j)e ™™,
§=0 i=1

rpe a > 0 — koadbdunuent juckontuposanust, u € U u 2(0) € R

(em. [2]).

Permenne cucrembr (1) 6yuem obosnauars ¢(t, ), rue ¢(0,x) =

x. Ilpeanonaraem, 4ro jajis jmoboro z € R!! permenus nannoit cu-

creMbl cymectBytoT npu ¢t € [0,d] nas wekoroporo d > 0. Beegem B
n

paccmorpenue dyuaknuo D(x) = Y C; (@i(d, :v)—:cieo‘) U MHOXKECTBO
i=1

D+:{x€R$x’bggp’b(dax)#o,zzl,,n}:

={z eR}:z < p(d,z) #0}.

st cucremsr (1) Ha muozxectse R} paccMoTpuM BEPXHIO CH-
cTeMy CpaBHEHUst

i=g(x), me wER, (2)

TO €CTb TaKyl0 CUCTEMY, ITO

fi(xlvx% s >ZCTZ) < gi(y17y2>' s Yi—1,Ti Yit 1, - - ayn)v i = 17”7
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st Beex t > to, v < y, ¢ € R, y € R}, Cucremy (1) 6yznem na-
3bIBATH HUKHE( cucreMoil cpaBHeHUs jiist cucteMsbl (2). O6o3Ha M
qepes Y(t, x) pemennus (2), yI0BIETBOPSIONIE HAYATHHBIM YCIOBHAM
¥(0,z) = x. [Ipeanonaraem, 910 aJisi BeKTOP-PYHKIMA ¢ BBITOJIHE-
HBI Takue »Ke CBOicTBa, 4TO U Jyis f, u jjst Hekoroporo d > 0 jyist
moboro x € R} pemenns v(t, x) cymecrsyior npu t € [0,d]. Ilycrs

D(z) = ZC(( ) — ze®),
D+—{x€R' < (d,z) # 0},

3)

yepes H, (U,x(O)) 0003HaUNM JUCKOHTAPOBAHHLINA JOXOJ OT U3BJIe-
KaeMOro pecypca, 3aJIaHOro CHCTeMOi (2).

Teopema 1. IIpednoaoorcum, wmo cucmema (2) asasemes eeprred
cucmemoti cpasnenus das (1) na mmoocecmee R’y . Tozda ons moboix
ueU ux(0) €RY evinoanenv, nepasencmea

H, (7,2(0)) < max D(z) < max D(x).
z€Dy €Dy

Beimiem Teneps HUXKHIOIO CHCTEMY CDaBHEHUsI JUIS CHCTe-
Mbr (1):
t=wv(x), roe zeR} (4)
u obozHaunM depes {(t, ) ee pelieHusi, y0BJIETBOPSIONIE HAUAb-
ubM yeaosusm £(0,x) = x. Ilpeanonaraem, 9T0 BeKTOP-(hYHKIWS ¥
0obJ1ajlaeT TaKUM Ke CBOMCTBaM, Kak u (hpyHKIus f B mpaBoii gactu
cucremsl (1) n pemenus §(¢, x) cymecrsyior upn t € [0, d] st moGo-
ro x € R’} . Ananoruuno (3) onpeenum D(z)uDy,a Hy (u,z(0)) —
JIICKOHTHPOBAHHBIN JIOXOJ] OT M3BJIEKAEMOIO PECypca, 3aJaHoro Ch-
cremoii (4).

Teopema 2. Ilpednonooicum, wmo cucmema (4) asasemca nustcned

cucmemoti cpasrenus dan (1) na mmooncecmee R’ u max D(x) =
z€Dy

ﬁ(x*), ede ¥ € ﬁJr. Tozda cyuwecmeyem w* € U, maxoe, wmo

H, (u*,z(0)) > max D(z) 0an ecex z(0) € R, dan komopus 6vi-
z€Dy
noaneno nepasencmeo &(d, x(0)) > x*.
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Pabora BoimosiHena moj pykosoacTsoM JI. V. Poannoit — mpo-
deccopa Kadeapbl PYHKIMOHAJIBHOIO AHAJIN3a U €ro MPUIOXKEHHU
Bragmvmpckoro rocyuausepcutera um. A.T. u H. T CroneToBoix.
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OO0 ozHOIT 3asave yrpaBJeHus JUHEHOM
JAHAMUYECKOI CUCTEMOM C Hepa3deJIEeHHbIMU
MHOI'OTOYE€YHbIMI M MHTErPAJIbHbIMU
YCJIOBUSIMU

B. P. Bapcersau
Pecnybaura Apmernus, 2. Epesan, Uncmumym mexanury HAH
Apmenuu, Epesancruti 2ocydapcmeennvili yrusepcumem,
e-mail: barseghyan@sci.am

3a/1a4m ¢ HEJIOKAJIbHLIMU YCJIOBUSAMU SABJISIIOTCS OJHUM U3 pa3-
BUBAOIINUXCS HAIIpaBJIeHU! Teopun AuddepeHna bHbIX yPaBHEHNH.
XapaKTepHOI 9epToi TAaKUX 3a/1a49 SBJISETCsI, HapsiIy ¢ KJIaCCUIeCKH-
MU KpPaeBbIMHU (HAYaJbHOE M KOHEIHOE) YCIOBHSAME, HAJINYIHE YCJIO-
BUIl, CBS3BIBAIOIINX 3HAYEHUA (PA30BLIX KOODJUHAT B PA3THIHBIX
ITPOMEYKYTOIHBIX TOYKAX MJIU MIPOMEXKYTKAX C MHTErPAJHLHBIMU YCJIO-
Busimu |1 —6]. Crocobel nccieioBanus MOJOOHBIX 3a/[@d BO MHOI'OM
3aBUCAT OT BUJIOB HEJIOKAJIBHBIX ycaoBui. K BasKHBIM MPUKIATHBIM
3aj1a9aM YIIPABJIEHUs C HEJIOKAJHHBIMHI YCJIOBUSIMU OTHOCATCS 331891
JIJISI CUCTEM, OIHMCBHIBAEMBIX OOBIKHOBEHHBIMU b epeHITnaIbHBIMI
ypPaBHEHUsIMU, CM., B dacTHOCcTH [1—3, 6], u jyis cucTeM, onuchbBa-
€MbIX ypaBHEHUEM C YaCTHBIMU ITPOU3BOJHBIMU, CM., B YaCTHOCTH,

[4-5].
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B naunmoit pabore paccMarpuBaeTCs yIPaBJIAEMbIil IpoIecc,
OIUCBHIBACMBINl CHCTEMON JIMHEHHBIX T PEepEeHITNAIBHBIX YPaBHEHI I

& = Az + Bu, (1)

rjae x € R™, x(t) — dasosslit BekTop, A — (nxn), B — (nXr)-MmepHble
MAaTPUIIBI, JIEMEHTBI KOTOPBIX SIBJISIOTCSI BEIIIECTBEHHBIME IHCJIAMH,
to <t <T (top u T — 3a7aHHbIe MOMEHTBI BpeMeHH ), u(t) — r-MepHBIi
BeKTOp-cTOJIGEl yIpaBJstionux Boseiicreuil. [Iycrs 3amansl coey-
fomue HadaabHoe T(tg) = xo u KoHeunoe x(1") = xp cocrosHUsST CH-
crembl (1) u duUKCHpOBaHHBIE TPOMEXKYTOUHbIE MOMEHTHI BPEMEHN
0<ty<t;1 <...<ty<t<t<T. llpernonaraercs, 4To JiJIsI
dazoBoro BekTopa x(t) 3aJ@HbI CJICYIONNE HEJIOKAIBHBIE YCIIOBHSL:
HEPa3/IeJICHHbIE MHOIOTOYEIHBIE [IPOMEXKYTOYHBIE YCIOBUST

> Fa(ty) = a (2)
=1

1 nHTEerpaJibHOE€ OIr'paHUYCHNEe

/t Syt = 5. (3)

e a — g-MepHbiil (¢ < n) Bekrop-crosbern, Fy, — (q X m)-MepHbIe
marpunst (k= 1,...,m), § — n-mMepHblii BeKTOp-cTO/I6E1, S — (N X
n)-MepHasi MATPUIIA, JIEMEHTbI KOTOPBIX sIBJISTIOTCsI BEIECTBEHHBIMI
YUCTIAMH.

Boobmie /1 psia NPUKIIHBIX 331a9 MOXKHO ITPE/IIOIaraTh,
9TO B MPOMEXKYTOYHbIE MOMEHTHI Bpemenu tp (k = 1,...,m) u B
npomexxyTke Bpemenu t < t < t ycaousim (2) u (3) yuoBierso-
PSIOT He BCe 3HaueHust KoopjuHaT (hazosoro sBekropa I(t), a JIMIiib
HEKOTOpBIE 3HadeHus Koopaumuar ($hasoBoro BekTopa. B Takmx ciry-
qagx OyJleM CIMTaTh, 9TO COOTBETCTBYIONINE 3JIEMEHTHI MaTpUIlsl F,
(k=1,...,m)u S pasusr 0.

IIpennonaraercs, uro cucrema (1) ¢ HEJIOKAIBHBIME TPOMEXKY-
TOYHBIME yCJIOBUAME (2) M MHTErpajbHbIM ycjaoBueM (3) Ha mpome-
JKyTKe BpeMeHH [tg, 1| siBjsiercsi BIIOJIHE YIIPaBJISEMOIA.

Tpebyercs HaTH yCJIOBHs, IIPU KOTOPBLIX CYIIECTBYET MPO-
rpaMMHOe yrpasisiiorniee Bodzeiicreue u = u(t), t € [tg,T], n npo-
rpaMMHOe JiBuKeHue x = x(t), IepeBoJdIIme JBUKEHUE CUCTEMbI

43



(1) u3 HauambHOrO Cocrostusi x(tp), obecrednBast yJ0BJIETBOPEHUE
HEJIOKAJIbHBIM [IPOMEXKYTOYHBIM yCioBusM (2) u (3) B KOHEYHOE CO-
crosiane x(T'), a Tak¥Ke MOCTPOUTD WX.

B pabore mpuBemeHo ycjaoBume, BBIIOJHEHHE KOTOPOro obec-
neunBaer cymiectsoBanue pernenusi (1), yaosiersopsiomiero (3), u
chopMympoBaHa TeopeMa O IIPEJICTABICHUN DEIICHUs yPABHEHUSsI
(1), yaosiierBopsitoriero yciosuio (3).

Beesem 6utounyto marpuity pasmepamu ((q + 2n) X 2r):

_( Ft)B,eAT-YB
mo = ("% ).

rae
0, le [t()aé) )
Hy(t)={ e B -ViPt)e 4B, teclti],
e B, telt,T],

-1

F(t) = Z erA(tk —t)’ P(t) = / eATdT, Vl — </ €Atdt>
k=1 t t

st Toro, aTobbr muHaMudecKast cucreMa (1) ¢ HeJOKAIbHBIMA
yesosusivu (2) u (3) Oblia BIOJIHE yIpasiiseMoit Ha orpeske [to, T,
HEOOXO/IMMO U JIOCTATOYHO, YTOOBI BEKTOP-CTOJOIB! MaTpulsl H (1)
6bI.HI/I JIMTHEITHO He3aBUCUMbBIMMU.

Beenem maTpuiry

T
Q= [ H[HT[t)dt

to
pasmepamu ((q+ 2n) x (¢ + 2n)). Torpa pemenune 3ama4u HopMyJH-
pyeTcsi B BUJIE CJICJYIONIErO YTBEPIKICHUST:
Jlas mozo, wmobv, cywecmeosano npozpammnoe ynpasaenue u(t),
t € [to, T], u coomsememeyrowee emy pewenue cucmemsv, (1), ydo-
saemsoparouiee yeaosuam (2), (3), neobxodumo u docmamouro, wmo-
61 mampuya Q 6viaa neocoboli (det Q # 0) uau wmobv, pareu mam-
puys Q u pacwupenrot mampuys, {Q,n} cosnadasu mescdy cobot,
2de

a — Fx(ty)

- -1

t

n = x(T) - GA(T_tO).T(tQ) 5 F = F(to), G= (/ SBAtdt> .
e ATyr — G t
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[TocTpoena dyHKIUS yIIPaBIeHHs, IO BO3EHCTBHEM KOTOPOit

ocymiecTBisiercst (hbasoBoe JIBHKEHHE, YIOBJICTBOPSIONIEE YCIOBUSAM
(2) m (3) samaan. Iloxkasama HENPEPHIBHOCTL W HEEINHCTBEHHOCTH
bYHKIUU yIIPABJICHUS.
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O6 oanoit 3asa4de npeciaenoBanus BIIJIA
CaMOJIETHOI'O THIIA HAJA3€MHOI'0 0ObEeKTa
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B. P. Bapcersin , A.T. MareBocsiu

Pecnybauxa Apmenus, 2. Epesan, ' Hnemumym mexanuxuy HAH
Apmenuu, 2 Epesancruti 2ocydapcmeenioiti yrueepcumen,
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PazBuTne Hayku u TEXHUKH ITO3BOJIAET IIPOEKTUPOBATH OECIIu-
JIOTHBIE TEXHOJIOTUH PA3JIUIHOrO HazHadeHHUsi. Bee GoJibliiee pacipo-
CTpaHEHHE I0JIy4YaeT IIPUMeHeHrne OEeCIUIOTHBIX JIETATEIbHBIX alllla-
paros (BILJTA) B BoeHHbIX nesix. Boobiie, 00/aCTh NPUMEHEHMsI
BIIJIA moctaTodHo IMMUpOKa W He OrpaHWtYeHa BOEHHON OTpacibio,
9TO SBJISETCS BeCcbMa akTyasbHbIM [1-3]. Baxkuble npukiajnbe 3ua-
YEHUST UMEFOT 3a/1a91 aBTOHOMHOTO yipasiernus: BITJIA | mostomy mc-
CJIeJIOBAHHs IIOJ00HBIX 3a/1a4 BocTpeboBatbl [4-5).

B namnoit pabore, Ha OCHOBE IMOJIYUYCHHBIX JAHHBIX O HAJI3EM-
HOW Tl ¢ BHjieoKaMephbl, mpukperiénmoit Kk BIIJIA camonernoro
THIIA, C YYETOM 3aKOHA JIBU2KEHUS, IIPEJJIAraeTCs aJrOPUTM ABTO-
nomuoro ynpasienust BILJTA, obecreqnBarorero cOMMKeHNe ¢ HA/I-
3eMHOM (IIO/[BUKHOI MJIN HEIOJBHUKHOMN) Iebi0. MaremaTndecKkyio
MOJIEJIb JIBUZKEeHUsT GecmIoTHOrO JeraresibHoro ammnapara (BILTA)
[IPEJICTABUM CHCTEMON 3 I1ecTu JnddepeHnaabHbIX YPaBHEHU,
npeJUIozKeHHol, B wacrHocru, [1]. Vkazaunas cucrema jauddepen-
UaJIbHBIX ypaBHEHUIT HesinHelHa. BBeis 3aMeHbl epeMeHHbIX, Ipe-
obpasyeM 3Ty CUCTEMY K CJIEIYIOIIEMY BULY:

H =wvsind, L =vcostcosy, Z = vcosvsiny, (1)

. . g _ g(ug—cos?d) i gus

U_g(ul_snlﬂ)v U= v ) w__ycosﬂv
rne H — BbIcoTa HaJl MOBEPXHOCTHIO, I, — ropu3oHTAIbHAS KOOPIU-
HaTa BIOJIb HAIIPABJIEHUS MOJIETa, 4 — DOKOBOE OTKJIOHEHHE, U — MO-
JIyJIb CKOPOCTH, ¥ — yTOJI HAKJIOHA TPAEKTOPHUH, 1 — a3UMY TaJIbHBII
yIroJI IyTH, ¢ — YCKOpEeHHe CBOOOJHOIO IaJeHusi, ¥ — yIroJl KpeHa,
U1, U2, U3 — YIPABJICHUA, UMEIOIIHUEe BUIBL U] = Tz, U2 = Ny COS 7Y,
U3z = nysin-vy, a ng, n, — cocrapjdiomue neperpysku. Taxum obpa-
30M, (PA30BBIME KOOPIUHATAME OYy/IEM CIUTATH BBICOTY, IPOIOILHYIO
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1 GOKOBYIO JIAJIBHOCTH, YIVIbI KypPCa, HAKJIOHA TPAEKTOPUU U IIyTe-
BYIO CKOPOCTD. CDaKTI/I‘IeCKI/I YIIpaBJ/IAOITUMN BOSZLefICTBI/IHIVH/I ABJIA-
I0TCS TIEPErPY3KH Ny, Ny U YTOJ Kpena . Mbl 6yjieM paccMaTpuBaTh
npmxkenne BIIJIA B BepTHKaILHON TIOCKOCTH, TIOITOMY, TpeHeGpe-
rast OOKOBBIM JIBUKEHHEM, OCTaBJIsIeM TOJILKO nepemennble H, L, v, 9.
Jluneapusupyem cucremy ypashenuii (1) oTHOCHTETHHO yCTAHOBUB-
merocst pexkuMa mosera {xo, Yo, vo, 0o }. llyers L = z, H = y, Torpa
B MaTpPUYHOU hopMe ToJIyueHHas JIMHeaPU30BaHHAsI CHCTEMa 3alli-
IIIeTCsT CIIEYIONNM 0Opa30M:

X = AX + BU + W, (2)

roe X = (x,y,v,Q)T, U= (ul,UQ)T, a marpuipsl A, B u W nmeror
BUJIBL:

0 0 cosfy —vgsinfy 00
00 sinfy  wvgcosfy 0 0
A=119 o 0 —geosty |> B=1 40 |-
00 U_O—%COSHO %sin@o 0 %
1)090 sin 90
W= —7)090 COS 90

g(0p cos Oy — sin Oy)
;—é’ (2 cos by + 6 sin by)

[Ipeamonaraercs:, uro BITJIA ochalen BumeokaMepoi, T.e. Ha
BIIJIA ¢ nomormpbio nojieca (rumbasa) 3akpernieHa BUeoKamMepa ¢
HEKOTOPBIM ToJieM 3penusd. [Ipesmosiaraercss Takke, 9TO Ha OCHO-
Be IIOJIYyYEHHBIX JaHHBbIX C BUJEOKaMepbIl, C Yy9€TOM 3aKOHa JIBUXKE-
unst BILJTA, nmeercst koopauHaTHO-BpeMentas 3aBucuMoctb BITJTA
u HaJ3eMHOI (IBHKyteiics) nean. Tpebyercss paspaboTaTh Takoil
ajropuTM yupasienus: asrxkenrem BITJIA, xoropslit obecriednBaer
rapaHTHUPOBAHHOE COJIMKEHUE C IEJIbIO He OOJIbIe UeM Ha 33J[aHHbIC
BEJIMYUHBL: 10 PACCTOSTHUIO §, 110 YIUIY €, T.€.

%@Uﬁ—%ﬂﬂf+@N@—yM®f<5,ﬂﬂ—9ﬂﬂ<€, 3)

rae xp (t),yp (t),0p (t) — mapamerps guxKenns cucremsl (1).
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Obecnieyenne rapaHTUPOBAHHOTO COJIMXKEHMS K 11€/IEBOMY 00b-
€KTY B IIpeJIeJIax OlPeJIeJIeHHOIO JIOIYCTUMOIO OTKJIOHEHUsT OCOOEHHO
BayKHO JIJTsT HEJIMHEHHBIX CHCTEM, JIjIsI KOTOPBIX KJ/IACCHIECKHEe METO-
JIbI TIpecyieioBanus (Win cOTMKEHNs1) He BCEr/ia IIPUMEHIMBL.

B pabore npejiaraercs ajaropuTM, T.e€. MPABUIO (GOPMUPOBa-
HUsl YIPABJIAIOIINX BO3/eficTBuil (KOPPEKIHsl TPAEKTOPHHM), COrJIac-
HO KOTOpoMy peasibHoe jBrxkenne BILJIA, omuchiBaeMoe HeJtmHEAHOIM
cucremoii (1), ynpasisiercss TakuM 06pa3oM, 9TOOBI IPEC/IeI0OBaAHUE
(commkenne) BITJIA memm ocymmecTBIIsioch METOIOM HABEICHUS 110
Jimaun nororu. Ilox MeTomoM HaBe eHUS IO IMHUH IIOTOHU TOHIMAEM
dopmupoBanne Takoil dpazosoii Tpackropun BILJIA nox BosueiicTBu-
sIMU yIIPABJIEHUH, IpU KOTOPOoil BekTop ckopoctu BIIJIA mampasien
Ha TEKYIILYIO ITO3UITUIO TE/TH. ¥ IPAaBJIAIONINE BO3AEHCTBUSI, TIEPEBO/IsI-
mue apuxenne BITJIA u3 HavaIbHOrO COCTOAHUS B KOHEYHOE COCTOSI-
Huie (11eJ1b ), OUPEEISIOTCS JIJIst JIMHeApU30BaHHOi cucteMbl (2). Haii-
JIEHHBIE YIPABJISIIONIIE BO3/IEHiCTBIS MOICTaBIA0TCs B (1), 4nuc/IeHHO
WHTErPUPYyeTCsi TOJIyUeHHasi cucTteMa AuddepeHnnajlbHbIX ypaBHe-
HUIl ¥ B KayKJblii MOMEHT BPEMEHH MPOBEPSIOTCS ycaoBus (3), T.e.
OTKJIOHEHUsT COOTBETCTBYIOIINX BEJININH, BLIYUCICHHBIX Il JTUHEH-
Hoit (2) u mesmueiinoit (1) cucrem. Ecam mapymmaercs xorst 661 01HO
u3 ycsioBuii (3), To, (hUKCUPYsT MOMEHT BPEMEHU, BBIYUCIISIETCS COCTO-
stHue {0, Yko, Vko, Oko} cucremsr (1) m OTHOCHTEIBHO TOTO COCTOSI-
HUsI IPOBOJIUTCSI JIMHeapu3alus HejauHeiinoit cucrembr (1). B urore
ITOJTy 9aEM CHCTEMY

X = A4 X + BU + W (4)

3nech nnaekc k xapakTepusyer mar aaropurma. Jljis HoBoro Hadasib-
HOTO COCTOSHUS {Tk0, YKo, Vk0, Ok0} HAXOMMM yIpABJISIONE BO3/IEl-
CTBUsI, HepeBojisAIye aBukenne cucrembl (4) k rnemu. [Tomydenusie
YIIPABJISIONINE BO3IEHCTBIs CHOBA MOJCTaB/isieM B (1), YUC/IeHHO UH-
TerpupyeM IOy IeHHYIO HeJIMHEHHYIO cucTeMy guddepeHInaabHbIX
yPaBHEHUIT U B KaxK/blil MOMEHT BpPEMEHHU HpoBepsieM ycsoBus (3),
7 Tak Jajiee. DTO MPUBOIUT K JTUHAMUICCKOMY OOHOBJIEHHIO TPAEK-
topun BILJTA, obecieunBast THOKOCTD W aJANTHBHOCTD YIIPABJICHUSI,
obecrieunBasi He OOJIBINIE, YeM 3aJaHHOe OTKJIOHEHHe OT Ieju. Pac-
CMOTPEHBbI KOHKPETHbIEC 3a/la"9n JIJId HeIIO,Z[BI/I)KHOﬁ n HO‘Z[BI/I}KHOI';I ne-
JIN.

Pabora Brinosinena nmpu nojiepkke Komurera 1mo BeICIIEMY 00pPa30BAHHUIO
u nayke PA, B pamkax ucciemoaresbckoro npoekra Ne 23-2DP-1B001.
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B crarpe [2] (a Takxke Jpyrux paborax 3TOrO Ke aBTOpa U €ro
y‘IeHI/IKOB) n3y4veHbl 3a/a9U I'PaHUYIHOI'O YIIpaBJICHUA KOJIe6aHI/IHl\/II/I
CTEPKHSI, COCTOSINEr0 U3 PA3HOPOJHBIX YYaCTKOB. 3a/la4l I'DAHUY-
HOTO YIIPABJIEHUs] U ONTUMAJBHOIO IPAHUYHOIO YIIPABJICHUS PA3HO-
POJIHBIX paclipeJeJeHHbIX CUCTEM, COCTOAIINX U3 JBYX PA3HOPOIHBIX
Y49aCTKOB C 3a/IJaHHBIMI Ha4YaJIbHbBIMHW U KOHCYHbBIMHU YyCJIOBUAMU, pacC-
CMOTpEHBI, B 9aCTHOCTH, U B paborax [3-6]. 3ajaum onTuMaabHOro
yIPABJIEHUS [TOJIOOHBIX CUCTEM C (PYHKIIMOHAJIOM MHTEIPasia OT KBaJl-
paTOB TPAHUYHBIX CMeIleHuil, paccMoTpenbl B paborax [5, 6], a ¢
GYHKIIMOHAJIOM HHTErpajia OT KBaJ[PATOB IIPOU3BOJIHBIX IPAHUYHBIX
CMEIICHU, T. €. MHTerpaja 'PAHUYHON 3HEPIruu, II0Ka elle HeJlocTa-
TOYHO MCCJIe/IOBAHbI. B mpepiaraeMoM J0KIa/ie pacCMOTPEHa, 3aata
u3 3TOI 00JIAaCTH.

IIycTb cocTosinme pacipeeseHHOl KyCOYHO-OTHOPOIHON cpe-
JIbI (TIPOIOJIbHBIE KOJIEOAHWST CTEPXKHSI UJIM MOIIEPETHBbIe KOJIeOAHsT
crpyHbl) npejcrasieno byukmueit Q(z,t), -l <x <1, 0<t<T.
OTKJIOHEHHE OT COCTOSIHMSI PABHOBECHUsI, T.€. KOJICOAHMSI pacipeie-
JIEHHOM KYCOYHO-OJ[HOPOJIHOM CPEJIbl, ONUCHIBAECTCS yPABHEHHEM

62
82Q(I7t) — a%%v - <z < 07 0<t< Tv (1)
ot 229t - g<gp<y 0<t<T
8:1:2 Y — — 7 — — Y
C 'PaHUYIHBIMHA YCJIOBUAMU
Q(_l17t> = 'u(t)a Q(lat) =0,0<¢<T, (2)
" C yCJIOBUAMMU COIIPAZKEHUA B TOUYKE T = 0 coeqMHEHNA yIaCTKOB
8@(56, t) 2 8@(56, t)
Q(0-0,1) = Q(0+0,t), afpr == = agpy —— ;
CE B R P

3)
rie a; = 1/% — CKOPOCTBb IPOXOXKJICHUSI 110 y4aCTKaM BOJIHBL, p; =

const — IJIOTHOCTD, k; = const — momyns FOwnra, ¢ = 1, 2. Ilpen-
[TOJIATAETCA, ITO JAUHBI [ M | yIaCTKOB BBIOPAHBI TaK, UTO BPEMS
MIPOXOXKJICHUST BOJIHBL 110 y4yacTKy —l; < x < ( coBIajiaeT co BpeMe-
HEeM MPOXOKJeHus BoJHBL 10 yuacTKy 0 < x < [, T.e. asly = aql.
[TycThb 3a/1aHbl HAYABHBIE M KOHEUHBIE YCJIOBUST

Qw0 = (o), LD ), h<a<l @
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oQ
Q(z,T) = or(x) = pm+1(2), rrii Yr(z), b <z <l (5)
t=T
B dopmyse (2) dyuknuun p(t) — ymnpasisioniue Bo3zeiicrBust (rpa-
Hu4aHOe yrpasienue). Ilycrs B MomenTsl Bpemenn ty (kK =1,...,m)
O0=tg<t1 <...<tm <tlmy1 =T, umeer MecTo

[pennonaraercs, aro Q (z,t) € C?(Q7), e
Qr ={(z,t): z € [-11,1], t € [0,T]},

QOZ('T) S 02[_l1>l]7 t=0,1,....,m+ 1 ¢0(ZC), QbT(x) S Cl[_llal]'
[Ipemmnosaraerca Takke, 9TO BCe (DYHKIIMA TAKOBBI, UTO BBIIIOJIHSI-
IOTCSI YCJIOBHSI COTVIACOBAHMS.

Tpebyercs HaiiTn Takoe ontumasbaoe yrpasiaenue pl(t), 0 <
t < T, mox BO3/EiiCTBUEM KOTOPOTO KOJIEOATEIHHOE JBUYKEHIE CHCTE-
Mbl (1) 13 3a/IaHHOrO HAYAJILHOTO COCTOsIHUS (4) Yepes pOMeKyToU-
Hble cocTosiHust (6) IepexoauT B KOHeYHoe cocTosinue (5) 1 KoTopoe
MUHAMHUZUPYET (DYHKIMOHAI

T 2
| oy 7)

st perrieHust 3a/1a9U IEPEXO/IUM K HOBOH IIepeMeHHO &, 9To PUBO-
JIUT K C2KATHUIO WK pacTszkeHuio orpeska —l; < x < 0 OTHOCUTEIHHO
toukn x = 0. Ilpm stom, ¢ ygerom asly = ail, Oyaem mmernb, 9TO
orpe3ok —l; < x < 0 nepexonut K orpe3ky —I < ¢ < 0. B HOBBIX
nepeMeHHbIX it byHKIMH cocrostHus @ (€,t) moayduM Ha OTpes-
KaxX OJMHAKOBOI JIJIMHBI OJMHAKOBOE yPABHEHUE C COOTBETCTBYOIIM-
mu yeaoBusimu it (3) — (7).

B pabore upemmaraercs KOHCTPYKTHBHBIH ITOJIXOJ] PEIICHUS
paccMaTpUBaeMbIX 3aJad OINTHUMAJbHOIO I'PAHUYHOIO YIIPABJIEHUS,
KOTOPBII OCHOBaH Ha CJIEYIOIIEH cxeMe: UCXOMHbBIE 3a/[aUi C HEOTHO-
POJIHBIMU TPAHUIHBIMU YCJIOBUSIMUA CBOJISITCSI K 3a/a9aM OINTHMA/Ib-
HOTO YIPAaBJIEHUsI PACIPEJIEJIEHHBIMI BO3JIEHCTBUSIMU C HYJIEBBIMU
FPAHUYHBIME YCJIOBUAMU. Jlajiee, UCHOJIb3ys METOJ, Pas3/ieieHus Iie-
PEMEHHBIX, MTOJIYYeHHbIE 33/]a9l CBOJATCS K 3a/la4aM OITHUMAJIbHOIO
yIpaBJICHUS JJIsi OOBIKHOBEHHBIX T depEeHITNabHBIX YPAaBHEHU ¢
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3a/IaHHBIMI HaYaJIbHbIMHM, KOHEUYHBIMU W MHOTI'OTOYEYHBIMU IIPOMeE-
JKYTOYHBIMU YCJIOBUSIMU KakK Impobsiema momenToB. Ha ocmoBe aii-
rOpUTMa peIIeHus IpodeM MOMEHTOB KOHEYHOMEDPHBIX CUCTEM JIJIst
IIPOU3BOJIBHOI'O YHMCJIa MEPBBIX 7 TAPMOHUK CTPOSATCA ONTHMAJIbHBIC
IpaHUYHbIC YIIPABJICHUS, KOTOPBLIC IIPEACTABIAIOTCA B $IBHOM aHa-
jutugeckoMm Buje. JIis 1mepBbIX 1 TApMOHUMK B SIBHOM BHJE IIPE/I-
CTaBJIEHO BBIPAYKEHUE ONTUMAJIHHON (PYHKITUN COCTOSHUS Q%(x, t) B
WUCXOHBIX TepeMeHHbIX, T.e. npn —l < x < [.

Uccaenoanue C. B. Cosogymy BBIIOJIHEHO B paMKaX IOCY/IapCTBEHHOIO
3ajaHnst MUHUCTEPCTBA HAYKU U BBICIIEro obpasoBanus Poccuiickoit Peneparnu
(mpoexkr FWEU-2021-0006, Tema Ne AAAA-A21-121012090034-3).
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JIBYX JINIL SIBJISIIOTCS 3aJIa9KM CO MHOIMMH yYaCTHUKAMU. 3aJ1a4a, [Ipo-
CTOT'O TPYIIIIOBOTO IIPECJIEJIOBAHNS ¢ PABHBIMU BO3SMOXKHOCTSIMU BIIEP-
Bble pacemarpuBaiack B. H. ITmennanbiv [3], 6111 oty deHbl Heo6-
XOJUMbIE U JIOCTATOYHBIE yCJIOBUsI TOUMKH. [[OHsITHE MHOTOKpPATHOMN
noumku Beest H. JI. I'puropenko [4], /yist 3a1a4u ¢ IpocTbiMu JiBHKe-
HUSIMUA ¥ PABHBIMHA BO3MOXKHOCTSIMU UM IIPEJICTABJIEHBI HEOOXOIUMbBIE
U JIOCTATOYHBIE yCJIOBUsI MHOrOKpaTHON moumku. A. A. Hukpuem [5]
u H.H. Ierposbim [6] Gbuin 110y YeHbl JOCTATOUHBIE YCIOBUSI MHO-
TOKPATHOM MOUMKM YOEraroIiero B KOH(MIUKTHO YIIPABJISEMBIX TPO-
neccax u B npumepe JI. C. [loHTpsirnHa ¢ paBHBIMEA BO3MOXKHOCTSIMU.
B paborax |7, 8, 9] BBe/ieHBI HOHSATHSI HECTPOrOil OJIHOBPEMEHHO! 1
OJIHOBPEMEHHOI MHOTOKPATHBIX TTOUMOK JIJIst PA3IHIHBIX TOCTAHOBOK
3a/1a9 KOH(MJIMKTHOIO B3aUMO/JIEICTBHSA ¢ PABHBIMU BO3MOXKHOCTSIMU,
[TOJIYY€HBbI YCJIOBUS UX pa3penimMocTu. B paMkax JoKJaja, Ha Ipu-
Mepe KOHMJIUKTHO YIIPABJISIEMOTO MPOIIECCa, IIAHUPYETCs: 00CYIUTh
[TOJIy Y€HHBIE PE3YJIBTATHI.

B npocrpancree RF (k > 2) paccmarpusaercs mudbdepemu-
agbHasg urpa I' n + 1 jgum: n npecinemoBareneit Py, Ps, ..., P, u ybe-
rafoniero F ¢ 3akOHAMU JIBUYKEHUSI U HAYAJIbHBIMU YCJIOBUSIME (1IpU
t=to)

P dy= Az u, ui € U(L), x(to) = X7, i€ I(n),
E Y= A(t)y + v, v e U(t)> y(tO) = Yoa

npuaem X # Y9 npu Beex i € I(n). 3nech u namee, x;,y € RF;
A(t) — menpepbiBHas Ha [tp,00) KBaJpaTHasi MaTpHIA TOpsaKa k;
U(t) — MHOrO3HAYHOE OTOOpasKeHWE, HEIpepbiBHOE MO Xaycaopdy
Ha [t, 00), SIBJISIIOIEECsT IPU KazKJIOM t € [tg,00) CTPOro BBIILYKJIBIM
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kommaktom B RF ¢ rmaaxoit rpanuneit; I(n) = {1,2,...,n}; S(c,r)
— 3aMKHYTBII map ¢ neHTpoM B Touke ¢ € RF pammyca r; ®(t) —
dbyHamenTanbHas MaTpuna cucreMsl ¢ = A(t)p Takas, aro ®(tg) =
I, T — enuHAYHAS MATPUIIA.

Onpenenenue 1. Yupasienus u3 Kjacca U3MepPUMbIX 110 Jlebery
dbyuxmmit na [tg, 00) co suadenusvu u3 U(t) OyaeM Ha3bIBaTh JOITy-
CTUMBIMMH.

IIycts 0 — HeKOTOpOE pazdueHne
to=0p <01 <by<---<By,<..., qe€{0,1,2,...},
HPOMEKYTKA [to, 00), HE UMEIOIee KOHEUHBIX TOUEK CIYIIEHUS.

Onpenenenue 2. KycouHo-nporpammHoii crparerueii )V yberaro-
mero E, coorBercrByIomeit pazdbueHunio o, 6yaeM Ha3bIBaTh 0TOOpa-
JKEHHe, CTaBsilliee B COOTBETCTBHE MOMEHTY @, u nosmiusm z;(f,),
i € I(n), y(fy) momycrumoe ymupasienue v(t), oUpeleseHHOE JIIs
t € [0g,04+1), TO ecTb

u(t) = v(t, 04, zi(8y), i € I(n), y(9q)), t€04,0441), ¢=0,1,2,...

Onpenenenune 3. Kycoyno-mporpaMMHOil KoHTpcTparerueit U; mpe-
cuejioBarens P; (i € I(n)), coorBercrByonieil pazbuenuto o, Oyiaem
Ha3BIBATL OTOOpaXKeHHe, CTaBdAIlee B COOTBETCTBHE MOMEHTY 4, mo-
sunuaM To(0g), o € I(n), y(6,) n cyxenmo (v(-) | [04,0q+1)) Ho-
mycTHMOro yupasjenns v(-) yberatomero E na unrtepsai [0, 0q41)
JlorycTuMoe yrpasienue u;(t), oupenenennoe st t € [0y,0441), TO
eCcTh

u;(t) :Ui(t7 Oq, za(by), o € I(n), y(by), (v(°) | [9q79q+1)))u
t e [9q79q+1)u q=20,1,2,...

s kaxxyoro ¢ = 1,2,...,n onpee/imM MHOXKECTBO
Q(q) = {{ir,iz, ... iq} 111 <idg < -+ <ig, i1,42,...,4q € I(n)}.

Ounpenesienne 4. B urpe I' Bosmoxkna b-kparnas moumka (b €
I(n)), ecau cyimecTByeT KOHEUHBIH MOMEHT 1) TaKOi, 9TO Jist 11060~
ro pasbueHust o CyIIeCTBYIOT KyCOYHO-IIPOIPAMMHbBIE KOHTPCTpATe-
run U; npeciepoareneii P;, i € 1(n), cooTBeTCTBYOIIME PA3OHEHUIO
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0, ITO JJIst JII00OI KyCOYHO-TIPOrpaMMHOI cTpaTerun V yberaromiero
E, coorBercrBylomeii pasbuenuio o, Haiiyrcs maoxkecrBo A € Q(b)
M MOMEHTEBI T, € [to, To], a €A, g KOTOPBIX

Zo(Ta) = y(7o) upu Becex a € A.

Onpenenenne 5. B urpe I' Bosmoxkna HecTporas OZHOBPEMEHHASI
b-xkpaTHasi mmonMKa [O,ZLHOBpeMeHHaE{ b-xpaTHasi TTOUMKa|, €CJau Cy-
MMEeCTBYeT KOHEYHBIN MOMEHT 1{j TaKoif, ITO /s JIFOOOro pa3dueHus
0 CYIIECTBYIOT KyCOYHO-IIPOTPAMMHBIE KOHTPCTpaTeruw f; mpeciie-
nosaresneit Py, i € I(n), coorBeTcTBYIONME PA3bUEHUIO 0, YTO JIJIs
JIFODOI KyCOYHO-TIpOrpaMMHOit cTpareruun ) yberatoriero F, coorser-
cTByIOIIEl pasbuenuto o, Hafimyrcs MHOxkecTBO A € Q(b) U MOMeHT
T € [to, To], 1151 KOTOPBIX

2o(T) = y(7) upu BCex a € A

[a(7) = y(7), za(s) # y(s) upu Beex s € [to,T), a € A].

Teopema. I[Tycmv omobpasicenue U(t) = U = const; cywecmay-
10M NOCTMOAHHBIE HEBBPOIHCIEHHAA KeadpamHan mampuya B nopao-
ka k u sexmop g € R¥ maxue, wmo B(U + g) = S(0,1); mampuua
O(t) asasemes nowmu nepuoduueckol 6 cmucae bopa. Toeda das
ocyuiecmensenus 00nospemennoti b-xpamnot noumku 6 uepe I' neob-
wodumo u docmamouro, wmobe YO € Int co{XS,p € K} odaa scex
KeQn—-b+1).

Bo Bpems jokitaga nmanupyercs cpopMyImpoBaTh u 6ojee 0b-
IIUe yCJIOBUS Pa3PeIuMOCTU UIPhl I') & Tak»Ke MPUBECTHU JIPYTHUE I10-
CTAHOBKH 3aJa4d 00 OJHOBPEMEHHON MHOTOKPATHON IOMMKE, B TOM
4HCJIe PACCMOTPETH UIPY, B KOTOPOI y4acTByeT I'pyIla 3allUTHUKOB
yOeraroIero.

1. Howmpseun JI.C. Jluueitnas guddepennmaibias wurpa ybera-
uus // Tpynbt opuena Jlenuna MaremMaTH4eckoro MHCTUTYTa MMEHU

B. A. Crekyiona. 1971. T. 112. C. 30-63.

2. Kpacoscxut H.H., Cyb66omun A.H. Tlosunmonnnie nuddepeHmain-
uble urpsl. M.: Hayka, 1974.

3. Hwenuuwnwt B.H. Ilpocroe mpecienoBaHne HECKOJIbBKAMU OOBEKTa-

mu // KubGepreruxa. 1976. Ne 3. C. 145-146.
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I'puzopenxo H.J/I. MaTemaTuvaeckne METOIbI YIIPABICHUST HECKOJIHBKIMEI
guHaMuIeckumu mporeccamu. M.: Uza-Bo MI'Y, 1990.

Yuxpui A.A. KondumkTHOo yupasisemble mpolecchl. Kues: Haykosa
ayMKa, 1992.

Ilempos H.H. MuorokpatHast moumka B mpumepe [loaTpsiruna ¢ daso-
BbIME Orpanndenusmu // Ilpukiannas MareMarnka u MexaHnka. 1997,

T. 61, Bemr. 5. C. 747-754.

Baazodamexux A.H., Ilempos H.H. KondaukrHoe B3auMoueicTBue
IPYII YIPaBIAeMBIX 00bEeKTOB. VKeBCK: YIMypPTCKUil yHUBEPCUTET,

2009.

Blagodatskikh A.I., Petrov N.N. Simultaneous multiple capture of
rigidly coordinated evaders // Dynamic Games and Applications. 2019.
Vol. 9, issue 3. P. 594-613.

Baazodamexux A.U., Bannuros A.C. OnHOBpEeMeHHAsT MHOTOKPATHAS
HOMMKA [IPU HAJMYUH 3 THUKOB yberarommero // Mzsectus Mucrury-
Ta MaTEeMATUKU U MH(POPMATUKN YIMYPTCKOTO FOCYAPCTBEHHOIO YHU-
Bepcureta. 2023. T. 62. C. 10-29.

O cucremax yIpaBJ/ieHUsI HA BPEeMEeHHBIX
rpadax c muKJIaMu

C. A. Byrepun

Capamos, Capamosckutl ynusepcumem
e-mail: buterinsa@sgu.ru

Huddepennuaibabie OepaTopbl HA FreOMETPUICCKUX Ipadax,

YaCcTO Ha3bIBaEMble KBAHTOBLIMHU rpadamu, u3ydaiorcs ¢ 30-X rogos
HPOIIJIONO BEKa B CBSA3U C MOJEJMPOBAHNEM DA3JIMYHbIX IIPOIECCOB,
HPOTEKAIONIUX B CJIOKHBIX CHCTEMaX, [PEJICTABIMBIX B BHJE NpPO-
cmpancmeennvir cereit [1, 2.

B [3, 4| upu nomomnu KoHNEnuy riobaabHOrO 3alas3/[bIBAHNsT

[5] Ha kBanTOBBIE Ipadsbl OblIa nepenecena 3ajada H. H. Kpacoscko-
ro 06 yCIIOKOEHUHU CHCTEMBI YIIPaBJIeHusl ¢ nocJeeicrsueM [6, 7, 8]. B
CBOIO 0YEPE/ib, ITO IIPUBEJIO K KOHIIENIINU 6pemertdzo rpada, pedbpa
KOTOPOI'0 OTOXKJIECTBJISIIOTCS C IIPOMEXKyTKaMu BpeMenu. [Ipu sTom
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B KaXKJ0il BHYTPEHHEH BEPIIUHE BO3HUKAET HECKOJJIHKO BO3MOXKHBIX
CIIEHAPUEB JTAJILHEHIIEro TeUeHus IPOIECCa 110 YUCJIY BBIXOIANINX U3
nee pebep. Kak 1 B IpoCTPaHCTBEHHBIX CETSAX, 3/IECH TOXKE MOT'YT BO3-
HUKATDH yCJIOBHUS Tra Kupxroda Bo BHYTpEHHUX BepITHHAX. A mMeH-
HO, UM OyJIeT yJIOBJIETBOPSATL TaKas TPAEKTOPUS TEUEHUs IIPOIIECCa,
KOTOPasl sIBJISIETCSI OIITUMAJILHON C yIeTOM Cpa3y BCeX mepcrekTus. B
[4] 6bL1a IpeIOZKeHa CTOXACTUYECKas! HHTEPIPETAIs YIIPaBJIseMOii
CUCTEMBI Ha JIepeBe, OCHOBAHHAS HA yUeTe BePOSATHOCTENH BOZMOXKHBIX
crienapues. Harpumep, K cucremMe Ha KOHEYHOM JIEPEBE IIPUBEIET 3a-
MeHa KO3 PUIMEHTOB B ypaBHEHUH HA UHTEPBAJIE CJIyYalHBIMU I1PO-
1eCCaMu C JUCKPETHBIM BPEMEHEM U KOHEYHBIM YUCJIOM COCTOSIHUMA.
CuyeTHOE YHCJIO COCTOSTHUI COOTBETCTBYET 00Jiee CJIOKHOMY U B TO
JKe BpeMsi bosiee 001eMy cirydaio GecKoHedHoro nepesa |9

B noxutazie mpesmosiaraeTcs OCBETUTH MHYIO HHTEPIIPETAIIUIO
CUCTEM YIIPaBJIEHUs] HAa BPEMEHHBIX rpadax, KoTopas I0/ipa3yMeBa-
€T JIOCTOBEPHYIO PeaU3yeMOCTh ITPOIECCOB, COOTBETCTBYIONINX BCEM
pebpam, 1 IPUBOIUT, BOOOIIE FOBOPH, K IIPOU3BOJILHOMY I'Pady C IUK-
sgamu. [lomobuasi curyaryss BO3HMKAET, HAIIPUMED, €CJIH JJI HEKO-
TOpPOro HabOpa M3HAYAJBHO HE3ABUCHUMbBIX CHUCTEM YIIPABJIEHUS I10-
TpebOBaTh COBIAJIEHNE TPAEKTOPHUIl COOTBETCTBYIOIIUX IIPOIECCOB B
OmpeJieJIeHHbIE MOMEHTHRI JTUO0 HaXkKe TPOMEXKYTKH BPEMEHH.

ITocenmee o3HaUAET, UTO BIOIb HEKOTOPBIX PedEp MOKET pas-
BOPAYMBATHCH HECKOJILKO JIOKAJIBHDBIX ITPOIECCOB, OMUCHIBAEMbBIX Pa3-
JINYHBIMA  (PYHKIMOHATBHO-/In(bDEPEHITNATBHBIMA  YPABHEHUSIMU
DPAa3HBIX IOPSJIKOB, a yIPABJISAIONINE BO3IEHCTBUS PU3BAHBI COBME-
CTUTb UX TpaekTopuu. B obimeit moctanoBke riiobaibHas ONTUMAJIb-
Hasl TPAaeKTOpHUs Ha BceM rpade OyIeT yIOBIETBOPSTH CaMOCOIPSI-
JKEHHDBIM YCJIOBUSIM CKJICHKM OOIIEro BUJIa B €ro BEPIIMHAX.

Pabora nomnepkana Poccuiickum maydHbiM doH0M, TpoekT Ne 24-71-
10003.

1. IHoxopnwii I0.B., Henxun O.M., IIpadues B.JI., Boposcxuxr A.B., Jla-
sapes K.II., Illabpos C.A. Iludpdbepennpaibable ypaBHEHUS HA T€OMET-
pudeckux rpadax. M.: @uzmatiaut, 2005.

2.  Berkolaiko G., Kuchment P. Introduction to Quantum Graphs.
Providence, RI: AMS, 2013.

3. Bymepun C.A. OO yCIOKOECHUN CUCTEMBI yIIPABJICHUS TPOU3BOJIHLHOIO
nopsiika ¢ TJI00aJbLHBIM TocIeaelicTBrueM Ha Jgepese // Marem. 3amer-

k. 2024. T. 115, Ne 6. C. 825-848.
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4. Buterin S. On damping a control system with global aftereffect on
quantum graphs: Stochastic interpretation // Math. Meth. Appl. Sci.
2025. Vol. 48, no. 4. P. 4310-4331.

5. Buterin S. Functional-differential operators on geometrical graphs with
global delay and inverse spectral problems // Results Math. 2023.
Vol. 78. Art. no. 79.

6. Kpacoscrxuti H.H. Teopus ynpasienus nsuxkenueM. M.: Hayka, 1968.

7. Crybavescxuii A.JI. K 3ajade 06 yCIIOKOGHUU CUCTEMBI YIIPABIICHUS C
nocaezeiicrsuem,// Joka. PAH. 1994. T. 335, Ne 2. C. 157-160.

8. Skubachevskii A.L. Elliptic Functional Differential Equations and
Applications. Basel: Birkhduser, 1997.

9. Bymepun C.A. O6 yupasiisieMoil cucreme Ha GECKOHETHOM BPEMEHHOM

nepese // Marem. 3amerkn. 2025. T. 117, Ne 3. C. 462-467.

YcroitunBasi Koonepaliiusa B OJHOM KJiacce
JMHAMUYECKNX CETEBBIX UTP

A. A. Bunucos, A. A. Cemakos

Canxm-Ilemepbype, Cankm-Ilemepbypeckuiti 2ocydapcmeermvil
yrusepcumem
e-mail: a.sedakov@spbu.ru

B noknaje paccMaTpuBaeTcst 0CoOBIi KIACC TUHAMAYIECKAX Ce-
TEBBIX UTP C JIUCKPETHBIM BPEMEHEM, TJIe BEKTOP COCTOSTHUS OTpeie-
JIsieTcsl He TOJIbKO TEKYIIUMU JIefiCTBUsIMI UTPOKOB, HO U CTPYKTYPOil
JIBYCTOPOHHUX CBsi3eil Mexk/ly Humu [3, 5]. Dra crpykrypa 3aaeTcst
OPUEHTUPOBAHHBLIM I'padoM, KOTOPBIH OCTACTCAd HEU3MEHHBIM HA ITPO-
TsIKeHUN Beeil urpel. B paccmaTpuBaeMoii IOCTAHOBKE AHAJIN3UPYET-
Csl JACTUIHO-KOOTIEPATUBHOE TIOBEJEHNE WTPOKOB, MPEICTABIIAIONIEE
coboit paBHoBecue 1o Hamry, B urpe, B KOTOpoil 9acTh UI'POKOB 3apa-
Hee OObeIMHSETCS B KOAJUIUIO, CTPEMSICh MAKCUMU3UPOBATH OOIIHik
BBIUT'DBIIT BCEX €€ YIaCTHUKOB, a UT'PDOKHU, HE BXO/AINMUE B 3TY KOaJIn-
IO, CTPEMSITCS YBEJIMYNUTh CBOI JIMIHBIN BBHIUTPHIIIT B UTPE.
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Ornrcanre YaCTUIHO-KOOIEPATUBHOINO PABHOBECHSI HE TOJIBKO
pacCIIupsIeT CIEKTP BO3MOXKHBIX TIOBEICHUN UTPOKOB B IMHAMIICCKUX
CETEBLIX MI'PaX, HO U CJIY?KUT OCHOBO Il aHAJIM3a YCTONIMBOCTH
KOOTIEPATUBHBIX PEIIeHUl, CIe/JICTBUEM KOTOPOH SBJISETCH HEIeIeCo-
00pa3HOCTb OTKA3a OT UX IEPECMOTPA W MPUEMJIEMOCTh KOOIIEPAIIIHI
JUIsl BCEX UI'POKOB B paMKax OjHOIl koasunuu |1, 4, 6, 7|. Ananns
YCTONYINBOCTH OCHOBBIBAETCS HA PACIPEICTICHUN MAKCUMAJIBLHOIO BbI-
UTPBIIIA MEXK/JIy YYACTHUKAMH KOAJIUIIUUA M 3aBUCUT OT BBIOPAHHOI'O
KOOIIEPATUBHOIO PEIIEHUs. DTO PEIIEHNE, B CBOIO OU€PE/Ib, OIIUPAETCS
Ha XapaKTEePUCTUUIECKYIO (PYHKIIUIO, KOTOPas MOXKET ObITH Ollpe/jiesie-
HA YaCTHYHO-KOOIIEPATHBHBIM PABHOBECHEM |2], IOCKOJIbKY IIpH pac-
MIPEJICJICHIN MAKCUMAJIbHOI'O BBIUTPBIIIA YACTO YUUTHLIBAIOTCS «CHU-
JIBI» BCEX BO3MOYKHBIX KOAJUIUII UTPOKOB.

[Tonydennsle TeopeTnyeckue pe3ysabTaThl MTPOUJLIIOCTPUPOBA-
Hbl Ha [PUMEPE MOJIeJIN 3arpsi3HEHUs PEKU B YCJIOBUSX DPBIHOYHOMN
KOHKYPeHIuu (hUpM, pacloIOKEHHBIX BJIOJb ee TedeHus. B mporec-
ce MPOU3BOJICTBA TOBAPOB 3TU (PUPMBI 3arps3HSIOT BOIY, U O0bEMBI
3arps3HeHnil OJHON U3 HUX MOIYT HEraTUBHO CKA3aThCHA HA JPYTHX,
PACIIONIOXKEHHBIX HUXKe 10 Tedenuio. [leperoBopsl 06 oObemax 3a-
IPSI3HEHUN OTKPBIBAIOT Iepej] pUpMaMU BO3MOXKHOCTH CKOODJIMHU-
poBaTh CBOM JIEHCTBUS M IOCTUYL COIVIAIIEHUsI, KOTOPOE YBEJIUYUUT
ux 00Iryo npuobLIb. [loydensbl TuHAMUYUECKN yCTONYUBbBIE MPOIIE-
JyPhI PACIIPEJie/ICHIsT KOOIIEPATUBHBLIX perenuii — BekTopa [llerin
u CIS-3nadenusi. Kpome Toro, npoanasmsupoBano mnosejenue HGupMm
B YCJIOBUSX KOOIIEPAIIUU, BJIUSIHUE TAKOTO MOBEJEHUS HA CTOMMOCTD
IIPOU3BOIUMOIO TOBAPA, & TAKYKE SKOJOIUIECKUE ITOCIEICTBUS C yHe-
TOM CTPYKTYPBI JIBYCTOPOHHUX CBsA3€l MeKITy (bupMaMu.

1. Hempocan JI. A., Janunoe H. H. YcTORINBOCTH pelIeHUit HeaHTarOHHU-
cTuiIeckux mudpepeHnuanibHbIX UTP ¢ TpaHcdepabeIbHBIMI BHINTPHI-
mamvu // Becruuk Jlenunrpauckoro yuusepcurera. Cepust 1: Mmarema-
THKa, MeXaHukKa, acrpoHomust. 1979. Ne 1. C. 52-59.

2. Chander P., Tulkens H. A core-theoretic solution for the design of
cooperative agreements on transfrontier pollution // International Tax
and Public Finance. 1995. Vol. 2. P. 279-293.

3. Mdler K.G., De Zeeuw A. The acid rain differential game //
Environmental and Resource Economics. 1998. Vol. 12. P. 167-184.
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4. Parilina E.M., Zaccour G. Payment schemes for sustaining cooperation
in dynamic games // Journal of Economic Dynamics and Control. 2022.
Vol. 139. Art. no. 104440.

5. Sedakov A., Qiao H., Wang S. A model of river pollution as a dynamic
game with network externalities // European Journal of Operational
Research. 2021. Vol. 290, no. 3. P. 1136-1153.

6. Germain M. et al. Transfers to sustain dynamic core-theoretic
cooperation in international stock pollutant control // Journal of
Economic Dynamics and Control. 2003. Vol. 28, no. 1. P. 79-99.

7. Yeung D.W.K., Petrosyan L.A. Subgame consistent economic
optimization: An advanced cooperative dynamic game analysis.
Springer Science & Business Media, 2011.

YpaBaenusa 'amuiibToHa—4KoOu ¢ JpoOHBIMU
KOMHBAPUAHTHBIMU ITPOU3BOJHBIMU 1
U3MepPUMbIM IO BpeMeH! TaMUJIbTOHNAHOM

M. 1. T'omoroHOB
Examepunbype, UMM YpO PAH

e-mail: m.i.gomoyunov@gmail.com

B pabore msyuaiorcst (HaciegcTBennble) ypaBHeHns ['aMumib-
roHa—Zkobu (I'S1) ¢ npobHbIMH KOMHBapuaHTHBIME (Ci-) ITPOU3BO/I-
HBIMH. YPaBHEHUsI TAKOI'O THIIA €CTECTBEHHBIM 06pPa30M BO3HHKAIOT
[1, 2] npu mccneoBaHny 33149 ONTUMAJIBHONO yrpasiieHus u audde-
PEHINAIBHBIX UI'D JUIS JUHAMHYIECKIX CHCTEM, JBHKEHHE KOTOPBIX
onmchBaeTcs anuddepeHnnatbHbIMA yPABHEHHSIMA C POOHBIMHI IIPO-
uzBosubiMu KamyTo (cMm., Hanpumep, (3, 4]).

ITocTpoeHno Teopun MUHUMAKCHBIX (ODOOIIEHHBIX) peleHnii
[5] samau Kommwm st macsiencrBeHubix ypaphenuii Il ¢ apoGHbIME
Ci-IIPOU3BOHBIME IIPH KPAEBOM yCJIOBUH Ha IIPABOM KOHIIE ITOCBSIIIE-
Hbl craTbl [6, 7, 8]. OnHuM 13 6a30BbIX HPE/IIOIOKEHHN B YKA3AHHBIX
CTaTBSIX SIBJISIETCS] HEIPEPBIBHOCTH TaMU/IBTOHMAHA Y PABHEHNUSI IO CO-
BOKYIIHOCTH IiepeMeHHbIX. [lesib Hacrosiieil paboTbl COCTOUT B pas-
BUTHU TEOPUU MUHUMAaKCHBIX pereHnii 3ama4 Komm obcyxaemoro
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TUIa Ipu OoJee oOIUX MIPEIITOIOXKEHUSIX, KOTla TpeboBaHue Herpe-
PBIBHOCTU TaMUJIbTOHUAHA 110 BPEMEHHOI ITePpEMEHHONU OCIab/ISIeTC s
110 yeaosust mamepumoctu (1o Jlebery).

MwunumMmakcHbIe perieHusi ypaBHeHuil 'Yl ¢ 9acTHBIMU Tpou3-
BOJIHBIMA W U3MEPHMBIM IIO0 BPEMEHU IaMUJIBTOHUMaHOM, YIOBJIETBO-
PSIFOIIAM YCJIOBHIO TIOJIOZKUTEJIBHOIN OJIHOPOHOCTH, U3Y4asuch B |9,
riaBa 12|. st 6ostee obiero kiacca (HacsIeICTBEHHbBIX) ypaBHEHUI
Il ¢ ci-npomsBogHbIMEI (IIEPBOTO MOPsiJIKA) CJIydail H3MEPUMOro IO
BPEMEHN TaMUJIbTOHnaHa oxBadeH B [10].

OCHOBHBIMU pe3yJIbTaTaMi PabOThI SIBJIAIOTCH T€OPeMa O CyIIie-
CTBOBaHUN U €IMHCTBEHHOCTU MMWHHNMaKCHOI'O DEHICHUdA 3a a9U KO-
mu 1ist ypasaerus ' ¢ n1pobHBIMEU Ci-TTPOU3BOIHBIMU TIPU KPACBOM
YCJIOBAU Ha IIPABOM KOHIIE M TEOPEMa O HEIPEPBIBHON 3aBUCUMOCTHU
MHUHUMAKCHOI'O DEIeHUs OT U3MEHEHUN TaMUJILTOHNAaHA U KPAEBOI'o
dyuknuonana. B kauecTBe MpUIOKeHUs JAHHBIX PE3YJILTATOB JOKAa-
3bIBAETCS TEOPEMAa O CYIECTBOBAHUU IEHBI UM dEepeHITUATBHON Ur-
PBI IJId ,ZLI/IH&IVII/I‘—IGCKOﬁ CHUCTEeMbI, JIBU2KEHHE KOTOpOfI OIIUCBhIBAECTCA
muddepeHImaabHbIM ypaBHeHneM ¢ ApobHoil mpoussBoanoit Kamyro,
U [OKa3aTesis KadecTBa TUlla BoJiblla B cilydae M3MEPUMBIX IO BPe-
MEHHOI IIepeMeHHON (DYHKIINI, CTOAIMX B IPABOM YacTH ypaBHEHUS
JABUXKEHUA U B IIOKa3aTe/ie KadeCTBa 1101 3HaAaKOM HHTerpaJia.

HccreroBanue BBITOIHEHO 3a c4eT TpaHTa Poccuiickoro HayaHOro houaa,
npoekt Ne 25-11-00269, https://rscf.ru/project/25-11-00269/.
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Onpenenenne 1. Ilon mempuueckoti npoexyuets p* Touku z* Ha
MHOXKeCTBO M MbI IOHUMaeM OJimkaiimyo K z* Touky u3 M. Muo-
JKECTBO BCEX METPUYECKUX MPOEKIMiT TOYKM 2* Ha MHOXKeCTBO M
obozuaunm gepes Qpr(z*).

OTMeTHM, ITO MHOYKECTBO METPUYIECKHUX mpoeknuii {27 (2*) mo-
JKeT ObITh HECUETHBIM JIJIsl HEBBIILYKJIOIO MHOKeCTBa M MM IIyCTBIM
* *\ *
Jyutst oTkpbiToro MHOxkectBa M. Eciu 2* € M, 1o Qpr(2*) = {2*}.

Onpepesienne 2 ([2]). Iycrb A — 3aMKHYyTOE MHOXKECTBO B n-
MEpPHOM eBKJIMJIOBOM 1pocTpancTse R™ u z* € R™ \ A. O6o3naunm

gepes Hy(z*) = con(coQa(z*) — z*) koHyc, HaTSHYTHII HA MHO-
xkecTtBo coQy(2*) —2* = {z — 2" 1 z € coQa(z*)}. Oupenennm
dbyurmmo ah(z*) = max  Z(hs, h*) € [0, 7). Ilomaraem oy =

hy,h*€H 4(2*)
sup  aa(z*) € [0,7]. Muox)ecTBO A HA30BEM (\-MHONHCECTNEOM C
z*eR™\ A
MEpPOil HEBBIIYKJIOCTH (X = (V4.

IToCKOIbKY MHOXKECTBa, JIOCTHZKUMOCTH YIIPABJISEMBIX CHCTEM
MOTYT BBIUUC/ISATHCS IIMKCEIBHBIM METOIOM, TO IIPEJICTABIIsAeT HHTe-
pec BBIYHUCJIEHNE UX MePbI HEBBIIIYKJIOCTH (v IO UX KOHETHOTOUETHOMN
AIIIPOKCHMAIIAM. 3/eCh MBI Oy/IeM PACCMaTPHBATL TOJIBLKO IJIOCKIE
Q-MHOYKECTBa B IPOCTPAHCTBA R2.

ITpy “HCIEHHOM BBIYHUCIEHUN MEPBI HEBBIIYKJIOCTH (¢ HEOOXO-
JIIMO YIUTHIBATH CJIE/YIOIIee CBOCTBO: J1azke MaJloe N3MeHeHne Ipa-
HUI[BI MOXKET CYIIECTBEHHO HOBJIUSATL HA 3HAYEHHE MEPHI HEBBIILYK-
JIOCTH (¢ JIJIsT MHOXKeCTBa, (CM. puc. 1).

Puc. 1: Beinykioe 0-MHOXKECTBO M MAKCUMAJIbHO HEBBIIYKJIOE 7T-MHOYKECTBO

SaMeTI/IM, 9TO ecjid JJisd IIPOU3BOJIBHOI'O 3aMKHYTOI'O MHO2KE-

CTBa BMECTO BEJIMYMHBI )y =  sup ay(z*) pacemorpers Besu-
z*eR™\ A
R
YUHY O‘S\J) = sup «aq(z"), rme Ap — orkpbITas R-OKPECTHOCTH
z*€R™\ AR
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(R)

MHOYKeCTBa A, TO OKazKeTCsl, YTO BEJIMYUHA vy,  BIIOJHE yCTONYMBaA K
MaJIbIM BO3MYIIICHUSAM I'DAHUIBI, & UMEHHO, BBIIIOJIHACTCA CJICAYIONee
YTBEPzKICHUE.

JIlemma 1. ITycmo wucao R > 0, A u B — samxnymoie MHOICECTNGG
6 R2. Toeda afélR) — aSBR) npu A — B 6 xaycdopposoti mempuxe. A

umenno, ecau raycdopposo paccmosnue d(A, B) = e, mo

)

2 (R)
(R) (R < B (2R +2R€) B ay (R
lag” —aj, | < 2arccos (1 @7 are) (1 Cos —— ) ay
2 O‘EaxR)
(2R* 4 2Re) (1 — Cos T)
e
4e + 2R(1 — Cos T)

2der =

B 10 ke Bpemst 3amerum, 4To J10060e cyrabo BBIMyKJoe 110 Bu-
aJIro C MOCTOsTHHOM R MHO»XKecTBO 00JiajlaeT TaK Ha3bIBAEMBIM YeOBI-
MIEBCKUM CJIOEM TOJIIUHBI R, JIJIsT BCeX TOUYEK KOTOPOrO CYIECTBYET
POBHO OjiHa MeTpUYecKasl [IPOEKIMsI Ha 9TO MHOXKECTBO |3, Teopema
1.7.1]. NubiMu csioBaMu, BBIIOJHAETCS CIIEyIONIAst JIeMMa.

JIlemma 2. Ecau A C R™ — zamxnymoe, caabo evinykaoe no Buanio
¢ nocmoannot R mrooicecmso, mo
_ B
ap =y .
Taxkum o6paz3oM, eciin M3BeCTHa OIeHKa napamerpa R ciraboii
BBIIIYKJIOCTH 110 BHAJI0 MHOXKECTBA JIOCTHKUMOCTU (CM., Hamp., [3,
reopema 3.6.2|), To nukcesbHOE (MM KOHETHOTOYETHOE) IIPEICTaB-

JIHHE MHOXKECTBA JIOCTUKUMOCTU MOXKHO 3aMEHUTDH JIIOOBIM MHOTO-
YTOJIBHUKOM, OJIM3KUM K HCXOIHOMY MHOXKECTBY B XaycaopdoBoii

R
METPHUKE, a 3aTE€M BBIYHCJIUTH MEPY HEBBIIIYKJ/JIOCTH 0{5\4) JJId 9TO-

(R)

ro Muoroyrosibiuka M. OTMernm, 9To BBHIYUCICHUE BETUYMHbBI Oy,
MOXKHO IIPOU3BOJIUTEL C IIOMOIIBIO HEOOBIION MOmmpuKaimm paHee
paspaboTaHHON mporpaMMbl [4], co31aHHOl IS BHIYUCIEHHs] MephbI
HEBBIITYKJIOCTA (v MHOI'OYT'OJIbHUKOB Ha IIJIOCKOCTH.
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Bamernm TakzKe, 4TO CyThb aJIrOPUTMa IIPOrpaMMbl [4] 3akiio-
9gaeTcst B TOM, YTO MCKOMas BeJMunHa oy =  sup  apr(2*) same-
2*€R2\M
HSIETCS €€ allpoKCUMaITnei

apy = max{apy(z") : p(z*, M) =¢-k,k =1,N},

e p(z*, M) = mi]\I} ||z* — x|| — paccrosiame or ToUKM z* 10 3aMKHY-
zE

TOrO MHOTOyTOJIbHUKA M, € > 0 — mocraToyHo maJjoe 4yuciao, N —
JOCTATOIHO OOJIBIIIOE HATYypaJbHOE YHUCIO0 TaKoe, 9TO BeauduHa &N
TaK¥Ke JIOCTATOYHO OOJIbIIad.

Heobxomumast MoandUKaIst 9TOT0 aJTOPUTMAa 3aKII0IAETCS B

(R) _

TOM, 4TOOBI BMECTO (), =  SUP  (vA(2") BBIUUCIATD BEJIMYUHY
Z*GR”\AR

&5\]}) = max{an(2%) : p(z", M) > R, p(z", M) =¢-k,k=1,N}.

N3 npuBelEHHBIX YTBEPXKJIEHUI BMeCTe C IOJIYHEIpPEepPhIBHO-
2 .
crbio cBepxy dyHKmu a4(z) no z € R* (em. [5, croiicto 1.2]), a

R .
3HAYUT U (PYHKIUU ai‘ )(z), CJIeJIyeT CXOJUMOCTD PACCMaTPUBAEMON
CXEMbI TPUOIMAKEHHOIO BBIYUCICHUST MEPbl HEBLITYKJIOCTH CJ1a00 BbI-
MYKJIBIX (-MHOKECTB MO UX KOHEUHOTOYEIHBIM AITPOKCAMAIHSIM.

HcciienoBanue BBIMOJIHEHO 3a cyeT rpanTa Poccuiickoro HayvHoro oHja

Ne 24-21-00424, https:/ /rscf.ru/project /24-21-00424/.
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A. B. IIpocKkypHUKOB
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e-mail: avp1982@gmail.com

Jlokuta 1 IOCBHAIIEH UCCIIEOBAHUIO ACUMIITOTHYECKOTO MOBEIe-
HUsl KJIACCAa CUCTEM YIIPABJIEHUS ¢ MHOIOMEDHBIMU IePHOITIECKU-
MU HEJIMHEHHOCTSIMU U CYETHBIM MHOXKECTBOM IIOJIOXKEHUI pPAaBHOBe-
CuUs. TaKI/Ie CUCTEMbI 9aCTO Ha3bIBAalOT CUCTEMaMM CHUHXPOHHUIAIIUN
NJIN MadTHUKOBBIMU CUCTEMaMU. HO,ZL 9TOT KJIacCC IIOo/AIIa/Jal0oT CHUCTEe-
Mbl Ha30BOIi CHHXPOHU3AIMU U CUCTeMbI CBsi3u [1], BUOparmoHHbie
MaIuHbl 2], ssekrpudeckne Mammunbl [3]. Tmobanbhas acumnToTy-
Jeckas yCTOMYUBOCTb CUCTEMbI CUHXPOHUBAIUU OIIPEJIEISIETCH Kak
CXOJIMMOCTB JTIOOOTO €€ pENIeHust K OHOM U3 TOUeK paBHOBecHs. Hc-
JIX CUCTEMa CUHXPOHU3AIMU HE ABJIETCA YCTOWYMBOW, TO Ha IIPak-
THKE OOBIMHO 2KEJATEJbHO MMETh I'apaHTHH OTCYTCTBHUS KoJiebaHuit
BBICOKO# 9acTOThI. B JI0K/Ia/le pacCMATPUBAIOTCSH CUCTEMBI UHTEIPO-
nmuddepeHImaabHbIX ypaBHennit BosibTeppa, 9TO IMTO3BOJISIET pac-
CMATPUBATh CHUCTEMBI yIPABJIEHHUS C 3alla3/blBaHueM. DPPHEKTUB-
HBIM METOJIOM HCC/IeJ0BaHUS aCUMITOTUKN ypaBHeHuil Bosbreppa
SIBJISICTCS METOJ, allpUOPHBIX MHTErpaJibHbix onenok B. M. Ilomosa,
BEJIYIIUH K 4aCTOTHO-aIre0paniecKuM KpUTepusiM, chopMyJInpOBaH-
HBIM B TEPMHUHAX MEPEIATOYHON MATPHUIIBI JIMHEHHON YaCTU CUCTEMBI.
B JOKJIa/le BBIBOJATCA HOBBIC YaCTOTHBIEC KPUTCPUUN JIJId yCTOfI‘{I/IBO—
CTH U OTCYTCTBHUSI KOJIEOAHUI ¢ YACTOTOM, TIPEBBIIIAIOINIEH 33 1aHHYTO,
obobmraromue pe3yisrarst [4].

IlocranoBka 3aga4u. Paccmorpum cucremy muTerpo-audde-
PEHIMAIBHBIX YPaBHEHUI ¢ MHOIOMEpPHOI (ha30BOil mepeMeHHoi o =
(o1,...,00)" € R

t
o(t) = a(t)—i—Rgo(a(t—h))—/O y(t—1)p(o(t))dr e R, t>0, (1)
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rie (o) = (p1(01), ..., ¢i(01)) ], Bee memmmneiinocru p; € C10, +00)

nepuopndeckue ©;(¢) = ¢;(¢+ Aj) ¢ nepuogamu A; > 0. Marpura
R, sanpo ceeprku 7y(t) u mapamerp h > 0 u3BectHsbl, «(t) 3aBUCAT OT
HavaJIbHBIX JaHHbIX. [Ipejmnonaraercs, 4o (GyHKIMSA (¢ PABHOMEPHO
HelpepbiBHA, a (DYHKIMS Y — KYCOUYHO-HEIIPEPBbIBHA, IIPU 9TOM 00€
bynxuun skcnonennuasbio yossaior |a(t)|| + ||y(t)]| < ce™™ npu
HeKoTopbIX ¢, 7 > 0. IloMumo sTOro, PyHKIMU (; MUMEIOT IPOCThIC
M30JIUPOBAHHBIE HysH, U cucreMa (1) mMeeT MosIoyKeHnsT PaBHOBECHS.

Ounpenesienne 1. Cucrema (1) Ha3bIBAETCS 24000A4HHO ACUMNIMOMU-
yecky YCmotuusot, ecan JI000e ee pelrenne CXOAUTCA Ipu ¢ — 00 K
OJIHON U3 TOYEK PABHOBECHUS.

Oupenenenne 2. Pemenne o(t) cucremsr (1) nepuoduveckoe, eciu
cymecTByer Takoe umcio I > 0 u Takme neisle umcaa I; (j =
1,...,1), aro

Gj(t+T):Uj(t)+IjAj (jzl,...,l), Vi > 0.

Hucio T Ha3bIBAETCA MEPUOJIOM DEIICHUs, & YUCIO W = 77 — €ro
4aCTOTOM.

ens 5T0# pAbOTHI — MOIYUIUTH YCIOBUS, FAPAHTUPYIOITUE TJI0-
OaJIbHYIO ACUMIITOTHYECKYIO YCTONYUBOCTH CHUCTEMBI (1), a TaKxKe
YCJOBU4, TapaHTUPYIONIE OTCYTCTBUE Y Hee NEPUOAUYECKUX pelle-
HUIT BBICOKOII 9aCTOTHI.

VYcioBug riobajbHON aCUMIITOTUYECKO YCTONYNBOCTH.
IlepemaTounast MATpUIA JTUHEHHON YACTH CUCTEMBI UMEET BUJT

K(p) = —Re P + /000 y(t)e Ptdt (p € C).

IIpeanonararoTcsa U3BECTHBIMU HUXKHSISI U BEPXHeAs TPAHUIBI JJIsI IIPO-
. I . .

U3BOJHON ¢t pu1j < goj(a]) < paj s Beex 0. Bejiem Takike dyHK-

U

A

2,(0) 2 /(1w (O)(1 = 113 ' (0)).
e & QA
S 193 Q15+ n®2(C) d
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OnpemenuM IuaroHaaIbHbIE MATPUILL
AL
My, = diag {pp1, - -, pw } (k= 1,2),

AL
l/(€77—) = dlag {1/1(61?7—1)7 s 7Vl(51>7—l)}>

e € = diag{e1,...,e} 7= diag{r,...,7}.

Teopema 1. ITycmv cywecmeyrom mampuyve My (k= 1,2), mam-
puya & = diag{&1,...,&}, ede |&| = 1, u noaoorcumenvro onpede-
aennoie mampuys, € = diag{e1, ..., g}, 7 = diag{m,..., 7} makue,
wmo das ecex w € R

Re{¢K (w) — K*(w)e K (w)—

2
—(K (w) + wM; ) 7 (K (w) +wMy 1)} > iVQ(E,T). @)

Tozda cnpasedausv, coommowenus: 6(t) — 0 nput — +o00; ¢;(C) €
L3[0,+00); 0j(t) = qj, 2de vj(q;) =0 (5 =1,...,1).

Bameuanne. Hepasencrso (2) moHmMaeTcss B CMbICIE KBAJPATHI-
ueix dopm; Re H = (H + H*)/2 nyisi nmpoun3BOJIbHON KBaPATHOMN
marpuisl H.

VYc10BUS OTCYTCTBUSI KOJIEOAHUI C YaCTOTOM, ITPEBbIIIa-
fo1eil 3aganay0. JacToTrHoe HepaBeHCTBO (2) He TOJIBLKO obectie-
YMBAET IVIODAIBHYIO ACUMITOTHYECKYIO yCTONUNBOCTEL cucteMbl (1),
HO TaK K€ MOXKET OBbITh UCIIOJIb30BAHO JIJIsi TAPAHTHH OTCYTCTBUS KO-
JiebaHuil Ha ONPEIeIEHHOM 10/ TyOECKOHETHOM HHTEpPBAJIE.

Teopema 2. [Tycmv cywecmeyrom mampuyove My, (k= 1,2), mam-
puya § = diag{&1,...,&}, 2de || = 1, noroorcumenvro onpedenen-
nole mampuuywv, € = diag{ey,...,g}, 7 = diag{m,..., 7} u noro-
AHCUMEADHOE YUCAO W0, TMAKUE, YMO HEPABEHCME0 (2) bINOAHERO NPU
w=0 unpuw >wy. Toeda cucmema (1) ne umeem nepuoduueckux
pewenut ¢ wacmomot w > wy.

IIpumep. Paccmorpum cucremy a30BOil aBTONOACTPOUKH HUaCTO-
o1 (PAITY) ¢ unarerpupyromum dbuasrpom (UD): K(p) = (Tp +
1)~YTe P, (o) = sin(o) — B (B € (0,1)). Ha puc. 1 szt cucrembr
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QAIIY ¢ ND npu h = 0.17, upusesena oreHKa 00JACTH yCTOWIU-
BOCTH, ToJiyueHHas ¢ rnmoMoIbio Teopembr 1. Ha puc. 2 ms ciay4as
h = 0 upuBeJieHbI OIEHKY 00JIacTell OTCYyTCTBHUS KOJIEOAHUI ¢ 4acTo-
TOM, TIPEBBIMIAIONIEH W(, BEIYUCIEHHBIE ¢ rToMoIbio Teopembr 2. Bee
obJracTu JIezKAT HUZKE CBOMX DAHUIL.

ﬂ h=T0.1

Puc. 1 Puc. 2
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A. B. lBanoxuu
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UHCMUMYMa,
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e-mail: ivanyukhin.a@yandex.ru

B pabore paccmarpuBaercsi 3ajia4a COBMECTHON ONTUMUBAIAN
HU3KOIHEPTeTHIECKUX MEXKILIAHETHBIX TPAEKTOPUI IepesiéTa KOCMU-
YECKOI'0 allllapara C JIBUraTeJIeM MAJION TATH U OCHOBHBIX ITPOEKTHBIX
mapaMeTpoB SHEPTO-JIBUTATEJIbHON YCTAHOBKHU.

CoBpeMeHHBIE MEXKILJIAHETHbIE KOCMUYECKHE MUCCHU JIIs T10-
BhIIIeHUsT 9PPEKTUBHOCTH TPeOYIOT paspabOTKU HOBBIX CXEM IIepe-
néra Kocmudeckux ammaparoB (KA), B ToMm dunciie, HCIOIB3YIOMIX
addexTol 38189 TPEX U YeThIPEX Tel |1 —5| u smekTpopakeTHble J1BU-
rarenbable yctaHoBku (DP/Y) Masoif tsru ¢ 6obImuM yiebHbIM
AMITYJTBCOM.

[Ipeutaraercst meTos; HOPMUPOBAHUS HUBKOIHEPTETHIECKON
TPAEKTOPHUY 38 CUET HCIIOJIH30BAHUS IPOJIETA rpaBucGephl IIaHeThI
10 TPAH3UTHBIM TPAEKTOPUAM B OKPECTHOCTU KOJUIMHEAPHBIX TOYEK
Jimbparuu cucrembl CoJTHIE-TLUTAHETA, TOPOXKIEHHBIM UX NWHBAPUAHT-
HBIMEA MHOr00OpasusiMu. PaccMaTpuBaeTcss ONTUMUBAIMS TPAeKTO-
puu nepesieta KA ¢ mMaJjioii T4roif ¢ HauaJIbHONW OKOJIO3eMHOI OpOUTHI
Ha TPAH3UTHYIO TPAEKTOPUIO, TIO3BOJISIONIYIO IIOKUHYTh OKPECTHOCTH
3eMJtH, BBIATH HA TeJUOINEHTPUYECKYI0 TPACKTOPHUIO U COBEPIIUTH
mepesiéT K IejieBoMy oObekTy. B jmammoit pabore paccMarpuBaroT-
csl TIEpesIEThl K OKOJIO3EMHBIM acTepouyaM. llomumo orpeseieHust
yIIPABJIEHUST Ha TPAEKTOPHUH TIePeJIETa, ITPOBOJIUTCS OITUMUBAIINAS 18-
pamMeTpoB pabOThI JABUrATENbHON ycTaHOBKH. OCOOEHHOCTHIO TAKOIO
[IOJIXO/A SBJISIETCH HEOOXOIUMOCTH OIPEJIEJEHIsT ONTUMAJBHBIX JIaT
IPOXOXKJIEHUS TOYEK JUOPAIUH, OCKOJbKY HHBAPUAHTHBIE MHOIO-
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00pasust MOJTHOCTHIO OMPEJIEISIOTCS ITUM MOMEHTOM BpeMeHu. llpu
9TOM yYACTOK JIBUXKEHUsI 10 WHBAPUAHTHOMY MHOTOOODA3UIO JIJIst
[IpoJIeTa TOYKM JIMOpaIny 33/1aéTCA TPeMsI TapaMeTpaMu: JIATO 11po-
JIETa TOYKU JIMOpAIuu, MOMEHTOM BBIXOJIa M CXOJia C MHOrooOpasusi.
PaccmarpuBaemasi mocTaHOBKa TPHUBOAUT K 33jiade ONTUMAJBHOTO
VIPABJIEHUST C MPOMEXKYTOUHBIMU OIPAHUYEHUSIMUA Ha TPAEKTOPHUIO
repesiéTa, OTBEYAIONINMHA JIBUXKEHUIO 110 HHBAPUAHTHBIM MHOI000pa-
3UsIM TOYEK JIMOPAITHH.

Jsumxenne KA paccmarpuBaeTcst B paMKax BO3MYIIEHHON MO-
nean 4-x Ten

dr dv T dm T
Er A Tl e T

C U3BECTHOI HavaJIbHOI Maccoil
m(to) = my,

U KPAEBBIMU YCJOBUSMHU, OIPEACJIAIONUMA TapaMeTPhl OPOUTHI y
IJTAHETHI OTIPABJICHUA U IIAHETHl HA3HAUYCHUA

go(r(to),v(to)) =0, gr(r(tr),v(tx)) =0,

[IPU STOM TPAEKTOPHS [TEPEJIETA IPOXOIUT YePe3 NHBAPUAHTHBIE MHO-
roobpasusi, KOTOPbIe 33JIaI0T ITPOMEKYTOUHbIE OIPAHMYEHHUS HA TPa-
E€KTOPUIO W OMPEJIESTIOTCS apaMeTpaMu JBrKenus KA B MoMmeHT
[IpOJIeTa TOYKHU JUOpaIuu

gr(r(tr),v(ty)) = 0.

HeﬂbIO praBJIeHI/Iﬂ ABJIAETCA MaKCUMU3aIlA IIOJIGBHOﬁ MaCChbl MacC-
col KA
my = m(ty) — P — ai(mo — m(ty)) — max,

YiIpaBJIeHUEM ¢fBJIACTCA BEJIMYMWMHa W HallpaBJICHUE TATU
(e,0) cU={R*x R, |e|] =1, § €[0;1]}.

Tak>ke TojIe:KaT OIPEJIEJIEHIIO B IIPOIECCe ONTUMUBAIINA MOMEHTBI
BpEMEeHUN HadaJia t() U OKOHYAHUS tj MepesieTa, JaThl MPOJIETa TOUEK
Jymbpanuu tr,, Tara u CKopocTh ucredenust asuraress KA T u c. Boi-
1ITe UCIIOJb30BAaHbBI CJIEIYIONINe 0003HAYUEHUS: I, ¥, M — IIOJIOYKEHNUE,
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ckopocTh u Macca KA; ) — rpaButanunoHHbIil oTeHIma; § — QyHK-
oy TATU; € — G,ZLI/IHI/ILIHbIﬁ BEKTOD B HallpaBJICHUN BEKTOpa TATU.

Pemenne 3agaun onTHMAIBEHOTO YIPaBJIEHNs CTPOUTCSI Ha OC-
noBe npunimina Makcumyma llontpsiruna. Ilosyduen nosinbiit Habop
HEOOXOIMMBIX YCJIOBUI onTuMaJbHOCTU. st addeKkTuBHOrO perre-
HUg KPaeBOil 3aadu NpUHIUIA Makcumyma lloHTpsruna mpousse-
JEHO pa3/eseHue BbIYMCIUTEIbHON CXEMBbI Ha JBa YPOBHA, II0 OIITHU-
MU3UPYEeMBIM TapaMeTpaM CXeMBl HepeséTa: Ha ONTUMHU3AINIO MO-
MEHTOB BpeMeHu tg, tg, 11, tr2 M Ha oOIpenesicHHe ONTUMAaJIbHOI'O
yIpaBIeHnsT BeKTOpoM Tsirn KA u mapaMeTpoB JBUTATEILHON ycTa-
HOoBKU. JI1g oIy YeHust ONTUMAIBLHON TPACKTOPUU TIEPEIETA TIPU 3a-
JAHHBIX MOMEHTAX BPEMEHU KpaeBas 3a/lada PeIraeTcs C IOMOIIbIO
MeTojia TIPOJIoJKeHnst 110 napamerpy [6, 7]. duist onrumusanuu gar
Havaja U OKOHYAHUS I[EPeJETa, a TakKe JIaT IPOJIETa TOYeK Jrudpa-
AW, UCTIOJIL3YeTCsI MPSIMOIT MeTO, ONTUMU3AINN IPaJUeHTHOrO TUIIA,
C TIOCJIELYIONIEH IIPOBEPKOil ycaoBuil Tpancsepcaibuoctu. [lomobmoe
paz/iesieHne BbI3BAHO KaYeCTBEHHON IEPeCTPOKO# B 3a/1ade 4-X Tes
TPAH3UTHBIX TPAEKTOPUI y TOUEK JUOPAIMH B 3aBUCUMOCTH OT JIATHI,
B CBH3U C Y€M ONTUMUBAIMA ITUX IapaMETPOB TpedyeT IpeBapu-
TEJILHOT'O aHAJIN3a TIOBE/IEHNs] MHOT00Opa3uil B paMKax BO3MYIEHHON
mozenu [4].

OmmcanHass MeTOJMKa ObliIa alrpoOMpoBaHa Ha IIPUMEPax pac-
JeTa HU3KOIHEPTeTUIEeCKNX TPACKTOPHUIl IepesieTa K acTePOnIaM 3eM-
HOIT Tpymmel, B YacTHOCTH, acteponiy Anoduc (99942, Apophis).

WccnenoBanue BBITOTHEHO 3a cueT rpaHTa Poccmitckoro HayIHOTO (DOHIA
Ne 22-79-10206, https://rscf.ru/project/22-79-10206/ .
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O6 oaHOIT AUCKPETHOoIT MIPoBoii 3agaue
IpecJieJIOBaHusI-yIepXKaHsl C HEeBbINYKJIBIMU
BEKTOTpaMMaMM yIPaBJIeHUI

N.B. N3smectbeB, A. M. Bapunos

Yeanbunck, Yeasbuncrxull 2ocydapcmeennvill yrusepcumem
e-mail: j748e8@gmail.com, barinovalexmih@mail.ru

1. IlocranoBka 3agauu. B mokaamge paccMaTpuBaeTCst JIUC-
KpeTHas UIPoBas 3aJa9a C 3aJaHHbIM KOJIUIeCcTBOM IaroB N > 1 u
ypaBHEHHUEM JIBUYKEHUST

2(i+ 1) = 2(1) — u(i) + b(i)v(d), (1)

rae z € R™, n > 1, 0 < ay (i) < ag(i), b(i) > 0, u(i) € S(a1(i), az(i)),
v(i)€S,i=0,N —1. 3neco 3a u(i) u v(i) 0b03HATEHBI BHIODAHHbIE
Ha 4-M ITIare yIpasJeHns IepBOro U BTOPOro HIPOKa, COOTBETCTBEHHO;

S={s€R":|ls| <1}, S(61.02) = {s €R": 61 < |lsl| < 60}

npu 0 < 61 < ds.
ITpaBusio nepexona or z(i) k z(i+1), 7 = 0, N — 1. B moment
BDPEMEHH i, 3Hasl 3HaYeHue z(7), BTOpoil MI'POK BbIOMpAET yIIpaBJICHHE
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v(i) € S u coobimaer 0 cBoeM BbIGOPE TIepBOMY MI'POKY. [Tocsie aroro
HepBbIi UI'POK, 3Has z(i) U BHIOPAHHOE yIIPaBJEHHE BTOPOIO UIPOKA
v(i), Beibupaer yupasienne u(i) € S(ai(i),az(i)). 3arem mas BbI-
6pamnoil mapel yupasiennit mo dhopmyse (1) peanusyercs z(i + 1).

IIycts 3agansr uncia 0 < €1 < 9. [lenb nmepBoro urpoka 3a-
KJIIOYAETCS B OCYIIECTBIEHUN HEPABEHCTB

[z2(N)[ <&z, [lz(0) ze1 wpm i=0,N. (2)
[Tess BTOPOro UrpokKa MPOTHUBOIOJIOXKHA.

2. BcriomorareabHbie pesysibrarbl. Obo3HaunMm 3a A + B
cymMmy MUHKOBCKOrO MHOXKecTB A u B:

A+B={z=a+beR":ac A be B},
a3a A—B — reoMeTpHYECKYyI0 Pa3HOCTh STUX MHOMKCCTB:
A-B={z€R": 2+ B C A}

JIemma 1 (em. [1]). Jasa wmobvx wucea 0 < 61 < dg u 0 < g1 < &9
BVINOAHEHO PABEHCMEO

S(e1,e2) + S(01,62) = S(F(d1,62,€1,€2),02 + €2),
ecau S(e1,e9) C R™, S(01,d2) CR™, n > 1.
31ech 0b03HATEHO

max(0; 97 — e2) npu §; > €1,

F(61762751752) = { HlaX(O; €1 — 62) pn (51 < e.

JIemma 2 (cem. [2]). Jas mobvix wucea 0 < g1 < g9 u § > 0 6vinos-
HEHO PABEHCMBO

. _ S(f(€175)7€2_5) npu f(5175)+6§527
S(e1,62)—68 = { . npu Flen® 16> o

ede f(0,0) = 0 npu aobom 6 > 0; f(0,0) =0+ npu mobvir o > 0
ud >0; T — nycmoe MHOIHCECTNEO.
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3. OcHoBHoii pesyabrat. Ha ocHoBanum jiemm 1 u 2 ObLiu
nocrpoerbl MuoxkectBa W (i) C R™, i = 0, N — 1, onpejessitoniue
HEeOOXO/IUMbIE U JIOCTATOYHBIE YCJIOBUS, IIPU BBIMOJHEHUH KOTOPBIX

[EPBBIl UTPOK MOYKET rapaHTHPOBATH HEPABEHCTBA (2).

Teopema. IIyemov W(N) = S(e1,e2). IIpu i = 0,N —1 mnoorce-
cmeo W (1) onpedeasemes caedyrouwsum obpasom:

, S(f1(i), f2(4)), ecau  min (fa(k) — fi(k)) >0,
W(i) =

k=i,N
%] UHa4eE.

Baeco fi(N)=eynupni=0,N —1
hi(i) =

_ { €1 HPH F(fl(l + 1), fQ(Z + 1)., al(i),qg(i)) < max(al - b(Z),O),
F(fi(i+1), f2(i + 1), a1(i), az(i)) 4+ b(i) nnaue;

fQ(N) =éeo U fg(’L) = fg(z + 1) + ag(’i) — b(l) npu ¢ =0, N — 1.

Ha ocmoBanmm 3Toil TeopeMbl IJjisl PACCMATPUBACMON 3a1aMu
OBLIU ITOCTPOEHBI COOTBETCTBYIOIIUE TAPAHTHUPYIOIINE YIIPABICHUSI
HUI'POKOB.
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creennbiit yausepcurer, 2005. C. 108-123.
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YipaBJjieHue IIPo0JbHBIMI KOJIEOaAHUSIMU
YIIPYTOrO CTEP2KHSA C NOMOMILIO
Mbe303JIEKTPUIECKOI0 aKTI0aTopa

I'. B. KocTtun
Mocxea, UIIMex PAH

e-mail: kostin@ipmnet.ru

AKTyabHON 00JIACTHI0 TEOPUU YIIPABJIEHUS IIPEJICTABJISIETCS
UCCeJOBaHUE BOIPOCOB YIIPABJISIEMOCTHA JTUHAMUYECKUX CHCTEM C
pacmpesie/IeHHBIMI  TapaMeTpaMi. HaxoxKaeHne JTOmyCTUMOTO BO3-
JIEHCTBUsI, TIPU KOTOPOM TaKasl CUCTEMa TMPUBOJUTCS B 33JIAHHOE CO-
CTOSTHWE, JTA€T OTBET O €€ TMPEIETHHBIX BO3ZMOXKHOCTIX U yKa3bIBAET
HAIIPABJIEHUsI JIJIsT ONTUMU3AINY JBUKeHU. B 910l pabore ncciemy-
€TCsl yIPaBJISIEMOCTb CUCTEMBI, ONUCHLIBAEMOIN BOJIHOBLIM YpPABHEHUEM
cO CKaJIApHBIM BxXojoM. CrcreMa MoJenpyeT TpOAobHbIE Koseha-
HUsI KOHCOJIbHO 3aKPEIJIEHHOTO OJIHOPOJIHOTO YIPYTOTO CTEPXKHS C
PA3MEIEeHHBIM BJIOJIb €70 JJTMHBI MHE303JIEKTPUIECKIM 3JIEMEHTOM
[1, 2|. Tlokazanbl HEOOXOUMBIE YCJIOBHS TAIIEHUs] KOJICOAHUI CTEPIK-
ng. Jlana obobmiennass popMyIMpPOBKA 3a/adu yrpasiienus. Jloka-
3aHO, YTO YCJIOBUsI YIIPABJISIEMOCTHU SIBJISIIOTCS JTOCTATOYHBIMU, €C-
JIN OTHOIIIEHUST KOOPNHAT Hadaja M KOHIA MHe309JIeMEeHTa K JIJINHE
CTEPKHSI — palMoHAIbHbIE UNCIA.

CraBuTcst 3871898 TIEPEBOJIa CTEPXKHS C TTOMOIBIO YIIPABJISAIO-
el CHJIBl M3 TTPOU3BOJILHOTO HAYAJBLHOTO COCTOSHUSI B HYJIEBOE 34
orpanndertoe BpeMsi. ChopMynupyeM B 6e3pasMepHOM BHUIE 33124y
YIPaBJIEHUS COTVIACHO METOY UHTerpoanddepeHInaIbHbIX COOTHO-
menuit [3]:

JUTST HAMaIbHLIX pacipesenenuit 7o, wy € HY(X), X = (0,1), naiita
yupassenue v € H'(T), tne T = (0,T), npu KoTopoM 0606IIeHHOe
npmxenne r*, w* € HY(D), D =T x X, yloBIeTBOPAET TepMUHAIL-
nomy yeaosuio (T, x) = w*(T,z) = 0. Ilox 0606IIEHHBIM JBHZKE-
HHUEM [IPpU BLIOPAHHOM YIPABIEHUN U TOHUMAETCs Hapa QyHKIni 7*,
w*, MUHIMU3UPYIONIAast (DYHKIIHOHAT cOCTOsTHUsT P pu BIMOTHEHUT

76



Ha4vaJIbHBIX U KPaeBbIX yCJIOBI/IfIZ

O[r*,w* u] = min  P[r,w,u] =0, D= /godtdx >0,
r,we€H(D)

D
p=g>+h? g=0,r— 0w, h=0r—0,w— f;

U T 1
F(t ) = o(t)’ ng teT, u(0)=0; @

r(0,2) = ro(z), w(0,z) = wo(x), x € X;
r(t,1) =w(t,0) =0, teT.

Baeco r(t,x) — munammdeckuii noreHnuai, w(t, ) — ImepeMeIeHis
Touek crepxkust, f(t,2) — HOpMaJbHAS IBE309JICKTPUYECKAs CUJIA B
nonepeynom cedennu, U = (z~,xT) C X — unTepBa), Ha KOTOPOM
PACIOJIOXKEH IIbe303j1eMeHT, 1 — BpeMsi yupasJieHusi, J; — dacTHasi
[POU3BOJIHASI 110 BpeMeHH ¢, O, — NPOMU3BOJHAS 10 IPOCTPAHCTBEH-
HOI Koop/uHaTe x. JacTHbIe NPOU3BOJHBIE OTEHIUATA T IIPE/ICTAB-
JIAIOT COOOIH MOTHYI0 HOPMAJIBHYIO CHULY B IIOHEpeYHOM cedeHun (Oyr)
U JIMHEHHYIO IJIOTHOCTD UMITYJIbca (OpT).

Pemenue npsimoit 3aiaun aunavuku (1) npu 3a/laHHOM yIipas-
Jennn u(t) WInercst B BUjE psjia:

r(t, ) = Y Rp(@)rm(t), w(t,z) =Y Wi(z)wm(t).
meN meN
R, = —2wgl coswpxr, Wy, = 2wgl sinwpx, wy, =nmw —7/2, (2)

T (t) = —wnwy, (t) + wy, tept(t), i (t) = wern(t),
7 (0) = 0w, (0) = wl, n €N, ¢, = Wy(z7) — Wy (zT).

3necy R,, W, — cobcreennble GYHKIINU KOJIEOAHUI CTEPXKHS, OT-
HOCSTIHECS K COOCTBEHHON YacTOTe Wy} 79, w) — MPOeKIN Hadah-
HBIX PaCIpeJieIeHnii 7, Wy COOTBETCTBEHHO HA COOCTBEHHbBIE (DYHK-
unn Ry, Wi 7n, Wy — aMIUIUTY/IbI TOTEHIIMAJIA W TIePEMENTEeHui Jj1st
n-fi MOJIBL; ¢, — KOI(DPUIMEHT yCUJICHUS TIPU yIPABJICHUN STOW MO-
JIOM.

JIjIsi reOMETpPHYUECKIX MApPAMETPOB Ibe303IeMeHTa Th cyre-
CTBYIOT CJIEJYIOIIHME YCJIOBHS, HPU KOTOPBIX M-S MOJIa CTAHOBUTCS
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HeYIIPaBJIIEeMOIL:

zt+a2- 2m-—1 2m
= 1 v st -2 =—"—-<1 N.
2 m—1 T
(3)

B ciiyuae, Korja HE OJJHO U3 yCI0BUi (3) HU JJIsl KAKUX YUCE M, N €
N He peaymsyercs, JOIyCTUMOE YIIPaBICHUE, IPUBOJAIICE 3a BPEMsl
T > T* = 2 cucremy (2) U3 NPOM3BOJLHOIO HAYATIBHOIO B HYJIEBOE
COCTOSIHUE, 3alUCHIBACTCA B IBHOM BHUJIE KaK

_ 07 le (OvT)a
u(t) = uw*(t—r1), te(r,T),
u(t) = — Z N ¢, (rh sinwyt + w] (cos wyt — 1)), (4)
teT*=(0,T").

Baech rl, w], — npoeknuu dbyHKuuii cocrosuus r*(7,-), w*(7,-) Ha

cobcrBennbie dyukmun R, W,.

U3 Busa K03hOUIUEHTOB ¢;,, OMPEIEICHHBIX B (2), MOXKHO T10-
KazaTb, UTO, KOIjla 00a mapaMeTpa Ibe303/JeMeHTa T u = — pa-
OUOHAaJIbHbIC YMHCJIa, Cp IIPUHUMaET KOHEYHOE YHCJ/IO PA3JIMYalONINX-
cs1 3HaveHnil. B aTOM ciyvae, ecam HU OJHO U3 STHX BEJIUYUH Cp
He obpalaercs B HOJIb, yupasienue u* u3 (4) IPUHAIIEKAT TOMY
)Ke Kjaccy, 9to u gyskmmu r*(7,-), w*(7,-) (1 B cBOIO 0Uepe/B, TO-
My Ke, ITO U HadaJbHbIe PACIPEJEeNIeHus T, wo). VIHbIMu ciioBamH,
u* € HY(T*) = u e HYT).

ITocne nojcranoBku ynpasienus u(t) u3 (4) B cucremy oObIK-
HOBEHHBIX UM @PEPEHITNATBHBIX YPABHEHUN, OIPEIEJEHHbIX C Ha-
YAJILHBIME YCJIOBUAMH B (2), MOXKHO IIPONHTErPHPOBATE 3Ty CHCTEMY.
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Tak, pu T = T™* nonxyaaem:

P =3 3 Ra(@) (19 (1) + wdrb (1),
W) =30 S W) (1w (1) + whuh, (1)),

-1 . .
o (t) _ ) mCy Vmn (wm sin wy,t — wy, Sin wnt), m #n,
cos wyt + %w;l (wnt €os wyt + sin wnt), m=n,

a (1) = cmc,jlymnwn(cos wpt — cos wmt), m #£n,
sinwpt + %t sin wyt, m = n.

b B cmc,jlymnwn(cos Wt — cos wnt), m #£n,
T n(t) -

m sin wpt — %t sin wpt, m=n,
wh (1) = CmCo Winn (wm sin wyt — wy, sin wmt), m #n,
mn cos wyt + %w;l (wnt cos wyt — sin wnt), m=n,
_ (2 2\—1
TIe Vi = (W5, —w3) "

HcciieioBanne BBIIOJHEHO 110 TEME IOCYAPCTBEHHOIO 3a1aHus (rocperi-

crpamms Ne124012500443-0).
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O moJsmsapaJibHOM METOJie PellleHUs 3a0a9n
TEPMUHAJLHOTO YKJIOHEHNsSI B MHOTOHMIATrOBbIX

cucreMax ¢ OMJIMHEMHOCTBIO

E. K. KocToycoBa
Examepunbype, UMM YpO PAH

e-mail: kek@imm.uran.ru

PaccmarpuBaercs ofna u3 3a1ad KOH(PJIMKTHOTO yIPABJICHUAS
TUIla TEePpMHUHaAJIbHOI'O C6.)'II/I)K€HI/I?I/yK.HOHeHI/IH JJIgd MHOT'OIIIaroBbIX
CUCTEM C HCXO/IHO JIMHEHHON CTPYKTYPOH, I'/le JIeHCTBYIOT ylIpaBJe-
uusi u, U 1 v, IeJU KOTOPBIX MOI'YT ObITH PA3IUYHbI, IPUIYEM U U U
BXOJST aJINTUBHO, a U — B MaTpPUILy CUCTEMBI. 3aa49nu TaKoro pola
MOTYT OBITHL PEIeHbl C MOMOIIBI0 TPYOOK pa3permuMOoCcTu [1, 2], HO
IIpaKTUYIECKOE IIOCTPOEHUE IOCJIEIJHNX, KaK IIPaBUJIO, 3aTPYIHUTE/Ib-
Ho. Hanmune U mpUBHOCHUT B CHUCTEMBI HETMHEHHOCTH W TPUBOIUT K
cucreMaM ¢ OUJIMHEHHOl JUHAMUKON, ycsioxkuss 3ana4y |3, 4]. Cpe-
J7 MHOTTIX YMCJICHHBIX METOJIOB ITOJIE3HBI U HE CIIAIIKOM TPY/IOEMKHE,
OCHOBAHHbBIC HA OINEHUBAHUN MHOXKECTB OOJIACTAMU IIPOCTOH (HOPMBI
THUIIa SJIJIUIICOUJI0B 1 IIapa.)'I.)'Ie.)'IeIII/IHe,ZLOB/II&p&.H.HG.HOTOHOB (CM.7 Ha-
upumMep, [2, 3, 4] u [5, 6, 7] coorBercrBenno). Pabora orHOCHTCH KO
BTOPOMY M3 3TUX HAIIPaBJICHUII.

PaccmarpuBaeTcs MHOrOmaroBasi yrpanJsieMasl CUCTEMA

z[k] = (A[k] + U[k]) z[k—1] + B[k]u[k] + C[k]v[k], k = T, N;
ulk] € R[k] = P[r[k], R[K]], v[k] € Q[k] = Plq[k], QK] (1)
Ulk] € U[k] = {U € R™"| Abs(U — U[k]) < U[k]},k = T, N,

rie z[k] € R™ — BekTOp cocrosiHus cucreMsl; ynpasienus u[k| € R™
u v[k] € R™ crecHeHbl NApaIeJOTONIO3HATHBIMI OPAHIMIEHUSIMHU, &
Ulk] € R™™™ — orpaHn4eHNsIMA HHTEPBAJIBHOIO THUIIA. 3aJIaHO Tep-
MUHAJIbHOE MapaJlie/IoToo3Ha Hoe MHOKecTBO M = Plps, Pf]. Ha-
noMHUM, 4TO TapasiesoronoM Plp, P] C R™ Ha3bBaloT MHOXKECTBO
P =Plp,P] ={z| x = p+ P, |[(||«<1}, tie p € R*, P € R™™"™,
m < n (p onpejenser nenTp mapasenorona, P — dopmy); [Tapas-
JIeJIOTON P HA3BIBAEM HEBBIPOXKICHHBIM, eciit m = n u det P # 0.
Yupasaenus v, U u v MOryT uMeTh pasubie 1eau. Tax, meiab u u U
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MOXKET COCTOSITH B TOM, 4TOOBI obeciieunTh BKJouenne z[N| € M
(3agaum cOMMZKEHNsT TAaKOro poja mccienosauch B [5], [6]), a mein
U MOXKET COCTOSITh, HAa0DOPOT, B TOM, UTOOBI M30€KATDH IOIAIAHUS
TpaekTopun Ha M (3a/1a9a yKJIOHEHUSI TAKOIO POJia IIPH OTCYTCTBUU
U wuccrenosanacs B [7]).

B pabore paccMarpuBaeTCs CIIELYIONAs —NOAUIOPAAOLHAA 30~
dava mepmunanvrozo ykaionenus. dus cucremsr (1) maiitu taxume
nosmsapanbuyio Tpyoxky Plk] = Pplk], Plk]], k = 0,1,...,N, ¢
TepMuUHAJIBHBIM ycaoBueM P[N| O M u COOTBETCTBYIOIILYIO CTpa-
Teruio ympasienus v = vlk, x|, yaosrersopsiomyio vk, x| € Qlk],
k=1,...,N, qrobnl kaxjoe peuenne z|-] ypasuenus z[k] = (A[k]+
U[K]) z[k—1] + B[kJulk] + C[k]v[k,z[k—1]], k = 1,...,N, ¢ z[0] =
2% ¢ P[0] npoxommio sue Tpy6oku P[|: x[k] ¢ P[k], k = 1,..., N,
KAKOBBI Obl HU OBLIN JIOIYCTHMBIE (T.€. YIOBJIETBOPSIOIINE OrpaHIYe-
uusim 13 (1)) peamusarnuu ul-] u U[-]. Bosee Toro, BBectn cemeiictso
Takux Tpy6ox P[]

Haaum oqHO M3 BO3MOXKHBIX peIllleHnil 3Toi 3amaun. Beegem
ceMeiicTBO ORI IPATLHEIX Tpy6ok P[] = P[p[], P[], onpenenste-
MBIX CJIC/IYIONUMI PEKYPPEHTHBIMI COOTHOIIEHUSIMHE, 1yie P — mpo-
U3BOJIbHAsT Heocobast MaTpHIa:

p[N] = pt, P[N] = P diag ((Abs (P{1 P))e); i
plk—1] = D[]} (plk] — Blkr[k] — Clklq[k]), D[k] = A[k] + U],
Plk—1] = D[k]~" P[k] di g((1+ﬁ*[k])e+a[k —7[k]),
alk] = (Abs (P[k]~' B[k]R[k])) e,

~[k] = (Abs (P[k] ' C[K]Q[K])) e, (2)
Br[k] = Cs[k]/(1 — Ca[k]),
Ci[k] = [|(Ab (7[k]71))'ﬁ[k]||ooa
Calk] = [|(Abs (P[k]))-U[k]-Abs (D[k] =" P[k])||oo, -
Cs(k] = Cu[k] - Ip[k—1]lloc + C2[k] - le + a[k] = v[k]lloo, k=N, 1,

U COOTBETCTBYIOILYIO CTPATEruio yrpasjienus v = vlk, x| Buga

vlk, 2] = qlk] + Q[k]x[k, 2],
X;lk, &) = sign (P[k]~ 1C[k]Q[k])z*[k}jx
xsign (Pk—1]""(x—p[k—11));, 15> J=1, 70,
1=

J=
ixlk]=is[k, x] € Argmax | ;| (PlE—1]"" (w—plk—1]))-
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Bnech ucnosbzoBanbl obosnadenns: Abs A = {|a;;|} mna A = {a;;},
dlag 7T — JuaroHaJibHasd MaTpUIla C KOMIIOHEHTaMM BEKTOpa 7 Ha Jrua-
rOHAJIM, CHMBOJIBI € 0003HAYAIOT BeKTOpHI Buaa e = (1,1,...,1)7
COOTBETCTBYIOIIUX PA3MEPHOCTEll; UHIEKC iy [k] onpemesen, BoobOmie
rOBOpsi, HE €IMHCTBEHHBIM 00PAa30M.

Teopema. I[Tycmv 6 cucmeme (1) ece mampuyw DIk] = Alk] +
Ulk] — neocobuie (det D[] #0) u M — nesvipoosicdermwiii napanie-
aomon. ITyemv Py — npoudeoavras neocobas Mampuya u 6 npoyecce
svucaenun P[] 6 coomeememeuu ¢ coomnowenuamu (2) npu scex
k= N,1 okasvi6aomca uinoAHEHHMU YCAOBUA:

3[K] < (1 + C1llp[k—1]]loo) € + alk] — 7[k] > 0, Ca[k] < 1.

Tozda 6ce napaanesomonv P[k] = Plp[k], P[k]] oxasviearomes neewi-
poorcdennvimu, a mpybra P[] emecme ¢ 410601 cmpamezuts ynpasae-

nua v+, -] euda (3) darom pewenue paccmampusaemots sadavwu. Ipu
amom, ecau x[-| — mpaexmopusa, coomeemcmeyrowan x[0] ¢ P[0],
ynpasaenuio v+, -] uz (3) u nexomopvim (npouseonvrwvim) donycmu-

mom ul-] w U], mo cnpasedausv, caedyrouyue 2apanmuposarvie
ouenKu crusy oas omraonenua x| om mpybru P[], sanucannvie 6
mepmumnax ommocumervnux xoopdunam ([k] = P[k]~1(x[k] — p[k]) :

k
1C[K]lloa—1 = (HC*[O]Iloo—l)ll;l1 Oipy 2

k —_—
> (IO}l TT min a1, k=T,

ﬂﬂﬂ JIydHIIiero HOHUMaHHsA 9THUX OIIEHOK HaIllOMHHM, YTO B CJIy-
uae HeBBIPOKIeHHBIX napasuenoronos P[k] = Plp[k], P[k]] oruo-
curesbabie koopaunarel ([k] = Plk]~!(z[k] — p[k]) obmamaior Tem
cBoitcTBoM, uro ycsosue x (k| ¢ P[k| obecnieunBaercst TOrga 1 TOIHKO
torja, korja [[C[k]||ec > 1.

SaMeTHM TaK2>Ke, 9TO YCJIOBUsA TeOpeMbl He IIPEJCTaBJIAIOTCHA
IK30TUYICCKUMU IIPU PaCCMOTPpEHUN MHOTI'OIIAr'OBBIX CHUCTEM, aIllIPOK-
cumupymux juddepenipanbable 110 cxeme iinepa [6, (4.13)], mo-
CKOJIbKY B 3ToM ciaydae noiaydaem D[k] = I 4+ O(hy), a Beauun-
usl alk], v[k], C1]k], Calk], C3[k] okasbiBatorcs mopsinka O(hy), rae
hy — mar guckperusamuu, O(hy) — 0 upu hy — 0.
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H-ynpaBJIS[eMOCTb CHCTEeM C 3alla3JblBaHUEM

JECKPUNITOPHBIM JIMHAMUYECKUM PEryjasaTOpOM

B.B. Kpaxotko, I'. II. Pa3zmbiciioBU4

Mumnck, Beazocynusepcumem
e-mail: Krakhotko@bsu.by, razmysl@bsu.by

B Teopun onTmManIbHOTO yHpaBJieHNsT OTHOM M3 BaKHEMIIIX

npobsieM sBJIieTCH MpoOJIeMa yIPABISEMOCTA JUHAMUYIECKUX CH-
creM, MPUYIEM YIIpaBJIEHUE, KAK IIPABUJIO, BLIOUPAIOTCS U3 PA3JInd-
HBIX KJIACCOB (DYHKINI: KYCOUHO-HEIPEPBIBHLIX, KYCOYHO-IIOCTOSH-
HBIX, PEJIEHHBIX U T.JI.
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OcoOblIit MHTEPEC TTPEICTABIISIIOT YIIPABJIEHHUSI, KOTOPbIE NeHEPH-
PYIOTCsl ¢ HOMOIIBIO JuddepeHnnantbHbIX peryusiTopos 1], Tak kak
TaKHe YIPaBJICHUS JIETKO IIPAKTUYECKU PeasIu3yloTcs.

B nmoknane paccmarpumBaercs 3amada [ -ympaBiseMoil JmHed-
HOI CHCTEMBI C 3ala3/IbIBAHIEM I10 COCTOSIHUIO C ITOMOIIBIO Jaudde-
PEHIMAILHO-AJIIe6PaniecKoro (JIECKPUIITOPHOIO) PEryJIsSTOPA.

Paccmorpum cucremy yrpaBiieHust

#(t) = Ax(t) + Ajz(t — h) + Bu(t), t>0, (1)

C HavaJIbHBIM YCJIOBUEM

o(-) = {z(t) = @(t), t € [-h,0), 2(0) = zo}, (2)

rne x,x9 € R, u € R", A, A1, B — 1OCTOsSIHHbIE MaTPHUIILI COOTBET-
CTBYIOIIUX pa3MepoB, h > 0 — MOCTOsIHHOE YHCJIO (3ala3/bIBaHue),
o(t), t € [—h,0) — KycouHO-HenpepbIBHAST (DYHKIUS.

[Iycts H — HekoTOpasd 33JlaHHAS 1 X N-MaTpPUIIA.

Ounpenenenne 1. Cucrema (1) maseiBaercs H-ynpasasemot, eciu
JTs1 JTI060r0 HAYaJIbHOTO COCTOSIHUS (2) CYIIECTBYIOT MOMEHT BpeMe-
HU t] < 400 U KyCOYHO-HenpepbiBHOE yupasienue u(t), t € [0,t1],
Takue, 4ro Tpaekropus x(t), t € [0,t1], cucremsr (1) obamaer cBoii-
cresom Hz(t;) = 0.

Ussecrno [2], uro cucrema (1) H-ynpasisiema TOrJa U TOJILKO
TOIIA, KOIJIa

rank{ HXy(t), k=1,n; t = M} = rank H, (3)
rje Xj(t) — pellleHue OIpeJeIsIIoNIEro ypaBHEeH st
Xp41(t) = AXg (1) + A Xy (t — h) + BU(?)
C Ha4YaJIbHBIMU YCJIOBUAMU
Xp() =0,k <0Vt <0; Up(0) = Er, Up(t) =0, k £ 0V t #0.
[Tycts Teneps yupasienue u(t) Bujia

u(t) = Cy(t), t > 0, (4)
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CTPOUTCS 110 BBIXO/Y JECKPUIITOPHOI'O PEryIdTopa

Doy = Dy, y(0) = yo, (5)

e y, yo € R™; C — r X n-nocrostaaasi matpunia, a Do u D — n X
n-nocroguubie MaTpuilsl, npuiém det Dy = 0. IIpemmnosioxkum, dTo
cucrema (5) siBasiercss peryisipuoit [3], u marpuna H onpejesena
DPaBEHCTBOM

H = DyD¢,

rie Dg — obparnas marpuna Jpasuna misa marpuisl Dg. Beegem B
pPacCMOTpEHNEe MHOYKECTBO

Q={q:qeR",q=Hp,pec R"}.

Ounpenenienne 2. Cucremy (1) Hasosém H -ynpasasemoti deckpun-
MOPHLLM QUHGMUMECKUM pe2yaamopom (D), ecn CyIIecTByeT MOMEHT
BpeMen# t1 < 400 Takoii, 4To /sl JIIOOOro HAYAIBLHOIO cocTosgHus (2)
Hafijlercst HauaabHOe cocrostHue Yo € ) peryisiropa (5), Ipu KOTOPOM
perienue cucreMbl (1), coorBercTByIOImUe yupasieHuto (4), yuoBie-
TBOpsieT yeaosuo Hx(ty) = 0.

Banmmiem pemnienue cucreMsbl (1) B MOMeHT Bpemenu t = ¢ ¢
yaérom (4),(5), m s mpocrorsl nosoxkuM p(t) = 0,t € [—h;0).
Torya mosryaum

t1
Hz(t)) — HF (t1,0)z = / HF(t,,7)BCeP0P7 dry,.
0

B cuity Toro, uro Hz(t)) = 0, mmeem

t1
—HF(t;,0)zq = / HF(t1,7)BCeP0PT dry,,
0
rie F(t,7) — dyngamenTanibHast MaTpUIA PEIIEHUH OJJHOPOIHOMN CHi-
crembr (1).

Orciona, yaurbiBas pe3ysabrarbl pabor [1,4], mosydaem ciesy-
IOIIUNA PEe3yJIbTaT.
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Teopema. /Jlas H-ynpasasemocmu cucmemv, (1) deckpunmophoim
pezyasmopom (5) neobrodumo u docmamouro, wmobu, cucmema (1)
6vina H-ynpasasema, a deckpunmophasn cucmema (5) ycaoeno ma-
bmodaema [5], m. e. svnoanaomes ycaosue (3) u ycaosue

C(DID)H | _
rank{ogkgn_l =rank H.
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2. Tabacos P.@., Kupusosa @.M., Kpaxomxo B.B. YupaBjiseMOCTb Jii-
HefHBIX crarpoHapHbIX cucteM // Hokmaxer AH CCCP. 1972. T. 203,
Ne 3. C. 537-539.

3. Campell S.L., Meyer C.D., Rose N.J. Applications of the Drazin
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coefficiens // STAM J. Appl. Math. 1976. Vol. 31, no. 3. P. 411-425.

4. Hlxasp B.III. K mpobieme OTHOCHUTEIBHON YIIPABJISEMOCTH CHCTEM
C OTKJIOHAIOIIUMCS apryMeHToM Hehrpasibaoro Tuna //duddepen.
ypasu. 1974. T. 10, Ne 8. C. 1443-1450.

5. Tabacos P.D., XKesnax D.M., Kupuaosa DP.M., Konetxuna T.B.
VYesoBHast HabIOZIaEMOCTD JinHeHHbIX cucreM // Problems of Control
and Information Theory. 1972. Vol. 1. P. 217-233.

MeTtoapl MoaeAMPOBaHNS HeJIMHEMHBIX
JUHAMUYECKNX CUCTEM

H.II. KpuBynun

Ilensa, Ilensencrutl 2ocydapcmeennoill yHusepcumem
e-mail: krivulin@bk.ru

PaccmarpuBaroTcst MeTOIbI MOJIETUPOBAHUS HEJTUHEHHBIX TU-
HaMHUYECKUX CUCTEM, MaTeMaTUuYeCKUe MO U KOTOPBIX OIIMChIBAIOT-
csI KOHEUIHBIM psijioM BoJsibTeppa BuIa

y(t) :/gl(t,ﬁ)x(ﬁ)dﬁ—l—
0
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t
+/ 92 t 7'1,7'2 ( ) (Tg)dTldTg—l—...—l— (1)
00
t

¢
+ / / (t, 1,72, ..., 7N)x(T)x(T2) . .. 2(TN)dTidTe . . . dTN,
00

rae x(t) — Bxoxmmoit curnan; y(t) — Bbxommoit curnam; ¢ (t,71),
g2(t, 71, 72), ..., gN(t,T1,...,7N) — saapa Bosbreppa, KoTOpbIE B
JISIIOTCSl TIOJTHBIMM JINHAMUYECKUMH XapaKTEPUCTUKAMU CUCTEMBI U
110/IJIE’KaT OIIPEJIEJIEHUIO.

Boccranosnenue sijiep Bosbreppa ocHoBaHO Ha NPUMEHEHUN
MHTErpaJjbHbIX IIpeobpazosanuit Jlamraca, Memmuna u Xaptim. Boc-
CTAHOBJIEHUE IIPOBOJIUTCS B MIPEIIOJIOKEHUH, YTO UHTErPAJIbHBIE TIPe-
obpaszoBaHus sjiep BoJibTeppa 110 IepeMeHHo ¢ y/IOBJIETBOPAIOT CJie-
JIYIOIIAM yCJIOBUSIM:

1. B ciy4aae npeobpazosanus Jlamnaca:

+o0o

Gk(p>7—177—27"'77_]€): /gk(t77_177_27"'77—k)€_ptdt: (2)

0
_ GAk(p)eiqukl(p)772qk2(p)*m*ﬂchk(p)’ k=1,2,...,N.

2. B caygae npeobpazoBanusa MesnHa:

—+00

Gk(p77—177—2;--~77—k;) = / gk(t,7'177'27... ,Tk)Tpildt = (3)

0
= Gylp)m i ®-1  pan®=1 g 19 N

3. B ciydae npeobpazoBanust XapTiin:

+oo

Gk(p,Tl,TQ, Ce ,Tk) = / gk(t,Tl,Tg,. .. ,Tk) C&S(27Tpt)dt = (4)
0
= Gi(p) cas(2mqp1(p)71) - . . cas(2mqu(p)7), k=1,2,..., N,
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rie cast = sint 4 cost — aapo Xapriau. [lokazano, uro npumenenue
UHTerpaJIbHbIX IpeobpasoBanuii (2)—(4) npusoxur ypasHenue (1) K
arebpanieckoMy ypaBHEHUIO

Y(p) = G1(p) X (q11(p)) + G2(p) X (¢21(p)) X (q22(p)) + - .. +

+GN (D)X (qn1(p)) X (an2(p) - - - X (ann (0)))-

IlocranoBka 3ama4um. Tpebyercss MO CepUU TECTOBBIX BXOITHBIX

N(N+3 N(N+3
x(t), E=1,2,... ,%, u BBIXOIHBIX Yi(t), k= 1,2,..., ( 5 ),
CUTHAJIOB OIPEIeuTh dapa Bobreppa HeIWHEHHON THHAMIICCKON
cucreMsl, omuckiBaeMoil ypasuenueM (1). IIpeamosaraercs, aro siapa

Bouibreppa yoBiaerBopsitor yeaosusim (2) —(4).

()

N(N+3)
]\%(N+73)
2

st cepun BXogHbIX curHaioB Tk (t), k = 1,2,...,

COOTBETCTBYIOIIHUX BBIXOJHBIX CUTHAJIOB Y (t), k = 1,2,...,
Ha ocHoBaruu (1) u (5) mosyunm cucremy ypaBHeHUit

Yi(p) = G1(p) Xi(q11(p)) + G2 (p) X1 (q21(p)) Xk (a22(p)) + - .. +

+Cn (0) X (an1 (9)) Xi(ana(0) - .- Xilann (0))), k= 1,..., X3
N(N+3)
2

)

OTHOCHUTEJIbHO

MCKOMBIX (DYHKITHIA

G1(p), 11(p), G2(p), @21(p), g22(p): - - -,

Gn(p),ani(p),an2(p), - - ann (p).

Vckomble siipa Bosbreppa ONpeensiorcst COOTBETCTBY IO~
MH 0OpaTHBIMU MTpeobpazoBaHusaMu K (2)—(4) win u3 perieHus: nH-
TerpaibHbIX ypauenuit (2)—(4) ornocurensuo gi(t,7), go(t, 1, T2),

) gN(t771772>"'>TN)'

B paborax [1,2| npuse/ieHbl IpUMEpDI, NLIIOCTPUPYIOIIHE W3-
JIOXKEHHBII MeToj (ncmosb3yercs: npeobpasosanue Jlamiaca s He-
[IPEPBIBHBIX CHCTEM U Z-Ipeobpa3oBaHue sl TUCKPETHBIX CHCTEM).

B pabore [3] npuBoguTcs mocTpoeHne MaTeMaTHUECKON Mojie-
JIV HEJINHEHON U3MEPUTENIbHON CUCTeMBbI (UCIIO/Ib3YeTCs: Z-1peobpa-
30BaHKE) BOCCTAHOBJIEHUSI BXOJHBIX CUI'HAJIOB BUXPETOKOBBIX IIPE00-
pasoBareJieli nepemMenieHus Ipu TePMOYJIAPHbIX BO3/eiicTBusix. [1pu-
MeHeHWe MHTEerpaibHbIX IpeobpasoBanuit Meymuna u Xapriam st
[OCTPOEHUsI JIMHEHHBIX MOJIeJIeil U3MEePUTEIbHBIX CUCTEM OBLIN pac-
cMoTpeHs! B [4, 5].
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MHororovuevdHasi 3ajiada yIIpaBJIeHUs C
MHTErpaJibHBIMI OrPAHUYEHUSIMU THUIIA
PaBEeHCTB Ha yIIpaBJIEeHHUE

B. H. Jlantunckuii
Moaunes, Beaopyccro-Poccutickutl ynusepcumem
e-mail: lavani@tut.by

Uccnenyercs 3aada Tina [1] mocTpoeHnst BOSMOXKHBIX YIIDaB-
nennit v € C(I,R") u coorBercrBytomux (byHKIUi cocTosinuii © €
C(I,R™) ma ocHOBe CHCTEMBI COOTHONTEHMIH

dx
pri At)x + Q(t)u, (1)
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x(ts) = s, (2)
B
/ xi(r)u(r)dr = pi, (3)

g

e A € C(I,R™™), Q€ C(I,R™), u € R", py € R*, y; €
C(I,RF™"), oy, Brel=0w], I=T,p,s=0,m, 0=ty <t <
v <ty Lw;w > 0.

Coornommenus (1), (2) pacemarpusaiucs B [1] u ap.; (3) npea-
crapiisieT co0Ol OrpaHMYeHUs] HA YIDPABJICHUS, aHAJIOIMYHBIC COOT-
BETCTBYIOIIUM H30IEPUMETPUYECKUM HHTEIPATIBHBIM OrPAHUYECHY-
sim [1] Ha dasosble nepemennsie. Kitace nsonepuMerpuaeckux 3a/ad
urpaer GOJIBIIYIO POJIb KAK B TEXHUKE, TEXHOJOIUSIX, TaK U B 9KOHO-
muKe 2|, npu sTroM ycesosus (2), (3) UMEIOT CyIecTBEHHOE 3HAUEHHE,
HAIIPUMED, JIUIs YIPABJICHHUs JIBUZKEHUEM JIeTATEIbHBIX AIlIapaToB,
[POIECCAME B XUMUYECKUX PEAKTOPaX.

Hannast pabora siBisiercst jonosHenneM n passurtueM [1]. Ee
OCHOBHAsI II€JIb COCTOUT B IIOJIyYE€HUH JIOCTATOYHBIX YCJIOBHI paspe-
mmmocTH 3asgaan (1) —(3), a TakKe 3aMKHYTBIX COOTHOIIEHHN JIjIst
byukumit u(t), =(t).

Kax u B [1], 3ayiaua cocrour u3 AByX dacreii, onpejessieMbIx
YCJIOBUSIME COOTBETCTBeHHO (1) 1 (3), KOTOpBIE ¢ TOYKHU 3PEHUs] Teo-
pUn ypaBHEHWi 1-ro pojia He MMEIT NPHUHIUINAIBHBIX DPa3JIndnii.
DTHU yCIOBUS IPEJICTABIISIIOT COOOI COBOKYITHOCTH M ¥ | TAKUX ypaB-
HEHUiT OTHOCHTENBHO Uu(t).

Onpepenenne (cM. [1]). Pemenne (u(t), z(t)) sagaau (1)—(3) na-
3BIBAIOT 3AMKHYMbLM, ECJIH OHO TIPEJCTABUMO C TIOMOMIBIO KOHETHOTO
qmc/Ia KBaJIpaTyp U aaredpandeckux onepanuii ¢ marpuinantom X (t)
CBOBOJIHON CHCTEMBI U OCTAJILHBIMU BEJTMIUHAME 33 a4H.

Cragama or (1), (3) BblmosHseTCs Hepexof K SKBHBAJIEHTHOI
UHTErpaJibHON 3aja4e
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/ XU N)Q(Mu(r)dr = X~ (t,)z, — 2o, (5)

[Tocrpous na ocuoBe (3),(5) ynpasienue u(t), dbyHKIHUIO CO-
CTOSTHUI MOKHO TIOJIy9uTh 13 (4)
Hanee coornomenus (3), (5) 3anUCBIBAIOTCS B OIEPATOPHOM BH-

e -
Ayu=py, v=TLm+p, (6)
rie
ty
Ayu = inl(T)Q(T)U(T)dﬂ Py = Xﬁl(ty)ivy — xo IIpU V =
to
1, m;
Bv N -
Ayu = f XV(T)U(T)dTv Py =p, Opa v =m-+ 1, m-+p.
(e7%

K (6) npumensiercst merouka [1]. B pesysbrare npu BbliosHe-
HUH yCTIOBUSA

det(A; 1R K1) #0, j=0m+p—1, (7)
Ha OCHOBE
Yi = Kjr1¢i11 + Y11 (8)
nostydeno pemntenne 3aaqn (1) —(3):
u(t) = R(t,y) + (1), 9)

rie y = y(t) — dunasbHast BenomorareabHas (DYHKIWUS, HOJLYICH-
Hast B paMKax JaHHO# Meromukw, R; — Besmunns! tuna M,, K, €
C(I, R™™)  R(t,y), r(t) — coorBercrBeHHO (bUHAJILHBIL JNHETI-
Hblii (oHOpO/HBIT) nHTerpasbhelii oneparop uz C (I, R™) 8 C (I, R")
u GYHKIWS, T0JydaeMble C IIOMOIIbIO (8) U PeKypPEHTHBIX COOTHO-
IIeHMH

Rjt1(yj+1) = Rj(yj+1) — RjKj+1(Aj+1RjKj+1)_1Aj+1Rj(:l/j+t)170)
riv1 =15+ RiKj1 (A RiKj1) (B — Ajry), (11)

IIpu 3TOM Ym+p = Y, Tm4+p = T, Rm+p(?/?ﬂ+p) = R(t,y), ro = 0,
Ry = J — ToxkaecTBeHHBIH omepaTop.
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Boinosinenue yesosust (7) obecrieqnBaer pean3yeMocTb Mpo-
necca (8),(10), (11) nocrpoenust R(t,y), r(t), naunnas ¢ Ry(y1) =
— K1 (A Ky) " Ay, () = Kn(AKy) ™'
Mo dyskium cocrostanii Ha ocrnose (9) 1o dopmyste (4) momy-
YEHO BBIPAZKEHHE

t
z(t) = X (t)xo + X(t) /Xl(T)Q(T) [R(7,y) +r(r)]dr.

Bameuanmne. 3anady (1),(2) MoxkHO paccMaTpuBaTh KakK IaCTHBII
caydait 3amaan (1) (3), mpu srom coornomenus (1),(2) mpu s =
0, 1 — 370 KIIACCHYeCKast 3a/1a9a yIpaBJieHus, a cooTHorerust (1), (2)
upu s = 2, 3,...,Mm NOPOXKJIAIOT COOTHOIEHUsI (3) ¢ COOTBETCTBYTO-
mmmu pyHKnusMu X (t) u npegesiamMu uaTerpupoBanus. st wiio-
CTpAIi PACCMOTPEHA 3a/1a9a

d
= w(0) =3, 2()=3, 2(2)=4,

KOTOpasd 3KBUBaJICHTHa HHTeraJIbHOﬁ 3a1a4e

t 1 2
=3+ /u )dr, /u(T)dT =0, /u(T)dT =
0 0 0

Hanee ma ocrose (7)—(9) momyueno yupasiemnue

2 2

1
1
u(t) —E/y ydr+ 2/y /y dr+1] (t—-1)+
0

0 0
rie y(t) — npousBOJIbHAST HElpepbIBHAs (DY HKITHS.

1. Jlanmunckut B.H. Pemmenne MEHOroTo4evHO 3a,/1a491 YIIPaBJICHUS C UH-
TerpaJbHBIMK OrpaHuYeHugME Tulla pasencTs // Tuddepennuanbabie

ypasuenus. 2024. T. 60, Ne 10. C. 1386-1393.

2. Moucees H.H. YucneHHble METOJIbBI B TEOPUU ONTUMAJBHBIX CHCTEM.
M.: Hayxka, 1971.
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OO0 ycrioKkoeHn”n cucTeMbl yIPaBJIeHUA
HEUTPAJbLHOTO TUNA HA BPEMEHHOM
rpade-3Be3/1e ¢ 3ana3/bIBAHUEM,
ITPOIIOPIIMOHAJILHBIM BPEMEHU

A.II. Jleguos
Capamos, Capamosckutl yrnusepcumenm
e-mail: lednovalexsandr@gmail.com

B pabore [1] C. A. Byrepun npe/yioKui KOHIENIuio (yHKIM-
OHAJILHO- UMD DEPEHITNATBLHBIX OIIEPATOPOB Ha F€OMETPUUECKUX T'Pa-
dax ¢ rI0baJIbHBIM 3ala3/IbIBAHIEM, KOTOPOE <«IIPOXOIUTY dUepe3
BHyTpeHHMe BepIIuHbl rpada. C MOMOIIBI0 JAHHOW KOHIIEIIUH B Pa-
6orax [2, 3| na rpadul 6bL1a HIEpeHeceHa 3a/1aua 00 YCIIOKOSHUH CUCTE-
MBI YIIPABJIEHUS C [TOCTOSHHBIM 3alla3/IbIBAHUEM, HCCJIEIOBABIIASICS
na unrepsaste H. H. Kpacosckum [4] u A. JI. Cky6adesckum [5]. Do,
B CBOIO OUepeb, IPUBEIO K KOHIIEIINN BpeMeHHOTo rpada, pedpa
KOTOPOTO OTOXKJIECTBJISIFOTCS C IIPOMEXKYTKAMU BPEMEHU, & KarKJasi
BHYTPEHHSIS BEPIIUHA [MOHUMAETCS KaK TOYKA Pa3BETBJIEHUS IIPO-
1ecca, JIaiolas HeCKOJIbKO PAa3JINYHbIX CIIEHAPUEB JAJbHENIIEro ero
IPOTEKAHUS.

B macrostimieit pabore Ha BpeMeHHOH T'pad THIIA 3BE3bI pac-
IPOCTPAHSIETCST 3a/1ada 00 YCIOKOEHUU CHUCTEMBI YIPABJIEHUS C 3a-
ra3/ibIBaHuEM, B KOTODOI 3ala3/[bIBAHUE HE IIOCTOSIHHO, & sBJISeT-
csl IPOIIOPITMOHAIBLHBIM BpeMeHu ckatueM. Ha uaTEpBasie 3T0T Ci1y-
qaii 611 pacemorpen JI. E. Poccosekum B [6]. Pacemorpum cucremy
yIpaBJIeHus Ha BpeMeHHOM rpade-3Be3Jie:

Cy(t) == yi(t) + aryi (¢ 't) + biya(t) + caya () = wi(2),
0<t<Ty,

(1)

Liy(t) = yi(t) + az(q (¢ = (¢ = 1)T1)) + bjy;(t)+
+ejyi(g (t— (g — D)) = u;(t), t>0, j=2,m,

yj(t) = yl(t + Tl)) (qil - 1)T1 <t<0, j=2,m, (3)
y](o) = yl(TI)a J = 27m7 (4)
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y1(0) =y € R. (5)

e ¢ > 1, aj, bj, ¢; € Ruuj € Ly(0,7;), 7 = 1,m. B (1) mn
(2) j-oe ypaBmenme 3aJaHO Ha pebpe e; rpada-ssesapl I'y,. Coor-
HomeHust (3) O3HAYAIOT, YTO 3alla3/bIBAHUE DPACIPOCTPAHSIETCS Ue-
pe3 eJIMHCTBEHHY0 BHYTPeHHIOK Bepiuny rpada Iy, a yeaosus (4)
SBJIAIOTCS YCJIOBUSIMU HENPEPLIBHOCTU B 3TOi Bepmmne. Haganbaoe
COCTOsIHIE BCeil CHCTEMBI 3a/1aeTcsl yeaoBueM (5).

Baduxcupyem T; > (¢ — 1)Ty upu j = 2,m. TpebGyercst Bbl-
Gopom ympasienuit u;(t) npusectn cucremy (1)-(5) B cocrostmme
paBHoBecus. Jpyrumu cioBamu, HyKHO Haiitu wj(t) € Lo(0,T}),
7 = 1, m, obecrnieanBarorue

yi(t) =0, telg(Tj—(¢—DT). T3}, j=2Zm.  (6)

Beinosinenue yesosuii (6) rapanTUpyer mociieyolnee ClioKoiicTBue
cucreMsl 1pu u;(t) = 0 gt t > Tj u j = 2, m. Munumusupys Tpe-
Oyembie yeunust ||ugl|z,0,1;), 5 = 1,m, IPUXOIUM K BapHAIMOHHON
3a/1a4e

S ay [ (Cy(t))? dt — min (7)

upu ycaosusix (3)-(6), rae a; > 0 — dukcupoBaHHbIE Beca.

Jlst BBIGOpA BECOB (vj, j = 1,7, MOXKHO HCIOJIB30BATH BEPO-
SITHOCTHBIN 110AX0J [2]. A mMmenHO, nosioxkuTh a7 = 1, a B KadecTBe
Qj, j = 2,m, B39Tb BEPOSITHOCTH CIIEHAPUEB, 3a/[aBAEMBIX COOTBET-
CTBYIOIIUMHU ypaBHEHUsIME B (2).

B wactHOM ciydae m = 2 npu a; = ag, by = by, ¢ = co u
a1 = ay = 1 Bapuannonnas 3aja4a (3)—(7) S5KBUBaJEHTHA COOTBET-
crBylomieil 3ajade Ha uHTEpBaJe [6].

Oboznaunm 4epes B KpaeByio 3ajady s DyHKIMOHAILHO-
nuddepeHImaabHbIX YPAaBHEHUI BTOPOTO TOPSIKA

~ / ~
Ljy (t) :== — (fﬂ/ (t)) + abilyy (t) 4 oy (1) = 0, (8)
0<t<liy, j=1m,

upu yeaosusax (3)—(6) u yemoun tuna Kupxroda

m

hy (Ty) = Z (9)
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rie BeipazkeHusi £y (t) uMeoT BuL

Gy (t) o= azlyy (t) + gy (), j=T,m,

TOI'JIa KaK
qon 0,101y (qt), 0<t<q 'Ty,
bay(t)={ &
0> apbuiliy (gt —T0), ¢ T <t<T,
k=2
~ qo0yliy (gt + (¢ —1)T1), 0<t <l
gl’vjy (t) = J = 2>m7
07 l] <t< T’j,

upu v € {0,1}, Iy =T, lj:==q¢ " (T; — (¢q—1)T1), j=2,m, n

Onpeneaenue 1. Koprex

Ha30BeM 0000UWeHHbIM DeueHueMm kpaesoti 3adavwy B, ecau ij (t) €
W3 [0,15], 5 = 1, m, u Bemonusiiores coornomtenust (3)—(6), (8), (9).

Teopema 1. Kopmeosic y = [y1, .., Ym] € W ([y) Acasemea pewe-
ruem sapuayuonnots sadavu (3) — (7) mozda u moavko mozda, xKozda
O ABAAETNCA 0000UWEHHBIM Peweruem Kpaesot 3adaqu B.

Teopema 2. ITycmo |ai| # T u lag| + - - - + |am| > 0. Tozda xpa-
esas 3adava B umeem eduncmeennoe obobuienmoe pewenue y €
W4 (Ty). Kpome mozo, cywecmeyem C makoe, “mo lyllwyr,,) <

Clyol-
OrMmeTnM, 9T0 CIydail CUCTEMBI YIIPABJIEHUS 3a1a3/[bIBAIOIIErO
tuna (ap = - -+ = a,, = 0) pacemorpen B [7].

Pabora Beimosnena npu dunancopoii nojiepkke PH®, nmpoekT Ne 24-71-
10003.
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Y1paB/asgeMOCTb HEJIMHEWHBIX CUCTEM C
HepeMEHHON CTPYKTYPOM

. C. Makcumosa
Mocxsa, Poccutickuti ynusepcumem dpyoicbor 1Hapodos
umeny [lampuca JIymymoo
e-mail: irismax@yandex.ru

B nmannoit pabore ucciiegyeTcst yIIpaBiisieMOCTb COCTABHON CH-
CTEMOH CJIeYIONIe CTPYKTYPBI: Ha JABYX IIOCJIEI0BATEIbHBIX OTPE3-
Kax BPEMEHU JIBHXKeHue OObEeKTa OIHMCHIBACTCHA JBYMs HEJTMHEHHbI-
MU TPEYrOJbHBIMU CHCTEMaMM, KOTOpble IIyTeM 3aMeHbl IIepeMeH-
HBIX CBOJISITCS K JIMHEHHbIM cucTemMaM. CMeHa (DAa30BbIX MPOCTPAHCTB
OCYIIECTBJIACTCS C TIOMOIIBIO0 HEKOTOPOTO 33/IaHHOTO OTOOPAKEHMUS,
C HUM 2K€ CBsI3aHA W CTbIKOBKa TpaexkTopuii. [lojyuennsr mocrarod-
HbIE YCJIOBUS YIPABIAEMOCTH 00BEKTA, OIUCAHHOI'O 33/IAHHON CHCTe-
MOI1, U3 33/IaHHOI'0 HaYaJIbHOI'O MHOXKECTBa OJIHOI'O IIPOCTPAHCTBA B
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3aJ[aHHOE MHOXKECTBO JIPyroro mpocrpancTsa. [Ipeamoxen momaxom K
HaXO0XKJCHUIO TPACKTOPUH, PEAIM3YIONUX JTAHHOE JTBUKEHUE.

B pabore paccMoTpeHbl HeJIMHERHBIE CUCTEMBI TAK HA3BIBAEMO-
0 TPEyroJbLHOIO BUjia. BarkHoit 0COOEHHOCTHIO JAHHOTO KJ1acca CH-
CTeM SIBJISIETCSI TO, UTO IIPU OIPEJIEJIEHHON 3aMeHe MeEPEMEHHBIX OHU
0TOOPAXKAIOTCsT Ha, JIMHEHbBIE. Y IIPaBJIsIEMOCTh JIMTHEHHBIX CHCTEM XO-
POIIIO M3yYeHa, YTO MO3BOJIAET UCIIOJIb30BaTh PAa3JINYHble KPUTEPUU
JUI UX UCCJIeioBaHus. T peyrojibHble CUCTEMbI OIUCHIBAIOT Psijl hu-
3UYECKUX IPOIECCOB, TAKUX KAK OPUEHTAIMsS CIlyTHUKA Ha OpOHTE,
yIpaBjenue pobOTOM-MaHUIIYIATOPOM u Jip. Brepsble Kiracc Tpe-
YIOJIBHBIX cucTeM 6bl1 BBeJieH u paccmorper B. . Kopo6osbim [1].
Hanbneiinee pazputue npeioxkennbiit B. V1. KopoboBbiM moaxo/1 mmo-
Jayuami B paborax [2—5.

B nByx dazoseix nmpocrpancteax X = R” u Y = R™ nepemen-
HBIX T = (Z1,...,Zp) B Y = (Y1,...,Ym) JABUKEHHE YIPABISIEMOIO
00'beKTa OIUCHIBAETCST CJICYOIIMMEI HEJTUHEHHBIMEI CUCTEMAaMU JTi-
bepennmanbubix ypasaennit (1) u (2):

1 = fi(z1,z2),

To = fa(x1, 22, 23),

ETn—1 = fo—1(1,...,2n),
T = fo(T1,. .., Tn;u).

xeX, telo,T]

Y1 =g1(y1,y2)7

U2 = 92(y1, Y2, Y3),

ym,1 - gmfl(ylu cee 7ym)7

Um = Gm (Y15, Ym3 V).

yeY, telr,T].

MowmenTer Bpemenn 7 u 1 3amaHbl. B mpoctpancTtBe X 3a-
JIAHO HAYaJIbHOE MHOXKECTBO M M THIIEPILIOCKOCTH mepexoma | =
(z,¢). CTBIKOBKa TPACKTOPHIT OCYIIECTBISETCS ¢ OMOIIBIO 33/ IaHHO-
ro orobpaxkernst q: X — Y, y(7) = q(x(7)). Takzxke nocpecrsom
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9TOr0 OTOOPAXKEHUs PEAIN3YeTCs HEPEX0J] U3 OJHOrO IIPOCTPAHCTBA
B apyroe. B npocrpancTse Y 3a71aHO KOHEYHOE MHOXKeCTBO M.

YupaBisieMblil OOBEKT JBHKETCS 110 CJIELYIOMIEl CXeMe: Ha OT-
peske Bpemenn [0, 7] OOBEKT JBMKETCS U3 HAYAIBLHOIO MHOMKECTBA
My no perierusiv cucrembl (1), B MOMEHT BpeMeHU T OOBEKT TIOMa-
naer Ha [' u mpoucxoauT mepexo B MPOCTPAHCTBO Y IO, JIefCTBU-
em orobpaxkenust ¢: X — Y, q(z(7)) = y(7). lonydennas rouka
y(T) sABIISIETCS HAYAJIBHON JIsl JABUKEHUS OOBEKTA B IIPOCTPAHCTBE
Y. HanbHeiiee nBukenne Ha orpeske Bpemenu [7,7] o6bekT ocy-
IMIECTB/ISET U3 TOUYKH Y(7) HA MHOYXKECTBO M| 110 PEIeHnsIM CHCTEMBI
(2). ITpuvem y(7) ¢ M;(B IPOTHBHOM Ciiydae 3a/iada PEIeHa).

Sajiava 3aK/II0IaeTcsi B TOM, YTOObI HAMTH YCJIOBUSI, TIPU KOTO-
PBIX 0OBEKT, omuchiBaeMblil cucremamu (1) u (2), sBisiercsa ynpas-
nasteMbIM Ha [0, T n3 muoxkectBa M) nmpoctpancrsa X Ha MHOKECTBO
M, npoctpancTBa Y .

Onpepenienne. O6bexT, onuceiBaeMblii cucremamu (1) u (2), Hasbl-
Baercs ynpasasemoim us Mo 6 My 6], ecom na orpeskax [0, 7] u [1,T]
CYIECTBYIOT JIONYCTUMbIe yipasienust u(t) u v(t), 4T0 COOTBETCTBY-
IOIIUE VM DEIICHUs] CHCTEM YJOBJICTBOPSIIOT I'PAHMYHBIM YCIIOBUSAM
2(0) € Mo, z(7) € T'u y(7) = q(2(7)), y(T) € M.

YesioBust yupaBisieMoCTH 06beKTa, onncanHoro cucremamu (1)
u (2), MOKHO cHOPMYJIMPOBATH B BUJIE CJIEJIYTOIIEH TEOPEMBI.

Teopema. ITycmwv 6 cucmemax (1) u (2) dynruyuu fi(x1, ..., Ti41),
i=1,....n, u gr(y1,---,Yks1), k = 1,...,m, umerom nenpepois-
Hole wacmuvie npouseodnsie do (n — i+ 1)-eo u (m — k + 1)-20 no-
PAOKOB BKAIOWUMEALHO U NYCMD NPU BCET T, ..., Tntl U NPU 6CET

Y1y -5 Ym+1

% >a > 07 % > b> 07

041 OYk11

ede a u b — nocmosnnvie, He 3ABUCAUSUE OM Ti,...,Tptl U OM
Yly -y Ymp1 coomeememeenio. H nycmo 6binoanens. Yycrosus cmol-
koeku mpaexmoputi y(17) = q(x(7)). Toeda obsexm, onucanmvili cu-
cmemamu (1) u (2), Aaaemea YnpasAAEMbIM U3 HAUAALHOZ0 MHO-
orcecmea My npocmpancmea X na xonewnoe muoorcecmeo My npo-
cmparemea Y .
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[TocTpoenne MeTo0B cTaOMIN3AINN JIJIT CUCTEM YIIPABJICHUS,
B KOTODBIX yIIPaBJICHUil MeHbIIle, YeM cTereHeil cBobosr |1, 2]:

D(q)i+C(q,9)¢+G(q) = F(q)u, qecR", wecR™, m<n,
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OCTaeTCsl aKTyaJbHON MPOOJIEMO B CBA3U C IIPUJIO2KEHUSAMU B POOO-
rTorexHuke. Mbl paccMaTpuBaeM 3a/1ady CTabUIU3AIMN ¢ KBaIPATU -
HBIM KPUTEPUEM KadeCTBa, 3aBUCAIIMM OT & = (¢, (), U CKAJISIPHBIM
YIPABJICHUEM U M3 OTPE3Ka, COJEPIKAIIErO HOJIb.

FaMuJIBTOHUAH NPUHIMIA MAKCHUMyMa [IOHTpsirMHA sIBJISIETCSI
addunnbiM 110 yupasienuto: H (¢, x,u) = Ho(y, x) +uH; (), z). ITo-
9TOMY 3ajada MOXKeT MMeThb ocobwie skcrpemasu (¢ (t),z(t)), Takue
aro Hi(1(t), z(t)) = 0 na sHekoropoM mHTEpBaJse BpeMeHu. ['oBopsr,
9TO 0c0obast SKCTPEMAJb UMEET CYUeCmEenHbill [-it TIOPSIIOK, €CIIn CO-
OTHOIIIECHW ST

di d21
%%Hl(lb,x)zo, i=1,...,2l -1, %WHl(lb,x)#O,
CripaBeINBBL I BeeX (1), x) B HEKOTOPOH okpecmuocmu 0coboil
TpaekTopuu. EC/n COOTHOIIEHNS BBIIOJIHAIOTCS TOJBKO B TOYKAX Ca-
MO 0CO0OI TPAEKTOPHUH, TOBOPAT, ITO 0C00ast IKCTPEMAJIH UMEET J0-
Kaavhoul |- TIOPSIOK.

QystepoM OB IOCTPOEH IIPUMED, TJie Heocobast IKCTPEeMaJb,
BBIXO/ISINAas Ha 0COOYIO BTOPOIO IMOPsJIKA, JIOJ2KHA UMETH OECKOHEY-
HOE YHUCJIO Pa3PbIBOB yIPABJICHUS HA KOHEYHOM MHTEPBAJIE BPEMEHHU.
Takoe ympapjeHue noJiydausao HaszBaHue yemmepurea. Kcaum ocobast
9KCTPEMAJIb UMEET CYULLCTNEEHHDIT BTOPOI TIOPSIJIOK U YIOBJIETBOPSI-
eT ctporomy ycoBuio Kesnm

o d*
9 %Hl(¢(t)>x(t)) <0,

TO JTI0Dasi Heocobasi IKCTPEMaJIb, BBIXOJAIIAS Ha OCODYIO, TOJIZKHA
OBITH YETTEPUHI-IKCTPeMabio. e ocobast skcTpeMasb UMeeT A0-
KaABHBLI BTOPOR MOPSIIIOK, TO CYIIECTBOBaAHUE YeTTEPUHI-IKCTPEMA-
Jeil Tpebyer JonoJHNTEeIbHBIX yesouii [3, 4]. B 3amauax crabuimsa-
U 9TU TEOPEMBI MOT'YT OBITH HelpuMeHuMbl. HaMu mostydenst yciio-
BHSI CYIIIECTBOBAHUS YETTEPUHT-IKCTPEMAJIEN B 3a/1a4e CTAOUIN3AIINN
JUIsl HeJIMHEeHHbIX cucreM adbUHHBIX 110 yupasiaeHuto |5, 6].

Teopema. IIycmw (z,w,v) € R¥™N v w = (wy,...,wg) € R
cucmema Koopdunam maxas, wmo (z,w,vg) = (0,0,v9) — mouxa
Ha 0coboti IKCMPEMary, 6Mopo2o NOPAIKG U 2aMUNDTNOHOGA CUCTIEMA,
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npuryuna MaxCuMYyma HOHmpﬂZUHa sanucvieaemcs 6 sude

21 = 29 + fi(z,w,v,u), Wi = wio + hi1(z,w, v, u),

2o = 23+ fo(z,w,v,u), Wig = wig + hie(z,w, v, u),

Z3 = z4 + f3(z,w,v,u), Wiz = Wig + hiz(z,w, v, u), 1)

z24 = a(z,w,v) + Bz, w,v)u Wi = vi(z,w,v) + vi(z,w,v)u

+ fa(z,w,v,u), + hig(z, w,v,u),

u = sgn z1, 0= F(z,w,v,u),
20e a(0,0,v9) =0 u B(0,0,v9) = —1; v;(0,0,v9) = 0 uw 14(0,0,v9) =
-1 (i=1,...,K). IIycmo f; u h;j ydosaemesoparom coommoweruim
MAAOCTIU

fj(g)\(z)vg)\(wl)¢ s )g)\(wK)v’U)u) = O()‘5_j)>
hij(gk(z)ug)\(wl)7 cee 7g>\(wK)7U7u) = O(A5_j)7

a pynkyuu o, 1+ B, v u 1 + v; ydosaemsopaom coommouweHuAMm
MANOCTIVY

a(g)\(z),g)\(wl), ,g)\(QUK),’U) = O()‘)a
L+ B(gr(2), ga(wr), - .., gr(wk ), v) = O(A),
Yi(ga(2), gr(w1), - - -, ga(wi), v) = O(N),
1+Vi(g)\(z)7g)\(wl)> ,g)\(QUK),’U) :O()‘)a

npu A — 0, ade
ga(z) = ()\4,21, A329, A2 23, Azy), A>0

— deticmeue epynno. Pyasepa. Tozda cywecmeyem 06ymepHas Uh-
Me2PANLHAA NOGEPTHOCTNG, COCTNOAWASA U3 YEMMEPUH2-IKCTIDEMA-
seti, komopuie docmuzarom (z,w,vy) = (0,0,vg) 3a KoHneunoe pema.

Unest mokasaTenbcTBa cocTOUT B ciemyiomeM. CHadama pac-
cMaTpuBaeTcs HeBo3MylleHHas cucrema: f; = 0 u h;; = 0. B sTtom
CIIyvae YpaBHEHUs TI0 2 COBIAIAIOT C TAMUJIBTOHOBOM CHCTEMOIT 3a,1a~
qu Qysuiepa (¢ TOYHOCTBIO JI0 TIepe0bO3HAUEHUST TIEPEMEHHBIX ). Keju
Ha4daJIbHbI€ YCJIOBUA 110 £ 1 W OJAMHAKOBBI, TO OJJUMHAKOBBI 1 COOTBET-
crBytorue pemenust z(t) u w(t). CuenoBarenbHO, JJIs HEBO3MYIIIEH-
HOI CHCTEMBI YPaBHEHUH CYIIECTBYET By MepHas MOBEPXHOCTE, KOTO-
past COCTOUT U3 deTTepuHr-rpaekropuii (2(t), w(t)), uaynmx B Hava-
Jio KoopauHaT. Jlagee HEOOXOAUMO MMOKA3aTh, YTO JIJI BO3MYIIEHHOM
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cucreMmbl (1) 9Ta IByMepHasi HHTErpaJIbHAST TIOBEPXHOCTD COXPAHSIET-
cs1. JImst aToro BBoAuTCA oTOOparkenue IlyaHkape moBEpXHOCTH Iepe-
KJIIOYEHUsI U UINETCS MHBAPUAHTHAS KpUBasi 3Toro orobpazkenus. Oc-
HOBHAs TPYJHOCTH COCTOUT B TOM, YTO KPHUBAs IIEPEKJIIOYEHUS IPO-
xoauT 4epe3 TouKy (z,w) = (0,0), B OKpecTHOCTH KOTOPOii 0TOOpa-
xkenne Ilyankape me siBisiercss riajkuM. [losTomy n0Ka3aTebCTBO
CyIIleCTBOBaHUS MHBAPUAHTHON KPHBOI MCIIOJIB3yeT TEXHUKY pa3pe-
IIEHUST OCOOEHHOCTH.

Teopema npowJLUIIOCTPUPOBAHA HA, IIPUMEPE CTAOUI3AIUHU C 00-
PaTHON CBS3BIO J|isl CUCTeMbI map u 6aska [5, 6]. Bo mHorux patorax
map MOJIEJUPYIOT KaK TOYEUHYIO MACCy, JTMOO UCIOJB3YIOT JIPYyrue
IIPEJIIIOJIOXKEHUSI, CBA3aHHBIE C MapOM, KOTOpbIe He UMEIOT usmte-
ckoro obocuosanusi (cM. 0630p [2]). Hamu pacemorpen obimuii ciry-
4Jafl, Koryia OaJika 3aKpelieHa B CepeJIMHE, a Iap MOXKET KATUTLCS
BIOJIb OaIKu 6€3 MPOCKAIb3bIBAHUSI.

1. Liu Y., Yu H. A Survey of Underactuated Mechanical Systems // IET
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Hucnennoe nocTpoeHne CTaOMIbHBIX MOCTOB 1
ONTUMAJIBHBIX TPAEKTOPUl B JINHEITHBIX
anddepeHInAITbHBIX UTPaX ¢ MHOTOMEPHBIM
¢$da30BbIM BEKTOPOM

A. B. Muxaiiyion
Examepunbype, UMM YpO PAH

e-mail: tigr-mav@yandex.ru

Paccmarpusaercs ciejyronas nuddepenipanbaas urpa [1]:

z=A(t)z+ Bt)u+C(t)v, te]ty,T], z€R",
u€ePCRP, ve@ CRY, (1)
2(T) € M + MSpace™.

Marpuier A(-), B(-), C(-) B npaBoil 9acTH JIUHAMUKHI HEIPEPBIBHO
3aBUCST OT BpeMeHH. YIPaBJEHHUsl U [EePBOrO MIPOKA U U BTOPOTO
UTPOKA CTECHEHBI BBINYKJIBIMU KOMIAKTaMu P u () cooTBeTCTBEH-
HO B CBOUX IIPOCTPAHCTBAX. 3ajada MEPBOrO0 MI'POKA — IPUBECTU
cucreMy B 3a(bUKCUPOBAHHBIN TepMUHAJIBbHBIA MOMeHT T  Ha 3aJiaH-
HOEe TEPMUHAJIbHOE MHOYKECTBO; BTOPOH MI'POK MPENSATCTBYET ITOMY.
TepMUHATIBHOE MHOXKECTBO SIBJISIETCS IUJINHIPUIECKUM C BBIILYKJIBIM
KOMIIAKTHBIM OCHOBaHUeM M, DACIOIOKEHHBIM B JIMHEHHOM TIO/IIIPO-
crparcTBe MSpace HEKOTOPBIX BBLIEJIEHHBIX d KOOpAWHAT, d < 1.

IIpumennm 3ameny nepemennsix x(t) = Xjo  q(T,t)z(t), xo-
Topast oupenensercs Marpuieit X o (T, t)z(t), cocraBrennoii u3
d crpok dyHIaMeHTAJLHONW MaTpuilbl Komiu, CcOoOTBETCTBYIOIIIX
d BBIIEJIEHHBIM KOODJMHATAM. B pesysibrare 1moJydaeM S5KBUBAJIECHT-
HYIO UI'DY:

& =Dt)u+ E(t)v, tE€lty,T], z€RY,

D(t) = X1,2,...,d(T7 t)B(t ’ E(t) = Xl,?,...,d(T7t)C(t)a (2)
uePCRP, ve @ CRY,

z(T) e M.

Ipubmmxkenne W (t;) ceaennsg W (t;) B MOMeHT ¢; MaKCHMAaJIb-
HOro crabuibHoro Mocta [1] W st urpst (2) Moxker 6bITH HOCTPOE-
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HO [2] ¢ OMOIIBIO TPOIE/ Y P

to<ti<to<..<tyn=T, Wi(ty)=M,

— — 3

W(t;) = (W(ti+1) + (—Ai)D(ti)P) = NE()Q. ®)
e A; = ;41 —t; — -1 mar pazéuenus o Bpemenn. CUMBOIOM «+»
obosHaueHa asrebpamdeckasi cymma (cymma MUHKOBCKOIO), a CHM-
BOJIOM «*» — rPeoMeTpudecKasi PasHoCThb (pasHOCTh MHUHKOBCKOTO).
MowmenTsl Bpemenu t; 6epyTcst M3 HEKOTOPOi BpeMeHHOi ceTKu (pas-
HOMEpPHOIT MJIN HEepaBHOMEpHOiT) B mHTEpBaJe [to, 1.

[Ipu aucaeHHON peaJM3aIiuu 3TOH MPOIEIyPhl BCe MHOXKECTBA
MIOJIMEHATOTCSI CBOMMHU BBIITYKJIBIME MHOTOI'PAHHBIMHU AIIPOKCAMAIIU-
avmu: M~ M, Py ~ P = (=A;)D(t;)P, Qi ~ Q; = AE(t)Q. B
pesy/bTaTe MoJIydaeM MPOIELyPY

Wy =M, Wi:(WiJrl-i-Pi)iQi,’i:N—l,...,O,

rie Wy, P;, Q;, M — Bomykisle mpororpasanku B R, Jlns pas-
paboTKN KOMIIBIOTEPHON IIPOTrPaMMBbI, BOILIOMIAIONIEN JAHHYIO IIPO-
ey PY, HEOOXO/IMMO PEAIM30BAThH OIEPAIUU [TOCTPOEHUS BbIITYKJION
000JIOUKH POsi TOUEK, CyMMbBI U Pa3HOCTH MUHKOBCKOIO JIBYX BBIITYK-
JIBIX MHOT'OI'DAHHUKOB.

JLJ1sl TOCTPOECHUS ONITUMAJIBHBIX TPACKTOPHUH HEOOXOIUMO CTPO-
UTh YIPaBJeHus SKeTpeMasbHoro capura [1]. st sToro Hajo ymersb
BBIYHUCIISITH BEKTOP IKCTPEMATBLHOTO CABUTA HA COILYTCTBYIONTYIO TOY-
Ky Ha& CEYEeHUU MAKCHUMAJILHOIO CTabUJILHOIO MOCTA, KOTOPas SBJIs-
€TCsl TOUKOI MOcTa, OJimKaiiineil K TeKyIeMy OJIOXKEHUIO CUCTEMBbI.
To ectb HEOOXOMMMA ITPOTIE LY PA HAXOXKIEHUS TOYKU MHOTOIPDAHHUKA,
OJimzKaiiiieil K 3aJlaHHOi TOYKe.

Bce ykazannbie reomeTpuiecKue mporie/lypbl ObLIN PeaaTn30Ba-
HBI aBTOpPOM. B JI0KJIaJie miaHupyercss KpaTKo OOCYIUTh HJIEU, CBSI-
3aHHBIC C TUMHU IIPOIEIyPAMU U UX KOMIILIOTEPHBIMU PeaN3aIUIMU.
Tax>ke OyayT TpeicTaBIeHbl PE3Y/IbTAThl BBIYUCICHUN paspaboTan-
HBIX KOMITBIOTEPHBIX ITPOTPAMM.

1. Kpacoscxuti H.H., Cy66omun A.H. Tlosunmonnsie muddepeHnmainb-
uoele urpol. Mocksa: Hayka, 1974.

2. IHonwmpazun JI.C. O nuneiinbix aud depenimanbubix urpax, 2 // Joxi.
AH CCCP. 1967. T. 175, Ne 4. C. 764-766.
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ITommka ybGeraromiero B 3ajiade mpecjieI0BaHUs
BTOPOT'0O MOPSIJIKa BO BPEMEHHbBIX IKAaJIaX

E. C. Moxerosa
Hoicesck, Yomypmerui 20cydapcmeenvili ynusepcumenm
e-mail: mozhegovalena@yandex.ru

Omnpenenenne 1. Henycroe 3amkuyToe nogmuozkectso T C R Ta-

KO€, 9TO Supt = +00, Ha3bIBACTCA 6PEMEHHOT UKANOT.
teT

[TIycts T — BpeMennas ImrkaJa.

Omnpenenenne 2. Oynxuus f: T — R massBaerca A-dudpepen-
yupyemoti 6 mouke t € T, ecaim cymecTByer Taxkoe uucio vy € R, uro
st Jiroboro € > 0 cymtecTByeT okpecTHOCTH W Toukm t Takasi, 9TO
HEPaBEHCTBO

[f(a(t) = f(s) =~(o(t) = s)[ <elo(t) — s,

rie o(t) = inf{s € T | s > t}, cupasejympo st Beex s € TN
W. Yucno ~ mazweiBaercs A-npousdsodnoti gynrxyuu f 6 mouke t u
oboznagaerca f2(t) = .

Ilycrs E C T. O6osnaunm R(E) = {t € E | o(t) > t}.

Onpenenenne 3. Muoxkecrso Ef C T mazsiBaerca A-usmepumoim,
ecm muoxkectso E = E U |J (¢,0(t)) usmepumo o JleGery.
teR(E)

Omnpenenenne 4. Oynkims f: T — R maszpiBaercs A-usmepumoti
Ha A-uzmepumom MHOXKecTBe F, eciim dpyHKIwms: f Buja

s ) f(t), teE,
ft)= {f(tl)a t € (t;,0(t;)), t; € R(E)

U3MepuMa Ha MHOXKecTBe F.
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Omnpenenenne 5. Oyuknus f: E — R! mazwBaerca A-unmezpu-
pyemot Ha A-uamepumom MHoxkectse E = [a,b) NT, a,b € T, ecim

dyuknus f uarerpupyema 1o Jlebery na muoxkecrse E. Onpejeaum

f(s)As, momaras

/E f(s5)s = / " f(s)as = /E Fdu = /a” Fau.

Bosiee monpobuast mndopmaliys 0 TEOPUU BPEMEHHBIX ITKAJ
MoxkeT ObITh Haifijgena B [1, 2, 3, 4].

O603HAYMM MHOXKECTBO abCOIIOTHO HEIIPEPBIBHBIX (DyHKIHIT [2]
Ha [a,b] N'T gepes AC([a, b]T,R).

Onpepenenne 6. Oynknus © € AC([ty, T'|r, R) nasviBaercs pewe-
Huem 3adavu Kowu

2B = F(1),  x(t) =x0, xP(to) = a1, (1)

ec/IM BBINOJIHEeHbl yenoBust: 2(t) — A-nuddepennupyema A-1.B. Ha
[to,T]']T, B € Lr]lr([to,T]']r,R), ZC(to) = xg, .I'A(to) =xI1 1 (ZCA)A(t) =
f(t) A-u.B. Ha [tg, T]r.

Teopema 1. /Jlas aobozo f € LL([to, T)r,R) pewenue sadauu Ko-
wu (1) cywecmeyem, eduncmeenno u moocem Gwmyd Halideno 1o

Ppopmy.se

x(t) =zo+z1 - K(t) + / (K(t) — K(o(7)))f(T)AT,

[to.t)T

ede K(t) = f[toﬂf)ﬂr AT, t € [to, T.

[Iycrs 3amana nekoTopast BpeMennas mkaja T, tg € T.

B npocrpancrse R¥(k > 2) paccmarpusaercs mudbdepemiu-
anbHas urpa ['(n, 1) n npecienosareneii Py, ..., P, u ogHoro y6era-
fortero F, KOTopast OIUCBIBAETCA CHCTEMOR BHIA

B =uwi—v, z(te) =2, 2 () =2

rie z, 20,20 € RFE, ujo € V.={v e RF : |u| <1}, i€l =

177

{1,...,n}.
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O6oznaunm 20 = {207 € I} — BexTOp HAMANBHLIX TO3MIIHIL,
2t = {z},i € I} — Bekrop mavambubIx ckopocreit. Cunraem, 4TO
20 # 0 nois Beex i € 1.

A-m3mepumyto dyukmaio v: T — RF mazosem donycmumot,
ecim v(t) € V st Beex t € T, t = to. IIpedvicmopueti vy(-) dyHnxmn
v B MoMmeHT ¢t € T Oyem HasbiBaTh cykenue dynknuum v Ha [to, t]NT.

20
iy M) =
sup{A > 0| — Az € V — v}. Yepes Int X, co X obosmatmmM coorseT-
CTBEHHO BHYTPEHHOCTH ¥ BBIIYKJIYIO 060J0UKY MHOXKecTBa X C RF.

Brejiem caiejtytomue obosnavenus: & (t) = 21 +

ITpeanomnoxkxenue. Cnpasedauco caedyrouiee HEPABEHCNEO

. (o(t) —t;)°

t—o00 KQ(t)
teT jeJry,t

<1,

2de R := {t eT: :t< U(t)} = {tj}jej, Jto,t = {j e J : tj €
[to,t)ﬂTﬁR}.

Jlemma 1. Ilycmov ewnoaneno Ilpednosooicenue u exaovenue 0 €
Intco {z%, ooy 2EY. Tozda cywecmeyem momenm epemenu T € T ma-
Kol, wmo das 060t donycmumol dynruuu v(-) Hatidemes Homep
l €1, dan womopozo

1 T
K(T) /t (K(T) = K(0(s)))A (&(T), v(s)) As > 1.

Onpenenenune 7. Ilycrb ﬁi(to) = {ul [to,+o0) N T — V, u; —
A-wsmepumasn yuxmus}, V(tg) = {v: [to,400) N T — V, v —
A—m3mepumast dynkuus f. Orobpazenne U;: V (to) — Us(to) masbi-
BaeTCst Heynpestcoarowel cmpamezued peciaeaosaress Py, ecou jist
Jiioboro MomenTa Bpemenu t > tg,t € T, u 1y JI0OBIX yIIpaBJICHUI
vi,v2 € V(tg), Takux, uro vi(71) = vo(7) mw.B. st 7 € [to,t] N'T,
BoiostHsteTcst, 9ro U (v1(s)) = U;(ve(s)) w.B. st s € [to,t] NT.

Oupenenenne 8. B urpe I'(n, 1) npoucxonur r-kpamnas noumka
wm  noumka (B caydae 7 = 1) xomasa 6w, 00nozo ybezarouiezo, ecan
cymecrsytor Moment Ty = Ty(2") > to, Ty € T, u meynpesxparonme
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crparernu Uy, ...,U, tpecienopareneit Pi,..., P, Takue, 4To s
noboit gomycrumoii dyukuuun v(-), v(t) € V, t € [to,To] N'T, naii-

JIyTCSt MOMEHTHI T1, ..., T, € [to, Tp] ()T u momapHo pasaumdHble HOME-
pa s1,...,8 € I, nyis KOTOPBIX BBIIOJHEHbI pasencTsa zg, (7;) = 0,
jg=1...,nr

Teopema 2. IITycmv svinoaneno Ilpednososicerue u exarouenue 0 €
N Intco {2}, s € A}. Toeda 6 uepe T'(n,1) npouczodum r-

AeQr(n—r+1)
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O paspemumocTu 337241 IPECICIOBAHNUS IS
KOHTPOJIBHOI'O IIpUMepa HeNTPAJIbHOIO THUIIA B

rMJIbOEPTOBOM IIPOCTPAHCTBE

E. M. MyxcuHos
Xyoorcand, Tadocuxcruti 2ocydapemeentbiil YHUBEPCUMEM NPABa,
busHeca U NOAUMUKY,
e-mail: yodgor.mukhsinov@gmail.com

B.P. Hazapos
Xydotcand, I'OY «XT'Y umenu axademura b. Tagyposas
e-mail: nazarovbachtovar@gmail.com

B runsbeproBom npocrpanctBe E uccrenyercs pa3pemmMocThb
sasiaun npeciegoBanus [1, ¢. 309; 2, ¢. 67| Jyist KOHTPOJIBHOIO TIPUME-
pa HEHTPAJbHOI'O THIIA, KOTJA JMHAMUKA IIPECJIEYIONEro o0bLeKTa
OIIMCHIBAETCH YPABHEHUEM BTOPOIO MOPsi/IKA

i = ki (t—h) — ai + 7, (1)

rne x =z (t) € E, w="1a(t), |u(t)] < c — ynpasienus mpecie-
naytoriero oobwekta, k > 0, h > 0, a > 0, a nunamuka yberaroriero
00bEKTa OMUCHIBAETCS yPABHEHUEM BTOPOTO TOPSIIKA

§=kij(t—h)—pBy+v, (2)

rey=y(t)eE,v1=1(t), |[v(t)|| <d— yupasienus yberarorero
obbekTa, 8 > 0. [Ipu sTom urpa cuuraercs 3aKOHUYEHHON, €CJIA [IPU
HexkoTopoM 1" > () mMeeT MecTO paBEHCTBO

z(T) =y(T). 3)

[Monoxkus 21 = © — ¥y, 29 = &, 23 = Y, napy ypasuenuii (1) u
(2) sanuiieM B BHJIE CUCTEMBI

21 = 29 — 23,

22:k'22(t_h)_a22+ﬁ7
Z3=Fk-Z23(t —h) — Bz3+ 7,
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nJIn B BUJIE

2=DBi(t—h)+Az(t) —u+w, (4)
rie
21 0 0 O 0o 1 -1
z=| 2|, B=| 0 k 0|, A= 0 —a O ,
Z3 0 0 k 0 0 _/B
0 0
uv=|—-uw |, v=| 0 |,
0 v
a TEPMUHAJIBLHOE MHOXKECTBO, IJIe 3aKAHYUUBACTCS UIPa, MMEET BH]
(em. (3)):
z1
M=<z=| 2 : 21 =0.
Z3

Jlemma. Jlasa cucmemos (4) dyndamernmanvroe pewernue P(t), das
komopozo ® (t) = B® (t — h)+ AP (t), ® (0) = I (I — moorcdecmsen-
noiti onepamop), ®(t) =0 npu t < 0, umeem 6ud

1 1—e—ot _ 1—e— Pt
a B
Pt)=10 e 0 npu 0 <t < h,
0 0 e~ Pt
® (1) =
T = P P R S Sl )
=1 0 e~ + p1(t,a) 0

0 0 e P+ pi(t, B)

npunh <t<(n+1)h,n=1,2,3,..., ade

_ NS il —a(t—in) (t— ih)’
wg(t,a)—g)g(t,k,a,n,h)—g( a) ke o

(t —mh)’

¥1 (t,Oé) ©1 (t k,a,n, h Z km —a(t—mh) 5



Teopema. Ilycmv 6vinosHeNDL YCAOBUSA:

1. Yucaa o, B, c,d, k maxoswv, wmo npu ecex t > 0

1— e 1— efa(tfh)

T@)Z[ —k - +¢2@a)]&—

(07

1—e Pt k:l — e Plt=h)
B B

2. Ilpu nexomopom T > 0 umeem mecmo exat0ueHue

201 + ¥ (T, o, k) 202 — ¥ (T, B,k) 203 € Sp(r),

+ 2 (t,ﬁ)] d>0.

20e (th)
1—e @ k(1—e o~
Y(t, o, k) = _k( ) + pa(t, a)—
«o «
_ ,—a(t—h) _ —a(t—2h)
—k<1 e _k:(l e )—i-(pg(t—h,oz)),

(@ o

Spry — wap paduyca p(T) = [r(T — s)ds ¢ yenmpom 6 mouxe 0.

SEage

201
Tozda 6 uepe (4) u3 HAUAALHO20 NOAOHCENUA Z) = 202 603-
203
MOHCHO NPECAeIOGANUA C ONMUMANOHBIM EPEMEHEM

To =min{T: |zo1 + ¥ (T, 0, k) z00 — ¥ (T, B, k) z03| = p(T)} .
Bameuganue 1. Eciu BblosHEHO XOTs1 OBl OJIHO U3 JBYX YCJIOBHIA

Longmc>¢g>%

2. nh<T<(n+1h,n=123,...,a=03,¢c>d,
To r(T") > 0.
3ameuyanue 2. Han:R”,n22,k:0,c>d,§>%I/I3
JIOKA3aHHOM TeopeMbl ciejyer Kiaccudeckuit pesysbrar JI. C. [Tonr-
psiruma 1, c. 327
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1.  Houwmpseun JI.C. Jluneiinoie nuddepennmaibabie UTPHI IPECIeI0Ba-
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2. Myzcunos E.M. O 3amade upecienoBanust Jjisl KBa3UJIUHEHHON 1ud-
dbepennmasbroit urpel Hefirpasbuoro Tuna // Huddepenimanbabie
ypaBHeHus u npormecchl yupasiaerus. 2022. Ne 2. C.66-82.

O Pa3peImInmMoOCT 3aJda9M1 IIpecjgaead0oBaHnd JJId
KOHTPOJIBHOI'O IIpuMepa 3alla3dblIBaloIero

TUNAa B T'MJIbOEPTOBOM IIPOCTPAHCTBE

E. M. MyxcuHoB
2. Xydorcand, Pecnybauxa Tadrcurxucman, Tadocurcrud
20CY0apPCMEEHHLIT YHUBEPCUMEM, NPAGA, OUSHECA U NOAUMUKU
e-mail: yodgor.mukhsinov@gmail.com

P. 1. XakumoB
2. Xydoicand, Pecnybauxa Tadrncurxucman, Xydocandcrkud
2ocydapcmeennoil yrusepcumem umeny akademura B. Tagyposa
e-mail: rahmatjon@gmail.com

B runnbeproBom npocrpanctBe E uccrieayerca pa3pemmnmMocThb
sasiaun npecsegoanus |1, ¢.309; 2, ¢.329| s KOHTPOJILHOTO IPHU-
Mepa 3ama3/IbIBAIOIIETO TUIIA, KOIJa JUHAMUKA ITPECICIYIONIEro 00b-
€KTa, OIMCHIBAETCS YPaBHEHHEM BTOPOI'O ITOPSIKA

i+ o — kib(t — h) = 1, (1)

ez = x(t) € E, u=u(t), ||u(t)|| < c— ynpasrenns npeciemyrore-
ro oobekTa, k > 0, h > 0, a > 0, a quHAMHUKa yOeraroIero oobLeKTa
OIIMCBbIBAaCTCs YpaBHEHUEM BTOPOTI'O IMOPAJIKA

§+ By — ky(t—h) =0, (2)
e y = y(t) € E, v =10(t), [|[v(t)|| < d — yupasienus: y6erarorero

obbekra, 8 > 0. IIpu 3TOM HMrpa cunuTaeTCs 3aKOHYEHHON, €CJIM IIPU
HekoTopoM 1’ > 0 mMeeT MEeCTO paBEHCTBO

2(T) = y(T). 3)
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[Monoxkue 21 = x — Yy, 29 = &, z3 = Y, napy ypasHenuii (1) u
(2) sanumem B BHJIE

21 = 29 — 23,

Z9 = —Qz9 + ké’g(t — h) + u,
Z3 = —[fz3 + ké’g(t — h) + v,
WU B BUJIE
Z2=DBz(t—h)+ Az(t) —u+w, (4)
rie
21 0 00 0o 1 -1
z=|2]|,B=10 kK 0], A=(0 —a 0 ],
23 0 0 k 0o 0 -
0 0
u = —U 5 V= 0 )
0 v

a TepMHUHAJILHOE MHOXKECTBO, IJIe 3aKaHYMBAETCs HUIPa, UMEET BHUJI
(em. (3)):
21
M=<Sz=[2]:21=0
Z3

Jlemma. Jlas dugdepernyuanrvrozo ypasnernua (4) dyrndamenmans-
noe pewenue P (t), daa xomopoeo ®(t) = B®(t—h)+AD(t), P(0) =1
(I — moorcdecmsennviii onepamop), ®(t) =0 npu t < 0, umeem sud

1 —e ot 1—e Bt
O(t) = 0 eﬁ)‘at Oﬂ npu 0 <t < h,
0 0 e Pt
1 _ ,—at 1— — [t
1 T€+¢2(t7k7a7n) _T€_¢2(t7k757n)
SO =10 e ot 4otk a,n) 0
0 0 eiﬁt +§01(t7 kaﬁan)
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npunh <t<(n+1)h, n=1,23,..., 2de

_ - m _—a(t—mh (t - mh)m
gpl(t,kz,a,n)—mzzk e~ )-T,
n K\ 1 _efa(tfmh)
oot kya,n) => <a> <T — e U (¢ —mh) ).
m=1

Teopema. Ilycmo:
1. Yucna a, B, ¢, d u k maxosw, wmo npu ecex t > 0

1—e Pt
B

2. Ilpu nexomopom T' > 0 umeem mecmo exAONEHUE

T(t) = |:1_T€at + (702(1;7 k,Oé77’L):| c— |: + SOQ(t, k,ﬁ,n)]d > 0.

0
7®(T)zo +/ 7®(T — s — h)Bzods € S,7),
—h

2dem: E X EXE — E — onepamop opmozonasbHo20 npoexmupo-
sanua; S,y — wap paduyca p(T) = fOTr(T — s)ds ¢ yewmpom 6
mouxe 0.
201
Toz0a 6 uepe (4) u3 106020 HAUAALHO20 NOAOICEHUA 29 = | 202
203
BO3MOICHO 3AGEPULEHUE MPECACIOCAHUS C ONMUMANOHDIM BPEMEHEM

0
7®(T)zo + / 7®(T — s — h)Bzyds
“h

TO:min{T: :p(T)}.

3ameuanue 1. MoxKXHO 1MoKa3aThb, 9TO

_ ,—at

T®(T)z0 = 201 + [Te + @a(t, k, a,n)] 202—
1—e Pt
- |:T + ¢2(t7k7/37n):| 203,
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1— efa(Tfsfh)

7®(T—s—h)Bzy = [ + po(T — s — h, k, a,n)] kzgo—

[0
1— e—ﬁ(T—S—h)
p

3ameuanue 2. Eciau BoimoHeHo XoTs Obl OJHO W3 JIBYX YCJIOBUI
1.0§T§h,c>dn§>%;
22.nh<T<(n+1)h n=123,...,a=puc>d,
To r(T") > 0.
3ameuanne 3. HpHE:R",nZQ,k:0,6>dH§>%H3
JIOKA3aHHOM TeopeMbl cjeayeT Kiaccudeckuii pesysbrar JI. C. [lont-
psirusa |1, c. 327].

+ 802(T — 5= h> kaﬁan)] k‘Z()g.
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2. Myxcunos E.M. K 3amade mpecieoBanus B KBa3WINHEHHBIX M-
depennuanpubix uUrpax 3anasueiBatomiero tuna // Becrauk Cankr-
[Terepbyprckoro yausepcurera. Cepust 10. [lpukiagaast MmareMaTuka.
Nudopmaruka. [Iporecesr ynpasmenus. 2022. T. 18, som. 3. C. 328—
336.

MexaHu3Mbl CTUMYJINPOBAHUS KOONEPaIli B
KOHEYHO TTOBTOPSIOIIeica AujaeMMe
3aKJIFOUEHHOT'O

E. M. Ilapusinuaa, A. M. Ilucapesa

Canxm-Ilemepoype, Canxkm-Ilemepbypecrudi 2ocydapcmeernoili
YHUBEPCUMEM
e-mail: e.parilina@spbu.ru, st055836@student.spbu.ru

. 3akkyp
Momnpeans, Buicuwas wrona xommepyuu Monpeans

e-mail: georges.zaccour@gerad.ca
PaccmorpuMm urpy amaemMma 3aKJIIOMEHHOTO JIBYX JIUIL, TIOBTO-
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pstforytocst 1T’ pa3 ¢ BBINTPHIINIAMA Ha KaXKJIOM IIare:

C N
C | (a,a) | (¢,b)
N | (b,e) | (d,d)

rie geiictBus C u N 0603HAYAIOT CTPATErUU «COTPY/IHAYATbY U «HE
COTPYJIHUYATH» COOTBETCTBEHHO, b > a > d > cu 2a > c+b. Obo3na-
yuMm depe3 t = 1,...,T mar urpsl, a gepes p € (0,1) koadbdurnmenr
JUCKOHTUPOBAHMUSI, OJIMHAKOBBIN 17151 060oux Urpokos. IIpesamnonaraem,
YTO KazKJbli UI'POK MAKCUMU3UPYET CBOIl CyMMAapHBIN JIMCKOHTUPO-
BaHHBIA BeIUIPHINT. Hajokum orpanudenue Ha 3HAYEHUS [TapaMeT-
pOB:

b—a ' (1)
b—d

[TpemmookuM, ITO UIPOKH 3aKJIIOYAIOT COTJIAIIICHUE, BKIIOYa-
Iolllee JiBa IIyHKTA:

p >

1. O6a urpoka HCHOJB3YIOT CTPATEIHIO OIPAHUYEHHOIO HAKA3a-
HHUsI B IOBTOPSIIOIIEHCst Urpe, IPeJJIoXKeHHY0 B [6], coryiacHo Ko-
TOPOii UIPOKU TIPUJIEPIKUBAIOTCS KOOIIEPATUBHOTO MOBEJICHNUS,
€CJIM HUKTO HEe OTKJIOHSJICS JI0 TEKYIIEro IMara, U MepeKioua-
1orcst Ha crparernto N 110C/Ie HEePBOro OTKJIOHEHNS HA OTPAHU-
YEHHOE YHCJIO [IAr0B, a TI0C/Ie Pean3alii HAaKa3aH!us CHOBA T1e-
PEKJIIOUAIOTCSE a Koolleparuio. B crarbe [6] onpesessiercst mpo-
JIOJZKUTENBHOCTD HAKA3AHUS, €CIIU €r0 MOXKHO OCYIIECTBUTD.

2. Oba WrpokKa COIJIAIIAIOTCS HA Pean3alldi0 CXEMbl BBIIJIAT
BJIOJIb KoonepaTuBHOW TpaekTopuu. [1omobHble cXeMbl BBIILIAT
ObLIM IPEeJVIOZKEHbI B paboTe [3] st IMHAMIYECKUX UTD KOHEY-
HOIi MIPOJIOJZKUTEILHOCTH U B pabore [4] 1yist urp, pasbirpbiBa-
€MBIX HA JIEPEBbAX COOBITHIA.

B jnaHHOiI cTaThe ONHMCHIBAIOTCS CBOHCTBA ILUIATEIKHBIX CXEM.
OCHOBHBIMHU CBOHCTBaMHU, CIOCOOCTBYIOIIUMHE HOJJIEPIKKE KOOIIEpa-
WY, SIBJSAIOTC YCMOUMUBOCTNG K UNOUBUOYAALHBIM OTVKAOHEHUAM
(SAID) n dunamuueckas undusudyarvran payuonasvrocms (DIR).
CymecTBoBanme TaKOil CXeMBI He rapaHTHPOBAHO, U B JAHHON CTATbe
HOJIyY€Hbl B SIBHOM BHJIE YCJIOBHSI €€ CyIIeCTBOBAHUS.
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[TnarexkHble CXeMBI, IPEJVIOKEHHBIE B JIAHHON paboTe, coueTa-
10T B cebe KOOIepaTHBHBII 1 HEKOOIIEPATUBHBIE HOJXO/IbI K PEIIEeHUTO
38,1491 HAXOXK/IEHHsI MEXaHN3MOB yCTOitunBoii kooneparmu. [Tpummn-
Bl YCTONYNBOI KOOLEPAINY I JINHAMIYECKUX UI'D, BKJIIOYAIOIINE
JIMHAMHIYIECKYIO YCTONUNBOCTD, onncanbl B Kuure [7| u crarbe [5]. Onu
OCHOBaHbBI HA [IOCTPOEHUH [IPOIIELyPhI PACIpeIesIeHus Jeexka. [ian-
HOe OTJIMYNe HPEJJIOKEHHBIX B JIAHHOI paboTe IIATeXKHBIX CXeM OT
IPOIIE/IyPBI PACIPEIEIICHNUST JleslerkKa 3aKII0TATCS B TOM, 9TO ILIaTe-
JKI HE CTPOSITCS Ha OCHOBE KOOIIEPATHUBHOI'O DEIIeHHsl (sIpo, 3Hate-
une [lerm u T.11.), KaK IpU ITOCTPOEHUH LIPOIIE LY PBI PACIIPE IE/ICHUST
JleJIe’Ka, & OCHOBAHBI HA BBIYMCJICHUM HAWMJIYUIINX OTBETOB UIDOKOB
BJIOJIb KOOIIEDATUBHON TPAEKTOPHHU, YTO CBI3bIBAET IIPEJJIOKEHHbIE
CXeMbI ¢ abCOTIOTHBIM PABHOBECHEM B MHOIOIAroBbix urpax [1]. Eme
OJIMH TIOAXOJ, K IIOJJIEPXKAHMIO KOOIEPAIN B JUHAMIYIECKUX HIPax
npejiozked B pabore [2].

Pa6ora mogmepxkana Poccuitckum HaydHBIM doHIOM, TTpoekT N¢ 22-01-
00051.
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Manmna /lyburca ¢ orpaHm9YeHnEeM
Ha ynpasJsieHue B L, npu pe(1,2]: nocrpoenue
JABYMEPHOT'O MHO>KECTBA JOCTUXKUMOCTHU

B. C. Ilanko, I 1. Tpy6aukos, A. A. PegoToB

Examepunbype, Hncmumym mamemamury U METAHUKY
um. H.H. Kpacosckozo
e-mail: patsko@imm.uran.ru

B maTemaTuueckoit Teopun yrpaBJieHUs MTUPOKO U3BECTHOM sIB-
JIIeTCsl HeJIMHelHas KuHeMaTudeckas mojenab Jlybunca nBmkeHust
TOYEYHOr0 00bHEKTa HA IJIOCKOCTHU. JIBe KOOPAMHATHI 33/1aI0T IT0JIOXKE-
Hue 00bEKTA, TPEThsi KOOPJUHATA, OIIPEJIEIAeT YOl HAKJIOHA BEKTOPA
ckopocTu. Beqmanna cKopocTH IIpeamosiaraeTcs IOCTOSHHOM 1 TOoJIa-
raercs pasuoii 1. [luddepennuaibibie ypaBHEHUS JBUKEHIS UMEIOT
BU/I

T =cosp, Y=-sinp, ¢ =u. (1)
HauasbHbiil MOMeHT ty u HadaiabHOe Da3oBOEe COCTOSHUE

(z(to), y(to), go(to))T cunraeM HyseBbIMH. Ecim ynpasienne u(t) Ha
paccmarpusaeMoM npoMekyTke [0,t¢] crecHeno ycnosueM |u(t)| <v,
TaKoe OrpaHnYeHNe Ha3bIBAETCA FeOMeTPUYeCKHM. [[1s Hero u3sect-
1o [1] onucanue IBYMEPHOTO MHOXKECTBA JOCTHKUMOCTH § Ha, ILIOC-
KOCTH Z,Yy B (UKCHPOBAHHLIT MOMeHnT oKomdamus ¢s. IIpencrasiser
TaK>Ke HHTepeC IIOCTPOCHHNE MHOXKeCTBa JOCTU2KHMOCTH IIpU HNHTE-
I'PpaJIbHOM OI'PaHUYICHHNUN

ly
/ w@OPdt<p,  pe(l,o0), u> 0.
0
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B cityuae p = 2 ananmTuka nocrpoenust omncata B 2. Mcmoss-
sytorcs npuHnun Makcnmyma [Torrpsruna (IIMIT) us [3] ¢ coorser-
CTBYIOIMM YCJIOBUEM TPAHCBEPCATBLHOCTH, & TAKKe SJITHITHICCKUE
dbyukiun fxobu. IBukeHus, BeayIue Ha IPAHUIy MHOXKeCTBa G,
SIBJISIFOTCSL 97IaCTUKAMU Diijiepa (Kak U B 33/1a1e€ MUHUMU3AIUN KBaJl-
pPaTHIHOIO MHTErpasbHOro (yHKImoHasa [4]).

Eciu p#2, To onmpaemcst va IIMIT [3], onsako npormajaer Bos-
MOYKHOCTD WCITOJIb30BAHUST CTAHIAPTHBIX JITUITUIECKUX (DYHKITAI
HAxobu. B mocyemnee BpeMst pazpabaTbIBACTCS TEOPUST P-3JLTAIITIIEC
kux dysxumii [5]. BosMoxKHO, 9TO ee MOXKHO Gy/IeT UCIIOIb30BATH JIJIs
AHAJIMTUYIECKOIO OIKCAHUs IpaHuIibl G MHOXKecTBa, G.

Hens paboThl — YHCICHHOE MOCTPOCHUE IPAHUIILI MHOXKECTBA
JocTizKuMocTu it caydas p € (1,2]. Takoit ciywail orimdaer-
ca [1, 4] or ciyuass p € (2,00). Ero uccieoBanue nmossonur B
JaJbHeleM mepefitn K mpeaey npu p—1 W paccMOTpeTh MpHUH-
[IUIIAAJIbHO BayKHBIHN ciydait p = 1.

-1

Puc. 1: MuoxecrBa nocrmxumoctn qst ty =1, p=25up=2,14,12,1.1

Ussecrno (3], uro moboe yupasienue, Beayiiee Ha 0G, siBisier-
cst menpepbiBEbIM. C yaerom crerdukn cucreMbl (1) moKasbiBaeM,
YTO OHO M3MEHSIET 3HAK He Oosiee oJfHOro pasda. Takoe cBoiCTBO (yTOU-
ustoree [IMIT) kiajem B OCHOBY TIOCTPOEHUsT KPUBOI IPyObIX HEOO-
XOJUMBIX YCJIOBHUil, U3 TOYEK KOTOPOH TOJIBKO U MOXKET HaOMPaThCsi
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0G. B cuiy cumMmerpun MHOXKeCTBa, G OTHOCUTEJIHLHO OCH X HMMEEM
saee kpuBble B* u B,. Iloctpous ux, yrajsiem Touku #Ha B* ¢ orpu-
IATEIbHON (COOTBETCTBEHHO, HA BB, C MOJIOKNUTEILHOI) KOODJINHATOMN
1o ocu gy. OcTaBiuecs JIyru COCTABJISAIOT TPAHUILy MHOXKeCTBa G.

Puc. 2: HeognocBsizaHoe MHOXKeCTBO nocTkuMmocTy npu tp=1, =10, p=1.5

Ha puc. 1 mokasanbel MHOXKeCTBa JTOCTHZKUMOCTH Jist tp = 1,
w=2>5up=214,121.1. OueBugHO, 9TO KaXKJIO€ MHOXKECTBO G
JIe’KUT B Kpyre pajuycoM ¢ty = 1. 'panuna 0G npu p = 2 uzobpazkena,
YEPHOI1 CILIONIHOM JIMHUE, 8 cAMO MHOXKECTBO § BBIJICICHO 3aJIMBKOIA.
[Tynktupom orMmeueHs! Jyru KpuBbix B* u B, jiexkaliiue BO BHyTPEH-
noctu MHOKecTBa G. Ilpu p = 2 nocTpoeHus jies1aroTcst ¢ UCIOIb30Ba-
HueM smunTrdeckux Gyukimit fkobu. OHu BRIIOIHAIOTCH OBICTPO U
¢ XOpoIieil TOUYHOCTBIO. [lJist p < 2 MOCTPOEHUsI TEJIMKOM YHCJIEHHBIE
u peaymsytorcs B makere Wolfram. [lokazansr kpusbie B*. x yuact-
KU, aCUMIITOTUYIECKHU MIPUMBIKAIOIINE K OKPY>KHOCTU pajuycoMm 1, B
cuty Tpebyemoii “menukaTHOCTH cYeTa, He IPOCYUTHIBAINCE. He mo-
Ka3aHbl TAKXKE B ciity cuMMerpun Kpusbie B,. s p = 1.1 ormeueno
HECKOJILKO JIBUZKEHUIT (p-3/IacTHK ), BEJAyIIUX Ha KPUBYIO B* rpy6bix
HEOOXOMUMBIX yCJIOBUIA.

Puc.2 cpenan nns cinydas tp = 1, p = 10. M3006pazkeno MHo-
KecTBO G tipu p = 2 u dparmenT MHOKecTBa G 1pu p = 1.5. yru
KpuBbIx B* u B, jexariye BO BHyTPEHHOCTH COOTBETCTBYIOIINX MHO-
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xkecTB G, orMedeHbl myHKTHpoM. MuoxkectBo G nipu p = 1.5 (dpar-
MEHT BBbILJICJICH SaﬂHBKOﬁ) HE ABJIAEeTCdA OJHOCBASHBIM. yqaCTKI/I KpI/I—
BBeIX B* u B, JJist 5TOr0 MHOXKECTBA, aCUMIITOTHIECKN TPUMBIKAIOIITIE
K OKPY?KHOCTH PaauycoM 1, He IOKA3aHbI.

1.

Cockayne E.J., Hall G.W.C. Plane Motion of a Particle Subject to
Curvature Constraints // STAM J. Control Optim. 1975. Vol. 13, no. 1.
P. 197-220.

Tpybruxos I'HM. Ananurudeckoe olnCaHue IBYMEPHOI'O MHOXKECTBA
JIOCTIKUMOCTH Marmuibl JlyOuHca ¢ HHTerpajJbHBIM OTPDAHUYICHIEM Ha,
yupasyerne // TuCV. 2025. Ne 4. (npussita K medarTn)

Iyces M.F. O HEKOTOPBIX CBOMCTBAX MHOYKECTB JIOCTUKUMOCTHU HEJIH-
HEHHBIX CHCTEM C OrpaHHdeHusIMU Ha yunpasieuue B L, // Tp. Un-Ta
maremaTuky u mexanuku ¥pO PAH. 2024. T. 30, Ne 3. C. 99-112.

Apodenmos A.A., Cauxos I0.JI. Pemenne 3anaun Jiiiepa 06 31acTu-
kax // AuT. 2009. Bei. 4. C. 78-88.

Miura T., Yoshizawa K. Complete classification of planar p-ela-
sticae // Annali di Matematica. 2024. Vol. 203. P. 2319-2356.

HecranmonapHas JuHeliHada 3ajiavda
IPYIIIOBOIO IIPECJie/IOBaHUs C IIPOCTOI
MaTpulleii 1 BO3MOXKHBIM HapyIlI€eHUEM B
JAUHAMUKE

H. H. Ilerpos, E. C. ®omuna

Horcescx, Yomypmerui ynusepcumem
e-mail: kma3@list.ru, katefo631@gmail.com

B npocrpancree R¥ (k > 2) paccmarpusaercs muddepentm-

anbHas urpa ['(n + 1) n + 1 jgu: n upecnenosareneit Py, ..., P, u
yoeraronuit F/. 3akoH JaBmKeHUs yoOeraromnero F nuMeer BUI

y=fy+v, ylto)=y° veV (1)

3aKoH JBMKEHUsT KayKJ0ro W3 IIpecienoBaresieit P; nuMmeer BUI

& = (i +agui,  wilte) =), wi €U 2)
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Brecw i € I = {1,...,n}, y,xi,u;,v,y°, 20 € R¥ U,V — Bomyk-
able KommakTel RF, f: [to, +00) — R! — nempepoisnas dbynxmus,
dbyHuxum ag, nMeIOT BU/L

ag.(t) _ 0, te [92,914‘}%],
Jlanuble MOMEHTBI ; MOYKHO pacCMaTpPUBAaTh KaK MOMEHTBI OTKAa3a
YIPaBJISIIOIINX yCTPOiicTB y npecienosareneit Py (1] wim 0; — mo-
MEHTBI Haua/Ia TPOMUIAKTHICCKAX PAOOT YIPABJIAIONUX YCTPOHCTB
y npecienosareneit P;. Bemmamnwr h; > 0 — Bpemsi peMOHTa WJIn
BpeMsl TPOBeIeHNsT NTPOMUIAKTHIECKUX paboT. TepMuHAIBHbIE MHO-
wectBa M; — Bomykisie kommnaktsr RF, mpuaem 20 ¢ M; mns Beex
iel.

BiesieM HOBbIe T€pEeMEHHBIC 2z; = I; — Y U TepeiijieM OT CH-
crem (1), (2) k HOBOII cucTeMe

4= f(t)zi+agui —v, zi(t) =2 =27 —y’, wel;, veV.
(3)

U3 onpeenenns GyHKIuMit ag, caeyer, 9To B IPOIECce yeTpa-
HEHUs TOJIOMKY MM B IPOIECCE MPOBeIeHnsT NTPOMUIAKTHIECKIX Pa-
6ot mpecienosarenm P; He MMEIOT BO3MOKHOCTH OCYINECTBJISTE 110~
umky. Cunraercsi, 9ro MoMeHThI §; (i € I) HEM3BECTHBI IIPEC/IEI0Ba~
resisim Py (i € ), 1 noJioMKa ujim HeoOXOJUMOCTh TIPOBEJICHUsI TIPO-
duIaKTUIeCKNX padboT MOXKET HACTYIIUTH B JIIO00I MOMEHT BPEMEHHN.
Benmuannnt h; (i € I) u3BeCTHBI BCeM yIaCTHHKAM.

[Iycts =; — omHOmapaMeTpuYecKoe CeMeifiCTBO OToOparKeHuit
Fi(t,v¢(+)), onpeie/IeHHBIX JIJIst KaXKJI0r0 t > t( HA MHOXKECTBE U3Me-
puMbIx byHKIWH v(+), Takux 9To v(s) € V jisi Beex § > t(, IPUHUMA-
foNux 3HadeHust B U; 1 00JIa1af0IUuX CBORCTBOM CYTEPIIO3UIIMOHHOMN
m3mepumoctu: dyurnust u;(t) = F;(t,v4(-)) m3mepuma mpu t >
JIUIsT TIPOU3BOJIbHOI n3MepuMoil dyukimn v(s), s = to.

Onpeneaenue 1. Crparerueit U; tpeciemoBaresisi P; Ha3bIBaeTCst
napa

= (Fr(t,ve()), F2% (¢, v (),
e FH(t,v(-)) € By, fZ"z (t, (") € 25 st 6; > 0

)
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Pemmenne 3anaun Kommu (3) npu duxcuposanubix Ui, 0; > 0 u
usMepumoit dyukiuu v(t) € V, t > tg noHumaercs Tax.
Ipu tg < t < 6; OHO COBHAIAETC pPEIICHUEM wil (t) caenmyrormeit

3aa4n Ko

w; (1) = fthwi + F(t () —v(t), wilto) =2

2

Ilpu ¢ > 60; ono coBmazmaer c pemtenueM w; (t) ciaegyromeit 3axadu

Kommn
Wi (t) = f(t)w] + ag,()F" (t o) —0(t), wi(6:) = w](6:).

Onpenenenune 2. PasHocrbio o MuHKOBCKOMY MHOXKecTB A n B
Ha3bIBAETCH MHOXKECTBO

A* B={c:c+BCA}

IIpenmnosnoxkenne 1. 0 € U; = V, F(t,to)z? ¢ M; dan ecex i € 1,
t > to.

ITpeanosoxxenne 2. Jlas xaorcdozo @ € I cywecmeyem momernm
t; > 0 das xwomopoezo dasn ecex 0; > tg, t > 0; + h; cnpasedauso
BKANOUEHUE

0;+h; 0;+h;+t;
/ F(t,s)Vds C / F(t,s)(U; = V)ds.
091' ‘9i+hi

Oupenenenne 3. B urpe I'(n + 1) npoucxoauT monMka, ecim CyIme-
crByior Ty > 0, crparerun U; (i € I) npecienosareneneit P; (i € I),
Takue 9To Jist Joboro Bekropa 0 = (61,...0,), 0; +h; +t; < Tp, mio-
6oit norycrumoii byuknuu v(-) Haiigercs Homep | € I, jjist KOTOPOro
Zl(T()) e M;.

Beezem caeyromue obosnadenus: F(t,s) = exp f; f(u) du,

A2, 20, v) = sup{\ > 0: A(M; — F(t,to)z?)ﬂ(Ui —v) # O,

Rl
§(t) = mi At 20, 0).
(t) = min max A(t, z;, v)
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Teopema 1. [lycms svinoanens. npednoaosicenus 1, 2 u das 06020
wucaa v > 0, 4106020 usmepumozo mroscecmea E C RY, u(E) < vy
CNPABEIAUBO
lim §(t) [ F(t,s)ds = +oo,
t——+o0 E:
2de By = [to,t] \ E, n(E) — mepa Jlebeza mroorcecmsa E.
Tozda 6 uepe I'(n + 1) npoucxrodum noumxa.

Teopema 2 (cum. [2]). ITycmv evinoanens, caedyrouue yeaosus:

1. f(t) =0 dan scext >0, 0 € U=V odaa ecex i € 1.

2. Has xaocdoeo i € I cywecmsyem t; > 0, das xomopozo cnpased-
aueo exaovenue Vh; C (Ui =V)t;.

3. rréi‘glmezyxA(z?,v) > 0, 2de A(2,v) = sup{\ = 0: \(M; —29)n(U; -

v) # T}

Tozda 6 uepe I'(n + 1) npoucxrodum noumxa.

Pabora BbimosiHena mpu mojiiepkke MuHuCTEPCTBA HAYKHU U BBICIIIETO 00-
pasoBanus P® B paMkax rocyJiapcTBeHHOro 3ajanusi, npoekt FEWS-2024-0009.

1.  Huxoavcxut M.C., Ilon Yore. duddepennmaibias urpa mpecaeaoBa-
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2. Petrov N.N., Fomina E.S. A problem of simple group pursuit with
possible dynamical disturbance in dynamics and phase constraints //

Bectuuk Yamyprckoro yauBepcurera. Maremarnka. Mexanuka. Kom-
npiorepubie Haykn. 2025. T. 35, Ne 1. C. 82-95.

O apoGHoii yrpaBjsgieMoii cucTeMe ¢ oOpaTHOI
CBsI3bIO B BHJI€ MPOIleCccCa BbIMETAaHMsI

I.T. Ilerpocsu
Boponeorc, PI'BOY BO BI'IlY

e-mail: garikpetrosyan@yandex.ru

[Iycts E — 6anaxoBo mpocTpaHcTBO 1 H — ruinbepToBo mpo-
cTpaHcTBO. PaccMaTpuBaeTcs 3a/iada yIpPaBJIsIeMOCTH I CUCTEMBbI,
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onuchiBacMoil ciemyrormuM quddepeHIuaabHbIM BKIIOYCHUEM JTPOD-
HOT'O MOPsJIKA U 00PATHON CBA3BIO B BUJIE IIPOIECCA BHIMETAHMUS:

GCDax(t) € Ax(t) + F(t,xp, 2(t), y(t)) + Bu(t), t € [0,T], (1)
x(s) = 9(s), s € [—h,0], (2)

—y'(t) € Nogy (y(t)) + g(t, (1), y(t)) + py(t), t €[0,T], (3)
y(0) = yo € C(0), (4)

o(T) = @1, (5)

rje GCD(O)‘ — Jnpobuas npousBogHas 'epacumoBa—KaryTo mopsiika
a € (0,1); A: D(A) C F — E — juHedHDI 3aMKHyTHIH oOrre-
parop, mopoxgatormuii Cy-mosyrpymmy {U(t),t > 0} B upocrpan-
cree E; F: [0,T] x C([-h,0; E) x E x H — E — MHOro3Hau-
HOe oToOpakeHue, n (DYHKIWMS Xy OMUCHIBAET IPEJILICTOPUIO perle-
uust 1o momerra t € [0,7], re. x4(s) = z(t + s), s € [—h,0],
0 < h < T. Oyuknus ynpasiaenus u(-) IPUHIMAET CBOW 3HAYCHUS B
npocrpancrse L2([0,T];U), rae U — 6aHaX0BO MPOCTPAHCTBO YIIPaB-
gennit, B: U — E — nuHelHBI orpaHWYIeHHBIN omepaTop. ladee,
p > 0 — koucranta, C: [0,7] — H — MyJbTHOTOODAYKEHUE C BbBI-
IYKJTBIME 3aMKHY TBIMI 3Ha"eHuAMA, Ne(y)(y) — HOPMATbHBIH KOHYC
quist C(t) C H, oupejiesieHHbLI Kak

Nc(t)(y) = {éf SHemy s oves ) ZZiE :L:Lj Z ggg:

x1 € E,y0€ H,g:[0,T] x Ex H— H — nenuneiinoe oTobpakeHne
uv e C([—h,0]; E).

Sajada  yupaBisieMOCTH (DOPMYJIAPYETCs CJAeIYIONUM obpa-
30M: JIIst 3aJIAHHBIX ¥, '] PACCMATPUBACTCS CYIIECTBOBAHKE DEIICHHs
x € C([=h,T|E), y € C([0,T]; H) cucremst (1) (5) u ynpasrennst
u € L%([0,T); U) takux, uto BBIMOIHAIOTC yeaosus (2), (4) u (5).

Pabora mompepxkana Poccuitckum mHayaabiM doHIOM, mpoekT Ne 22-71-
10008.
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O06 ycioBusIX paBHOMEPHOIT ITOJIHOM
YIIPABJISEMOCTHU JIMHEMHBIX MMOPUAHBIX CHUCTEM

C. H. IlomoBa, 9. A. PaxpasuesBa

Horcescr, Yomypmexutl eocydapemeennvil yrusepcumenm
e-mail: udsu.popova.sn@gmail.com, elmirafl2@mail.ru

PaccvoTpum sinHefiHYIO yIIpaBIsieMyio TUOPUTHYIO CUCTEMY

{ &(t) = A (D)z(t) + Ar2(k)y(k) + Bui(t)u(t) + Brz(k)v(k), 1)
y(k + 1) = Agi (k) (k) + Azz(k)y(k) + Bai(k)u(k) + Baa(k)v(k),
et € [k,k+1), ke Ng={0,1,2,...}, z € R, y € R y €
R™ v € R™; dyuximun Aqp: [0,+00) — R™>"1 Byy: [0,400) —
R™M>™m y yipasienune u: [0,+00) — R™! KycoYHO HeNpPEPLIBHBIL,
MOI'YT UMETh JIMIIb Pa3PhIBbI IEPBOTO POJIa ¥ HENPEPBIBHBI CIIPaBa B
TOYKax paspbiBa; GyHKImH Ajo: Ng — R™*"2 Bjs: Ny — R *™2
(7 = 1,2), Ag1: Ng — R™*™ By Ny — R™*™ y ynpasienue
v: Ng — R™2 npouzsosibabl. [Ipesmnosaraem, 9To HOPMBI BCEX MaT-
pUIl OrpaHuvennl Ha obyactu onpeaesntenus. O6o3HaduM n = ni + no,
m = mi + ma.

[Tox pemmennem cucremsr (1) mpu BHIGPAHHBIX yIPABICHUAX U(+)
u v(-) moHnMaeM (YHKITHIO

2= 2(t) = < Z((?) > ER", t €[k k+1), ke N,

takyio, 9to z(t) u y(k) ynosiersopsitor cucreme (1) mpu Beex t €
(k,k + 1) u xaxxom k € Ny, npu sTrom dyuknus z(t) HempepbiBHA
ma [0, +00).

Onpepenienne. Cucrema (1) Ha3bBaeTCS PAGHOMEPHO BNOAHE
ynpasasemoti, eciu cyiecrsyor takue ¥ € N u L > 0, aro st
kaxkgoro | € Ny u yoboix xg € R™, yo € R™ maiiayrcs nomycru-
mble yupasierus u: [I,1 +9) — R™ v: [, + 9 — 1] NNy — R™2
takue, uro pemtenne (z(-),y(+)) cucremst (1) ¢ HAYAIBHBIME yCI0BH-
svu z(l) = xo, y(I) = yo u ¢ BuOpanabME U(+), v(+) YAOBIETBOPSET
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paserncrBam z(l +9) = 0, y(I + ¢) = 0, upu 3TOoM

sup |u(t)]| < Lmax{]|zol|, lyol },
tell,l4+9)

max v(k)|| < Lmaxq||xoll, .
ke[l,l+z9—1}mN0H (B < {H oll ||?/0||}

Bribepem B cucreme (1) ympasienus u(t) =0 € R™ n v(k) =
0 € R™2 mosy4um CBOOOJIHYIO CUCTEMY

{ I(t) :All(t) ()+A12( ) ( )7 (2)
y(k +1) = Agi (k)z(k) + Az (k)y (k).

ITycrs X (t,s) — marpuna Komu cucremst @(t) = Ajq(t)z(t). oso-
JKUM

k+1
Z(k‘—l—l,k‘): X(k‘—l—l,k‘) I{X(k‘—l—l,s)dS'Alg(k‘) ke N,
Aoy (k) Ago (k)

Z(k0) = Z(k,k—1)Z(k—1,k—2)... Z(1+1,1), k1€eNy, k> 1.

Torma my1st TPOM3BOJILHOIO perternst 2z(+) cucTeMbl (2) MMeeT MecTo
PaBEHCTBO

2(k) = Z(k,1)z(1), k,1 €Ny, k> L.

Bynem masviBate marpuity Z(k,l), k,l € Ng, k > 1, mampuyet Ko-
wu TUOPUAHON cucTeMbl (2) B IEJIOYMCIIEHHBIE MOMEHTBI BPEMEHHU.
Bynem npeanonarars, uro s kaxaoro k € Ng marpuna Z (k+ 1, k)

obparuma, 1 Haiijiercs Takoe a > 0, uro sup |[|[Z 1k + 1,k)| < a.
keNy
OrpetesiuM MaTPHUITBI

j+1 J+1
J X(@G+1,7)Bu(r)dr [ X(j+1,7)drBia(j)
J J ’

Bs1(j) B (j)

B(j) =

k—1
Zz (1,j41)B()B*(j)Z*(1,j+1), 1€Ny, keN, < k.
7=l

Bynem naspisars marpuity W (l, k) mampuyet ynpasasemocmu,
(mampuyet Kaamana) cucremst (1) Ha orpeske [I, k).
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Teopema. Ecau cyuwecmsyrom v > 0 u v € N maxue, umo npu ecex
l e Ng u & eR” sonoanerno nepasencmaso

EW (A1 +9)E = ~||€)%
mo cucmema (1) pasnomepno 6noane ynpasaiema.

Pabora BbimosiHeHa 1pu mojiiepkke MuHUCTEPCTBA HAYKHW U BBICIIIETO 00-
pasoBanus PO B pamkax rocyzapcrBeHHOro 3ajaanus, npoekt FEWS-2024-0009.

006 omeHKax xapaKTepHUCTUK cOopa pecypca
METO0M IOCTPOEHUSI IMOJIOXKHUTEJIbHO
MHBAPUAHTHBIX MHOXKECTB

JI. . Poauna
Baadumup, Baadumupckuti 20cydapcmeertvili YHusepcumen
umenu A. I uw H. I. Cmoasemosvix
e-mail: LRodina67@mail.ru

B j10kJ1a/1e IpejICTaBIeHO NPOJIOJIXKeHne uccyieposanuit (1, 2|, B
KOTOPBIX PACCMATPHUBAIOTCS BOIPOCHI ONTUMAJILHOTO cOOpa pecypca
JIJIST OJTHOPOHON CTOXAaCTUIeCKO romyJsiiuu. [IpesioykeHo perenue
3aJ1a9M ONTUMHU3AINN XaPAKTEPUCTUK cOOpa pecypca Mph IIOMOIIN
ITIOCTPOEHUsT TOJIOKUTEIbHO WHBAPUAHTHBIX MHOYKECTB, B KOTOPBIX
HaXOJATCSI TPACKTOPUU CUCTEMBI IPH BCEX 3HAYEHUAX CJIyIaHBIX
mapameTpoB. Vcnosb3yercs moHsdTHe (QYyHKIWMHU JIsgmyHoBa oTHOCH-
TeJIbHO MHOXKeCTBa, BBejieHHOe Eprenuem Jleonunoputdem TOHKOBBIM
B paborax [3, 4], a TakKe HOJIyUeHHBIE UM YCIOBHSI HOJIOKUTETHHOMN
MHBAPUAHTHOCTU 3aJJaHHBIX MHOXKECTB OTHOCHTEIBHO YIIPaBJIAEMbIX
cucteM ¥ auddepeHITNATbHBIX BKIIOIEHNN.

PaccmarpuBaercst MO Ib CTPYKTY PUPOBAHHOMN TTOITYJISATINE, CO-
CTOSITNEl W3 OTHENIBHBIX BUJOB I1,...,ITn, JIMOO Pa3JE/IEHHON Ha N
BO3pacTHBIX rpymil. IlpemmoaraeM, 9T0 IpU OTCYTCTBUH SKCILIYya-
Tally JUHAMUKA [IOIYJIANMA 3aJaHa cucTeMoil quddepennnaabHbIX
ypaBHEeHU

t=f(x), tme zeR} ={zxecR":2,2>0,...,2, 20}. (1)
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Bnech BexTop-dyHKIms f U ee npousBoiaubie 0 f;/0r; HENPePHIBHBI
st Beex € R . O6osmaunm uepes ¢(t,x) pemrenue cucremsr (1),
YJOBJIeTBOpsAIONIee HadaabHoMy yeaosuio ¢(0,z) = z. Byaem cum-
TaTh, YTO JAHHBIE PEIIEHHs SBJISIOTCI HEOTPUIATETLHBIMU TIPU JTIO-
ObIX HEOTPUIATEJbHBIX HAYAJbHBIX YCIOBUSX, TO €CTh BBLINOJHEHO
YCJIOBUE KBa3UIIOJIOKUTEIHHOCTH.

[Ipeamosiaraem, uro B MoMeHTbl Bpemenu 7(k) = kd, d >,0
MOKHO JIOOBIBATH CJIyUYailHyIO JIOJII0 pecypca

w(k) = (Wi (k),...,wn(k)) €QC[0,1]", k=1,2,...,

U MMeeTCsl BO3MOKHOCTH OCTAHOBUTH IPOIECC cO0pa, €CJIU BeTHIUHBI
wi(k), ..., wnp(k) okaxKyTCcst JOCTATOUHO GOJIBIIUMU — HE MEHbIIIE,
4eM 3aJlaHHble 3HadeHust (ug,...,u,) = u € [0,1]". B srom ciayuae
JIOJIs TOOBIBAEMOT'O Pecypca MOKeT OBITh yMEHbIIeHA JI0

U(k) = (61(k), ..., Ly(K)) € [0,1]™,
li(k) = min{w;(k),u;}, i=1,...,n,

3a CYET Yero pa3Mep CJIEAYIONEero coopa MoKeT ObITh yBeaudeH. 1a-
KUM 00pa3oM, PacCMaTPUBAEM IKCNAYAMUPYEMYIO NONYAAUUIO, -
HaMHUKa KOTOPO! 3a/iaHa yIIpaBjIdeMoll cucTeMon

iy = filx), t#kd; wi(kd) = (1- (k) zi(kd —0),  (2)

rie z;(kd — 0) u z;(kd) — wosmuecTBO pecypca i-ro BHJA JO U TI0-
cie cbopa B MOMeHT kd COOTBETCTBEHHO, ¢ = 1,...,n, k = 1,2,....
[TpeanonaraeM, 9TO pelleHus JAHHONW CUCTEMbl HENPEPBIBHBI CIIpa-
Ba. Onmcanne BeposTHOCTHOI Mojean (X, 2, (1), mapaMeTpusyromnieit
cucremy (2), npusejieHo B padore [1].

[Iycte D — xommnaxkTHOe noaMHOXKecTBO R™, frD — rpanura
D; D" ={zeR":p(z,D) <r},tner >0, p(x,D) = Il’éiB |z =yl —

y

paccrosgare oT Toukn & € R™ 1o 3amkuyToro muoxkectBa D B R"™,

lz|| = /22 + ...+ 2.

Onpeneaenne 1. Oyuknus V: D" — R naswiBaerca gynxyuets -
nyno6a (OTHOCUTESILHO MHOXKeCTBa 1)), ecn OHA JIOKAJIBHO JIMIIIIN-
nesa, V(z) = 0 jqs Bcex x € frD n V(z) > 0 qyst Bcex © € D"\ D

(ea. [3]).
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Bynem mckarh MOJIOKUTEIHFHO UHBAPUAHTHOE MHOXKECTBO JIJIsT
cucreMbl (2), KOTOPOE SIBJISIETCS IPSIMOYTOJIbBHUKOM B RY, sanumem
€ro B BUJIEC

D={zeR}:6 <z <A;i=1,...,n}, tne0<8 <A (3)
Hpe,ZLCTaBI/IM HpHMOYI‘O.HbHI/IK D B BUJE nepecequI/m JIBYX MHO>KECTB:
D, = {IERT}FI x; gAi,izl,...,n},

Dg:{IERﬁ:xZ-}&,i:l,...,n}.

Teopema 1. Ilyemwv 3adarno u € [0,1]" u swnoanenv, caedyrouyue
YCAOBUA:

2) ecau x € frDy N D, mo ¢(d, (1 — u)z) € Ds.
Tozda npamoyeosvrur D AGAAEMCA NOAOAHCUTNEADHO UHBADUGHITVHDLM
MHOIHCECTNEOM OMHOCUMEALHO cucmemyl (2).

O6osznaunm wepes z(0) € R} maganbHoe KOIMIecTBO pecypca,
Xi(k) = zi(kd — 0) — kosmdecTBO pecypca i-ro Buja Jo cbopa B
MomenT kd, C; > 0 — croumocTb pecypca i-ro BUJR, © = 1,...,n;
¢ = (L(1),...,4(k),...). PaccMoTpuM CJIE/IYOIIYIO XapaKTEPUCTUKY
cbopa BO30OHOBJIIEMOTO pPecypca.

Onpenenenue 2. Cpedneti spemerioti 6o120001 OT U3BJICYEHUS pPe-
Cypca Ha3bIBAETCST XapaKTepUCTHKA,

O6o3naunM depe3 M{; MaTeMaTH4ecKOe OXKMIaHNE CIIy YaiiHbIX
penuyawn £;, i =1,...,n.

Teopema 2. [Ipednonosicum, wmo npamoyeorvruk (3) asaiemes no-
AOAHCUMENBHO UHBAPUAGHIMHBIM 0OmHocumesvho cucmems, (2). Tozda
OAf NOYMU 6CET T € X CNPABEIAUBHL OUEHKU

> CioiMb; < Ho(4,2(0)) < Y Cidi M.
i=1 i=1
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Hpe,ZL.HO)KeHHbH\l METOAO0M MO2KHO TaKKe IIOJIYyIUTb OICHKH,

BBIIIOJTHEHHBIE C BEPOSITHOCTBIO €JIMHNIIA, JIJIsl APYTOoil XapaKTepucTu-
K1 cOopa pecypca — CyMMapHOIO JI0XOJ/ia C YYeTOM JUCKOHTHPOBA-
HUA.

1.

Poduna JI.LHA. OnruMusanus cpejiHell BPEMEHHON BBITOJBI IS BEPO-
SITHOCTHON MOJIEJIM TIOMYJIANMHT, OABEPXKeHHO npombicty // Becrh.
Vnmyprek. ya-ta. Marem. Mex. Komnbior. nayku. 2018. T. 28, Ne 1.
C. 48-58.

Poduna JI.H. CeoiicTBa cpejiHelt BpeMEHHO BBITO/IBI B CTOXACTUIECKUX
MozIesIsAX cbopa Bo306HOBIIsIeMOro pecypea // BectH. YaMyprcek. yH-Ta.
Marem. Mex. Komnbior. naykn. 2018. T. 28, Ne 2. C. 213-221.

Hanacenro E.A., Tonxos E.JI. luBapuaHTHbIE U YCTOWYNBO WHBAPU-
aHTHBbIEe MHOXKeCTBa IuddepeHnuanbubix BKiodernii // Tpyasr Mare-
MaTudeckoro nacruTyTa uM. B.A. Creknosa. 2008. T. 262. C. 202-221.

Poouna JI.U., Tonwkos E.JI. O MHOXKECTBE JOCTUXKUMOCTU YIIPABJIs-
eMoil cucTeMbl 6€3 TIPEJIOJIOKEHNST KOMIIAKTHOCTA T€OMETPUIECKUX
OrpaHUYEHMI Ha JOIycTUMble yupasjieaus // Bectn. Yamyprck. yH-
ta. Marem. Mex. Kommbior. mayku. 2012. T. 4. C. 68-79.

O KOHCTPYKTHBHOM HCCJIEJIOBAHUN 334
yhnpaBJieHus AJisi JUHAMUYeCKUX MOJIeJieil ¢
KYCOYHO-JINMHETHBIM 3alla3abIBAHUEM

A. H. Pymsauiies
Hepmv, Hepmeruti 2ocydapemeeriviti HAUUOHANHDIT
uccaedosamenvekuli yrusepcumen
e-mail: arumyanzev@gmail.com

B nokirajie moka3bIiBaeTcs, KaK Ha OCHOBE MPEJJIOKEHHOTO aB-

TOPOM CIOCO0A TOYHOI'O MOCTPOEeHMs MATPHUIlbl Kormm st cucreMbl
nuddepeHImaabHbIX YPABHEHUN ¢ KYCOYHO-JIUHENHBIM 3aIa3]IbIBa-
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HEeM [2], MoxKeT OBITH pellieHa cJie/lyIolast 3a/ada yupasieHus: [1]:

t—l—z ()] + b(t)u(t) = 0, tel0,T],
x(ﬁ):0,§<0, x(O):O, (1)

T
G e(0) + A i) i(t)dt = o5, j=1,....N,

rae pi, b, p;: [0,7] = R — KycodHble MHOIOWIEHBI C PAIAOHATILHBIME

koaddunumentamu, h;: [0,7] — R — kycouno-snneiinbie dyHknum ¢

pannonaabHbIMI KO3 durmentamu, hi(t) < t, u: [0,7] - R — kBaj-

PATHIHO CyMMHUpyeMast (QPYHKIHH, t)j, ¢j — PAIMOHAJIBHbBIE YHCIIA.
t

Ha ocuoBanuu upejcrasienusi (t) = / C(t,s) [—b(s)u(s)] ds, rue
0

C(t,s) — dynknus Komu ypaBaenus

+sz hi(t)] = f(t), telo,T),
(O—0£<0

nostygaeM, 9To (DyHKIUsT yIpaBIeHUs u(-) €CTh PellleHne HHTerpaJib-

HOI'O ypaBHEHUsI
T
/ M(t)u(t)dt = a, (3)
0

rae M(-) = col{Mq(-),..., Mn(-)}, o = col{an,...,an}, M;(t) =
= —b(t)(;(t) + J; CL(r.t) ps(r)dr), t € [0,T].
Vupasienue u 6yaem uckars B Buge u(t) = M ' (t)d, t € [0,T],

d e RV, BekTop d ectb perienue cucrembl JUHEHHBIX ajredpande-
CKWX ypaBHEHUH

(2)

T
Wxd=a, W:/ M(t)M T (t)dt.
0

Takum obpasom B ciyuae, eciim detW # 0 (‘ITO SABJISIETCS KPUTE-
puem paspermmoctn 3agadn (1) s Beex o € RV, oxomuarensno
HOJTy 9aeM

u(t)=M" ()W ta, te(0,T].
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st ucenenosanus 3ajaqu (1) 6611 pazpaboTan IPOrPaAMMHBIH
KOMIUJIEKC, PeaJu3yIOuil Cciaeayolee:

e nocrpoenune byuxipn Komu C(t, s),
e dopmuposanune dyukuuu M (t) u marpunst W,
e IIPOBEpKa 00paTUMOCTH MaTpuinl W,

e B ciaydae obparmmoctn Marpuisl W, mocrpoenne dyHKIN
yupasienus u(t) u pemienus x,(t) 3amaun (1), BKIOUas mpo-
BEPKY BBIIOJIHEHUSI 11€JIEBBIX YCJIOBHIA.

C mOMOIIBIO0 YKA3aHHOT'O MMPOIPAMMHOIO KOMILIEKCa ObLIa J10-
Ka3aHa paspenuMocTh 3aauu (1) 1 mocTpoeHbl (DYHKIUS U U XLy JJIsT
CJIE LY IOIINX 3HAYEHUN NapaMeTPOB YPABHEHUsI U IEIEBbIX (PYHKITHO-
HAJIOB:

—t+32, tel0,1),

n=21T =4 b(t)=4q —t, te(1,3),
t, te (3,4,
241, te(0,2),
2t, tel0,2),
pl(t): étv te (273)7 p2(t):{—t+2 te EQ 4] (4)
—1t, t e (3,4], ’ T
Ht— 1, te[l,2), 1, t€]2,3),
h‘l(t): _§t+%a te (2¢3]7 hQ(t): 2, t€(374]7
-1, t (1,3, 1, t¢[2,4]

z(1) =4, =z(2)=—4, x3(3) =38, ar:(42l =0,
22(1) — 2(2) + g:v(?)) + / Pa(t)dt + / 3= Oa(n)dt = 15. )

0 2

st 3TOTO IpUMepa ompenennTe s MaTpuIlbl W nMmeeT 3HaveHMe

detW = 2181599878116294585563071762710071644998246152250864 74569471
T 415520435049457922936586796542197760000000000000000000000

Yupaienue v, peraroliee TPeJIOKEHHYIO 3a/1aTy, 1 COOTBETCTBYIO-
masi TPaeKTOpU4A T, IpejicTaBiaensl Ha Puc. 1.
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Puc. 1

1. As6eaes H.B, Maxcumos B.II., Paxmamyasuna JI.D. DieMeHTHI CO-
BPEMEHHON Teopuu (pyHKIMOHAILHO-TUMMEPEHIMATLHBIX YPABHEHUIA.
Metospt u npuiiozkenusi. M.: THCTUTYT KOMIIBIOTEPHBIX UCCJIEIOBAHUIA,

2002.

2. Rumgyantsev A.N. On exact constructing the Cauchy matrix for
a system of linear differential equations with delay // Functional
Differential Equations. 2024. Vol. 31, no. 3—4. P. 255-273.

K nmpsmomMmy MeToay mporpaMMHBIX UTeparuii
B CJlydae KOHEYHOI'0 4YUucCJja I1oMeX

. A. CepkoB
Examepunbype, UMM YpO PAH

e-mail: d.a.serkov@gmail.com

BBenenue. PaccmarpuBaercs mpobsieMa ITOCTPOEHHST HEyIIpe-
JKJIAIONINX MHOTO3HAYHBIX CEJIEKTOPOB (MYyJIBTHCEIEKTOPOB) 3a/aH-
HBIX MHOro3Ha4YHbIX oToOpazkenuit (MO). B 3azasax ynpasienust
veynpexkgaornume MO BBICTYIIAIOT Kak MHOTO3HAUHBIE HEYIIPEXKIa-
IOIIA€e CTPATEruu YIPABJIEHUS; [TOC/IE/IHAE UCIIONIb3YIOTCH B hopMa-
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smsaruu auddepenHnuaabHol UTPhl, KOTOpas IPU YCJI0BUAX THOOP-
MaIMOHHOH COTVIACOBAHHOCTH SKBUBAJICHTHA TO3UITHOHHON (hopMaIn-
zanmuu H. H. Kpacosckoro, B pamkax koropoit H. H. KpacoBckum n
A.U. Cy66oTuHBIM yCTaHOBIEHA Teopema 00 ajbTepHATHBE B JUD-
depenImanibHO Urpe coMmkeHus — ykjionenus. 1lperaraemast mmpo-
eJlypa BOCXOJIUT K MeToiy IHporpaMMubix ureparmit A. . Yenro-
Ba, IPUMEHABIIEMYCS JIJIsI TOCTPOEHUsT B A depeHnnagibaoil urpe
CTaOMILHBIX MOCTOB, UT'DAIONIUX IVIABHYIO POJIb B TeopeMe 00 ajib-
TepHaTuBe, u Gysknun 1eHbl. Ha nx 6aze crponsinch MHONO3HAYHDBIE
HEYIPEeXKIAIONNE CTPATEIMH UI'DOKOB. B jajbHeitinux paborax pac-
CMOTpEHA U <«IIPsiMasi» BEPCHsl MeTOJla IIPOrpaMMHBIX nreparmii [1],
I7le MHOTO3HAYHBIC HEYIIPEXK/IAIONINE CTPATEIHH UTPOKOB HETIOCPE/I-
CTBEHHO OIIPEJIEJIAIOTCS B BUJIE IIPEJIEJIOB TPOIPAMMHBIX UTEPAIHOH-
HBIX IPOLEIYD, 33/[AHHBIX YCJIOBUSIMU paccMaTpuBaeMoil uddepen-
AAJIbHON UT'DBI.

B macrosiiieit paboTe pa3BUBAETCs MPsIMast BEPCHUsT METOJIA ITPO-
IPAMMHBIX uTepanuii (cM. mojpobHoe uszioxkenue B |2, 3]) ¢ ymopom
Ha C/aydali KOHEYHOTO 4HCja II0MeX, B KOTOpoM yiaercst (cMm. [4])
[IOCTPOUTH KOHEYHOIIATOBBIH AJITOPUTM BbIJI€JIEHUS HAUOOJIbIIErO
HEYIPEeKIAIOIIEro MyJbTucesekTopa 3agannoro MO.

OnpesiesieHusi U1 OCHOBHBbIE KOHCTPYyKHuMU. B obo3Hatue-
HUSIX W OIIpeJIeJIeHHUsIX OyjieM CJie/loBaTh YHOMsiHyTO#i pabore [4].
dukcupyeM HemycTble MHOkKectBa X, Y, u T £ [Iéo,ﬁ], a TaK¥kKe
(memycrbie) monmuokectsa Q € P/(YT), Z € P/(XT) u cemeiicTro
T € P/(P(T)) suma T = {[to,7) | 7 € T} — 1enb HemycTHIX MOMHO-
xectB T.

Beegem ma P(Z) — pacemarpusaenom muoxkectse MO u3 ) B
P(Z) — uacTuunblii nopsA0K L, mosiaras JIst JI00LIX o, o € P(Z):
(1 C ag) © (aq(w) C ag(w) Yw € Q).

[pu mobex o € P(Z)? u H € P'(T) nasosem MO o H-ne-
ynpesrcdarouwum (Hacmuuro HEYnpPeAHcoarousum), eCiu JIjisi JTIOOBIX w,
WweQuAeH

(w[A) = ("]4)) = ((a(w)|4) = (a(w) | 4)). (1)

(T-meynpexnarormue MO Oynem naseiBarh Heynpestcdarowsum). O6o-
saaamm N gy [o] MHOKeCTBO Beex H-HeyTpesk TaroTix My TbTHCe/TeK-
TOPOB @, a {a)y — ux C-nanbosbimii ssement [4, semma 3.2|.
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KonkpeTusupyeMm ajropuTsM MOCTPOEHUs ((v)y IPHU 33 [aHHOM
koneunom H = {H; C...C Hj} na ocrose npejicrapienns [4, (4.29)]:

<Oé>7.[ = < .. <a>Hk . '>H1¢

Blu(@)E{z € Bw) | (z|H) e N (BW)|H)} (2)

w'eQ(w| H)

Tak kak Ba)XHBIM TpebOBaHMEM K HUCKOMOMY CEJIEKTOPY SIBJISIETCS
€ro HEeIIyCTO3HaYHOCTD, y,ZLO6HO Ha KazKJIOM IIare BbIYHUCJ/ICHUA CY-
neprosuimu (2) u Jyisi KaxkJ0ro KJacca skBuBaigeHTocT Q(w | H),
w € (), IpOBEPATH HEIyCTOTYy MHOXKECTBa (My/eq(w | H) (B | H),
H € H, aro B cuy [4, (4.4)] 9KBUBAJICHTHO BBIIOJIHEHHUIO HEPa-
BeucTB (B)p(w) # @, w € Q. IIpu sTOoM Ha KaxKJOM IIare B CH-
JIy HEOTPAHUYEHHOI'O KOJUYIECTBA IIOMeX TpebyeTcst, BOOOIe roBoOpsl,
HEOIPpaHUIEHHBIH 00beM BBIUUCIEHUN.

B ciygae KOHEYHOro 4mciia MOMEX [Tt MHOIHX IIPAKTHIECKH
SHAYMMBIX CJIydaeB BblIOJHsieTcst [4, semma 3.1], B cuiy KoTOpOii
HEyIIPEK/IAeMOCTh SKBUBAJIEHTHA J(-HEYIIPEKIAEMOCTH, TIe

To = {sq(w,w’) 1w, € Q},8q(w,w) = Uresq(ww) H,
sa(w,w) £ {H €T | (w|H) = (| H)}.

B sTtom citydae mpu mOCTPOEHUH HEYIIPEXKTAIONIETO MYyTBTHCETIEKTO-
pa He TOJBKO KOJMYECTBO IIATOB B CYyHEPIO3UIUU (2) KOHEYHO, HO
U KaXXIIplif M3 HUX TpedyeT He 0Oojiee KOHEYHOrO YHCJA OIepaluii
TEOPETUKO-MHOXKECTBEHHOI'O XapakTepa HaJ| djaemertamu u3 P(Q) u
P(Z).

Ha npumepe 3a/1a9m oNTUMA3AIMT TapAHTHN B KJIacce HeyIpe-
JKJIAIONINX CTPATErnii PacCMOTPUM CIIOCOO CBEJICHHE ITOMCKa OIITH-
MaJIbHOI HeyIIpeXKJIaloliell cTpaTeruu K 3ajade JIMHEHHOTO IIporpaM-
MUPOBaHHUS: IIyCTh JlaHA CKaJIsIpHAS yIIpaBJseMasl CUCTEMA,

@(t) = u(t) +v(t), teT=]ltd]=]0,3], z(0)=0,

rie z(t) € R, yupasnenue u u nomexa v — GopesieBckue (hyHKINN,
Y/IOBJIETBOPSIIONNE MIHOBEHHBIM orpanmdenusm u(t) € P 2 [—1,1],
v(t) € Q = {-1,0,1}, t € T. Ilycts MHOMkeCTBO V JOMYyCTHMBIX
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o A
nomex cocrout us Tpex byukuuii, V = {v1,ve,v3}:

0, ecm t € [0,1] U (2, 3] A
t é 9 Y 9 9 t L
u(?) 1, ecmt € (1,2], va(t)

0, ecmute€][0,1],
-1, ecmu t € (1,3],

va(t) & 0, ecmute|0,1]U(2,3],
-1, ecmt e (1,2].

O6osnaunMm gepe3 z(-,u,v) pemienne 3agauan Komm npu 3a/aHHbIX
uw € Unwv € V. Bamada ynpasiieHusi: BbIOOPOM HEYIIPEKIAIOTIen
MHOTO3HAMHON CTpPAaTerni MUHUMI3HPOBATH MOKazaTedb J(u,v) =
£ —|2(3;u,v)|, u e U, v € V.

Jnst p < 0 nocrponm C-nanGossiee MO a, € P(U)Y orkim-
KOB ylIpaBjlenus Ha nomexy suja: a,(v) = {u € U | J(u,v) < p},
Vv € V. llpumenss K «, npeobpasoBanue (2), HOJydnM CBOHCTBO
HEYIIPEXRKIAEeMOCTH MyJbTHCesnekTopa (o), H = {[0,1],]0,2]}, BbI-
paykeHHOe B TEPMUHAX CHCTEMbl JINHEHHBIX HEPABEHCTB JIJIsI ITI€pe-
MeHHBIX [}, u , rme I}, MMEIOT CMBICA HHTEIDAJIOB OT HCKOMBIX
yupasienuit — Iy £ [, u(s)ds, u € {(a,)y(v) — npu pasmmuHbIX
H € H uv e V. Ilonarag nepeMeHHYIO p MOJJIeKAIIeH MIHUMUA3a-
I[[1H, UIEM PEIEeHre 3TOH CUCTEMbI HEPABEHCTB METO/IAMU JIHHEHOTO
IPOrpaMMUPOBaHusl. B COOTBETCTBYIOIIEM PEIlleHIH HallJleHoe 3Have-
HUEe p = —3 JlaeT HaM OITHUMAJbHBIN TapaHTUPOBAHHBIN DPE3YJIbTAT
PACCMOTPEHHOI 3a/ia4u, a 3HadeHust Iy — ommcaHue B MHTerpaJib-
HOlt popme C-HambOJIBINIEH ONTUMAIBHON HeyIpeXKIaroleil crpaTe-
UM YIIPABJICHHUS.
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OunrumaJjipHast AIIlIpOKCUMalnud 1nmpeae/JibHbIX
MHO2KeCTB JOCTU2KNMOCTHA JIMHEMHbIX
ANUCKPETHbIX CUCTEM IIPpHU OI'paHMYE€HHbIX
BbI1IMCJ/INTEJIbHBIX pecypcCax

A.B. Cumkuna
Mocxksa, Mockosckuti asuayuornvlil uncmumym (HayuoraibHbil
uccaedosamenbekull ynusepcumem,)
e-mail: abv1998@yandex.ru

B nanmoit pabore paccMaTpuBaeTCs pa3BUTUE TPUHIIAIIHAILHO
HOBOT'O IIOAXO/Ia K YHUCJICHHOMY MOJIC/JIMPOBAaHUIO IIPEAC/IbHBIX MHO-
2KeCTB YyIIpaBJ/IAeMOCTH U JOCTU2KMMOCTHU Ha OCHOBE€ IIPpUHIUIIA CXKH-
MaroIux oTobpaxKkeHuit [2, 3| ayist ciryvasi KOMILIEKCHO-COIPSIZKEHHBIX
COOCTBEHHBIX 3HAYEHUIT MATPHUILI CUCTEMBI. [IpemaraeTest ammpok-
CUMUPOBATH IpeJeIbHbIE MHOYXKECTBa JIoCTUKUMOCTU U 0-ympasiisie-
MOCTHU aHaJIO'MYHBbIMN O6.HaCT5{1VII/I JJIA HeKOTOpOﬁ BCIIOMOI'aTeJIbHOI
HEPHOJNIECKOl CUCTEMBI, KOTOPbIe MOI'YT OBITh IOCTPOEHBI sIBHO [1].
TouHOCTH TPUOINKEHUST B CMBICTIE pACCTOSTHUST Xaycaopda OleHnBa-
€TCsT TIPU TIOMOTITA TIPEJICTABIEHIS BCEX PACCMATPUBAEMBIX MHOYKECTB
B KAIECTBE HEMOJBUAKHBIX TOUEK CXKUMAIOMINX 0TobpaykeHuii. B nan-
HOI paboTe MPOBEAEH YNCAEHHBIN aHAJIN3 3aBUCUMOCTH TIOTPEITHOCTH
BHeIITHEN OIIEHKHU IIPpeJIe/JIbHOIO MHOXKeCTBa IIPpU OI'PaHUYEHHBIX BbI-
YUCTUTENHHBIX PECypcax, UTO MO3BOJSET OMPEIENTh ONTUMAILHOe
3HAYEHNE TIAPAMEeTPa, XapaKTePU3YIOIIEero Hanbosee TOIHYTO OTIEHKY.

PaccmaTtpuBaercst n-mMepHast THHEHHAsT AaBTOHOMHAST TIOYUTH TIie-
pHoIMUecKasl JIMCKpeTHasl cucrema yupasienust (A,U) ¢ orpanuyen-
HBIM yIIpaBJICHHUEM

z(k+1) = Az(k) + u(k), 1
2(0) = zo, u(k) €U, ke NU{0}, (1)

rie x(k),u(k) € R™ — BeKTOPbI COCTOSIHUSI U YUPABJIEHHs] COOTBET-
crBeHHO, U C R"™ — BBINIYKJI0€ KOMITAKTHOE MHOXKECTBO JIOIYCTUMBIX
sHavenuii ynpasienusi, A € R™*" — marpuna cucrembr (1). Tlpes-
mostaraercst, aro 0 € intU, Bce cobcTBennble 3HaUeHUsT A ABIAIOTCS
KOMIIJIEKCHO-COTIPSI?KEHHBIMA, T.€. 1. = 2m, CyIMEeCTBYIOT HEBLIPOXK-
JenHast marpuna S € R™™ u qucna r1,...,7, > 0, ©1,...,0m €

139



[0; 27) Takue, uTO

. - cos sin
A= Sdiag(r1 Ay, ..., TmA,)S7Y Ay = (_ Sin“‘; COSZ‘;) . (2)

st cucrembr (1) uccreayercss 3aja4a IOCTPOEHUST IPEIE/Tb-
HBIX MHOXKECTB JOCTUXKUMOCTU Voo U 0-yIIPABISIEMOCTH Xop, TIIE

Voo ={z € R": IN e NU{0}, u(0),...,u(N —-1)€elU:
ecm g = 0, 1o z(N) =z},

3)

Xoo ={z € R": AN e NU{0}, u(0),...,u(N —-1)elU:
ecim xg = x, 10 x(N) = 0}.

(4)

3BecTen mox01, OCHOBAHHBIN Ha alllapaTe CKUMAIOIIUX OTO-
OparkeHnii U JEKOMIIOZUIMH, KOTOPBIA MO3BOJSIET ITIOCTPOUTH BHEII-
HUE OIEHKU MHOXKeCTB (3) u (4) ¢ anpruopHOIi IOrPENIHOCTHIO B CMbIC-
Jie paccrosiuust Xaycaopda.

Teopema. [lycmv das cucmemvr (1) evnoansemcs ycrosue (2),
U,...,.U, C R? — sunykave xomnaxmu maxue, wmo S U C
Uy X ... X Uy, Odas ecex i = 1,m wucaa ¢; € [0;2m) ydosaemso-

/
PAIOM YCAOGUIO P = 277%, K/ eZ, K! € N. Tozda
1. ecrury,..., 7 <1, mo

L K

Voo C S® (.)A}zoo + BRi(O)) aj}i,oo = 1 K7 Z TfAke?nuh
i=1

k=0

2 . P
R, = " \|sin <(’0Z (’Ol> max |y,
]'_ Ti 2 yeyi,oo
2. ecarury,...,tm > 1, mo
m
Yoo € SQ) (oo + Br,(0)) |
i=1
T
Xivo = ——— Y =1 "A_pp Ui,
L=r="0
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2
R; = —— |sin i@ Pi max ||lz| + maXHUH
r; — 1 2 :UGX uel,

ToOYHOCTH aNPOKCUMAIH, II0Jy9aeMBIX B COOTBETCTBUHU C
9TO# TeopeMoU, ompejensercd BenaunaMu Ry, ..., R,,. MoxHo 10-
OUTHCA CKOJIb YTOMHO MAJIOrO WX 3HAYEHUs 33 CYET BLIOOpA YHUCEs
D1y -+ Pm, ONHAKO HA HPAKTUKE, KAK IIPABUJIO, BO3BMOYKHBLIC 3HAUEC-
uust K orpanuuensl HekoropbiM 3HaueHHeM Np.x € N. ITo sroit
NPUYMHE OKA3bIBAETCA aKTyaJbHOI Criemyonmas 3aja9a s (pUKCH-
posamnbix U € R2, o € [0;27), r > 0:
R — min . (5)
0K K/'<K"<Nmax
Pemmnth nanmnyio 3a1ady B 00meM ciydae npoOJIeMaTudHO, B CBS3U
CO CIIOZKHOMN 3aBHCHMOCTBIO Voo U Xag OT (b, HO MOKHO B KAMCCTBE €€
npubsmzkenust pacemorpers (K|, K{) — pemienue BcriomoraresibHOl
3a/1a1
o —2nK'/K" )
— min .
2 0< K/ < K" < Nmax

Baduxcupyem snavenne K" n onpenemmv K, (K"):

o —2rK'/K"|  [@K"
| om

K, (K") = arg 0<%1HK// 5

rie [t] — okpymienune dncia t K Gukaiiimemy mesiomy auciy. Toraa
sHavenne K[y, MOXKHO HAHTH C MOMOIIBIO nepebopa:

kol
. 2 ™
K! = arg B b A < , Koy = K, (Kp).
IIponmmocTpupyeM pe3yabTaThl Ha npuMmepe. llycts ¢ = 1,

r=1.

Nax | 10 [ 20 [ 40 [ 60 [ 100
K, |13 |47 7
KU |6 (192544 44

npuiem Ky = K, K = K tne K/, K|/ — pelienne, m0JyIeHHOe
HOJIHBIM TIepe6GopoM. JIst ipyrux HabopOB BXOJHBIX JAHHBIX 3HAYE-
uust K, u K|, K!! u K] takxke coBIaJaor.
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O 4Ync/jIeHHOM MOCTPOEHUMN ANIPOKCUMAITHUIL
pelnieHns 3a1a491 PEKOHCTPYKIIUU yIIpaBJIEHU
IPU HEBBITYKJIBIX '€eOMeTPUYECKIX
OrpaHNYEHUAX Ha yHpaBJIeHUA

H. H. Cy66oruna, E. A. KpyneHHukos
Examepunbype, UMM YpO PAH, Yp@YV

e-mail: subb@uran.ru krupennikov@imm.uran.ru

Jokuta i moCBsIeH 3ajiade PEKOHCTPYKIIUU YIIPABJIEHUN JIJIst
JIMTHAMUYIECKUX JIETEPMUHUPOBAHHBIX CUCTEM 110 HETOYHBIM 3aMepaM
HaOJII0/IaeMOl TPAEKTOPHH, TIOPOXK,/IAEeMON HEM3BECTHBIM yIIPABJICHM-
eMm. PaccmarpuBatores adbuaHbIe IO yIPABIEHUSIM CUCTEMbBI BHIA

dz(t) _
5 = Gltz(®)u() + f(t,2(1)),

reR", weR™ tel0,T], T < oo, (1)
G(): [0,T] x R — R™™_  f(-):[0,T] x R" — R".

JomycruMmble yIpaBieHusl — HU3MepUMble (DYHKIMA CO 3HAYE-
HuaMmu n3 komnakra U:

u(t) e U, m. B.mal0,T)]. (2)
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OCoGEHHOCTRIO UCCIIEIOBAHNS SIBJISIETCsT TO, 9TO KoMmakT U He 00si-
3aTe/ILHO BBINYKJIBIH. B ciaydae, Korma orpaHuydenus Ha yIIPaBJICHUS
HEBBIILYKJIble, MOT'YT BOSHUKATH CKOJIb3sIue yipasienust [1]. s ra-
KOro ciydast Obuta chopMyImpoBaHa 3a/1ada PeKOHCTPYKIMN yIIpaB-
JIEHNUiT, UMEOIasl € MHCTBEHHOE DelleHne — HOPMAJIbHOE yIIpaBJie-
HEE, NOPOXKIAIoIIee HAOIIONAEMYI0 TPACKTOPUIO U MMEIOIee MUHU-
MasibHyI0 HOpMy B mpoctpanctee L2 [2]. HopmasbHoe ymnpasienue
HAXOJUTCS B KJlacce 0OOBIEHHBIX yIpaBieHuit [3].

Brbit npeiosken mojixos [2] K moCTPOEHNIo KyCOUHO-TIOCTOSIH-
HBIX AIIPOKCHMAINH HOPMAJIBLHOTO yIPABJICHHSI, YOBJICTBOPSIOIIIX
3a/IaHHBIM, BOODIIE IOBOPsi, HEBBINYK/IbIM orpanndenusiv (2). B 3a-
Jadax PEKOHCTPYKINN praBJIeHI/IfI C BBIIIYKJIBIMU TI'€OMETPUICCKU-
MU OFpaHMYCHUSIME Ha YIPABICHUS, KaK IPABUIIO, TPEOyeTcs: CXO-
JIIMOCTB AIllIPOKCUMAIMI PEIIeHHst B CHIBHOI TOOIOIUH IPOCTPAH-
crBa L% (cm., mampumep, [4]). B pabore [2] moxazama ciemyrommast
Teopema.

Teopema 1. Bunykaaa oboaouxa mmoocecrnea U (2) (m.e. mmo-
orcecmeo coU) cosnadaem ¢ €20 3amvikaruem 6 caaboli Mmonoao2uy
npocmparcmea L2.

Dra Teopema TOBOPUT O TOM, HUTO JyIsl MOCTABJEHHON 3aaun
C HEBLIIIYKJIBIMA OI'DaHUYCHUAMU MOZKHO Tpe6OBaTb CXOJUMOCTDL all-
HPOKCHMAIHIl pPeleHns B cJ1aboil Tomojioruu npocrpancTsa L2,

[Mojxos, npeioKeH bl B pabore [2], onupaercss HA UCHOJIb-
30BaHUE DEIeHHH BCIIOMOTaTEeJbHBIX 33/ad PEKOHCTPYKIUN YIIPaB-
JIEHHUH ¢ OBBITYKJICHHBIME OIDAHUICHHSIMU

u(t) € coU, m. B. na [0,7]. (3)

Jlist perniennsi TakKuX 3a/1a4 CyIIECTBYET PsiJi MOJIXOJI0B — HAIPUMED,
HOJIXOJ1, OLMCAHHBIA B [4], Gasupyumiicss Ha MpoleLype ONTUMAaIbHO-
I'0 IIPUICJIUBAHNA, 1 HOBBII OPUT'MHAJIBLHBIN 110/1X0/1, OLIUCAHHBINA B [5],
UCITOJIB3Y 0NN KOHCTPYKITMH U3 BCIIOMOTATEIHHBIX 33189 BapUAaIly-
OHHOTO WCYHCJIEHWsI HA MOUCK CEJJIOBBIX TOYEK HEBBIMYKJIbIX HHTE-
rpajibHbIX (DYHKIIMOHAJIOB HEBsI3KU. Perlienne MCexoHoi HEBBIITY KJIOi
sagaqn (1), (2) crpouTcst YMCIEHHO HA OCHOBAHUU BCIIOMOTATEILHOI
oBbIIyKJIeHHOI 3ajaun (1), (3). B ocHoBe obocHOBaHMST O/XO/IA JIe-
KUT Teopema Kapareomopu o cTpyKType BBILYKJIOro MHO)KecTBa. Co-
r1acHo eif, joboe 3nadenue u € co U KyCOUHO-TIOCTOSTHHBIX AIPOK-
cuManuii peleHunsi BCIOMOIaTeIbHOI OBbIyKJ/IeHHOH 3asa4n (1), (3)
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MOKeT OBITH IPEeJCTABUMO B BHUJIE JIMHEHHONW KOMOWHAIMN He OoJiee,
geM m + 1 Todek camoro MHOXkecTBa U:

Yu € coU Elui,l, UG 25 -+ s Uim+1 € U,
N, iy Aimyr € 0,1]
m+1 m+1 (4)

DAik=1 u=> Nirui
k=1 k=1

Ha ocHoBaHuMu 3TOro Mmojxoja MpeJJIOKEH YUCIEHHbIH aaro-
PHTM IIOCTPOEHUS PelleHus HeBbITyKJI0i 3a1a4u (1), (2). On ocHoBan
Ha HAXOXKJIEHUU CUMJIEKCOB B TpocTpaHcTBe R, COCTOSINX U3 TOUYEK
muOo)kecTBa U Takux, 9TO OHU COJEPKAT 3HAUYCHUS AITPOKCUMAIINIA
pellleHns] BCIOMOIaTeJIbHON 3a/1a4i. 3Hasl TaKO#i CHUMILIEKC, MOXKHO
HaiiTi KO3(DDUIMEHTH! BHITYK/IOM KoMOuHaImu (4) mo Todkam, Ko-
TOPBIME SIBJISIIOTCST €ro BepIiuHbl. Ha ocHoBanuu Ko3(hbhUIneHToB 1
TOYEK BBIMYKJIOM KoMOuHAINY (4) CTpOSATCS KyCOIHO-IIOCTOSTHHBIE all-
IPOKCUMAITMU PEIeHUsT UCXOHOMN, HeBbIyKJIoH 3amaun (1), (2).

B ocHOBe 5TOr0 ajropurma HAXOIUTCsT IPOIIE/LYPa TIOJIHOTO I1e-
pebopa 1Mo CUMIJIEKCAM B 1M-MEPHOM MPOCTPAHCTBE, COCTOSIIUM U3
rouek MHokecTBa U. IIpu 3TOM 1pejimnoiaraercst, 4To 9T0 MHOKECTBO
COCTOMT M3 KOHEYHOI'O KOJIMYECTBa TOUYeK. B ciiydae, KOrja MHOXKe-
crBo U coCTOUT M3 3HAYUTETHLHOIO KOJIMIECTBA TOYEK, MTOJIHBIN [epe-
60p CTAHOBUTCSI 3aTPY/HUTEIHLHO PEAJN30BaTh Ha MpakTuke. B naH-
HoOit pabote mpeioxkeH 60jiee 3HDEKTUBHBIN AJITOPUTM TOCTPOCHUS
AIIIPOKCUMAIINIT PeIleHns HeBBIIyKJIoi 3amadn (1), (2). On ocnosan
Ha TOKMCKE T. H. ONTUMAJbHBIX CUMILIEKCOB — TAKUX, YTO OHU COJEp-
2KaT 3HaYCHUA KYCOTHO-ITIOCTOAHHBIX a.HHpOKCI/IMaL[I/Iﬁ perreHud BCIIo-
MoraTeJbHOI 3aJlavdd U IIPpU 9TOM MUHUMHUSUPYIOT SaﬂaHHbIﬁ ITIOKa3a~

TeJIb KauecTBa.
Taxke agropuT™M pasBuT Ha OoJiee OOIIHUI cirydail, KOrga MHO-
kectBo U (2) siBiIsieTcst OrpaHUIeHHBIM KOMIIAKTOM.
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nevqaTH|

MeTto/1 BoJIbTePPOBBIX (DYHKIINOHAJIBHBIX

ypaBHeHHii B IIpobJjieMe CUHTYJISIPHOCTH
yHpaBJiseMbIX HA4YAJIbHO-KPAa€BbIX 3a/1a4

B. . Cymun
Huorecnuti Hoseopod, HHI'Y um. H.U. Jlobauescrozo;
Tambos, TI'Y um. I''P. lepowcasuna

e-mail: v_sumin@mail.ru

Panee aBropom 6blia npejyioxkena (cM., Hanp., 063op [1]) mo-
crarouHo obmas opMa ONUCAHUA YIIPABISIEMBIX HAYAALHO-KPAEGHLT
3adav (HK3) ¢ noMompio 604bmepposuls yHKyuOHAANOHOIT YPAGHE-
nut (BOY) Buga

2(t) = f(t, AlZ](),v(t)), tell, z€ Ly = (Lpy(Im)™, (1)

rae II C RN u f(+,-,-): II x R! x R® = R™ sagansy; v(-) €D C Lj
— ympasJieHue; A: Ly — Lfl — JIMHEWHBIN ollepaTop, BOJILTEPPOB
Ha Hekortopoii cucreme T mommuoxkects I B TOM cMBbICIE, 9TO It
moboro H € T cyxenme Alz]|y we sasucut ot z|mpg; p, ¢,k €
[1,4+00]. K BOV (1) obpaiieHrem ryiaBHOi YacTh IPUBOJIATCS Pa3HO-
obpasuabie HK3 jyist caMbIX pas/ImdHBIX BOJIIOIUMOHHBIX YDPABHEHUH
(em. [1]). Ilepexox or HK3 x sksusanenrHomy BOY (1) ajeksa-
TeH MHOTUM IIpobsemMaM onTumusanuu (IoJydeHue ycaosull corpa-
nerus 2n0barvnots paspewumocmu (YCI'P) HK3 npu Bosmymienun
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yIIpaBJIeHUiT; BBIBOJL HeoOxodumbix ycaosul onmumasvrnocmu (HYO)
u ap. (em. [1]).
Kak ormeueno B [2, ¢. 10], B TpaJiMIIMOHHON TE€OPHU ONITUMATb-
HOT'O YIIPABJIEHUS OOBIYHO CUMTAETCs BBIIOJTHEHHBIM CJIeLyrolnee 00-
1ee PeJIIOJIOKEHNE:
“IJIT BCIKOTO YIIPABJICHUS, 3aIaHHOTO B ITOIXO/IAIIEM
MHOKECTBE, ypaBHEHNE, OIUCHIBAIOINIEE YIIPABISEMbIi @)
IIPOITECC, MMEET €IMHCTBEHHOE PEIIEHUE B TIOIXOSIIIIEM
MHOXKecTBe.”

DT “IOAXOIAIINE MHOYKECTBA B KayKIOM ONTUMHU3AIMOHHON 3a1ate
CBOU, UX MOXKHO, BOOOIIE€ TOBOPsI, MEHATL U IOJ0OUPATH B 3aBUCUMO-
CTH OT TEX BOIIPOCOB, KOTOPBIE IIpe/Ioiaraercst perars. OHaKko, Kak
cKa3aHo B |2, c. 12-13], MHOIrHE NPUKIIA/(HbIE 33191 3aCTAB/ISAIOT OT-
Ka3aTbCsd OT npenosioxkennst (2): “Mbl TOJKHBI IMETh BOSMOXKHOCTH
paccMaTpuUBaTh CUTYAIMH, B KOTOPBIX YpaBHEHHUE JInOO He UMEET pe-
IeHusI, TMO0 UMeeT CKOJIb YTOAHO OOJIBIIIOe YUCIIO pelteHnii, oo pe-
HIeHMsl HeyCTORIMBbI” (110/] HEYCTORIMBOCTHIO TIOHUMAETCs, B YACTHO-
ctu, orcyrerBue riobanbaoro pemrenust HK3, orpedaroriero sexoro-
pPOMY JIOIIYCTUMOMY yIPABJIEHUIO, [IPU HAJUIUH COOTBETCTBYIONIETO
JIOKAJIbHOTO PEIeHusl; CM., Hampumep, |2, c¢. 14-15]); Takue yupas-
asemble HK3 nasbiBatorest B [2| cunryssipusivu. Bynem oboznadars
qepe3 R TO MHOXKECTBO YIIPaBJIEHN, KaXKIOMY U3 KOTOPBIX OTBEYIAET
€JINHCTBEHHOE IJI00a/ibHOe pelenne paccmarpuaemoin HK3. Haubo-
Jiee MoJpO6HO B [2] M3ydaercst CUHIYJISIDHAs CUTYallUsl, CBA3aHHAS
C HEYCTOHYMBOCTBHIO B OIMCAHHOM BBIIIE CMbBICJIE, KOTJA €JUHCTBEH-
HOCTB pernerust yrpasisiemoit HK3 ectb, HO He Besikoe morycTumoe
yIPaBJICHUE TPUHAJICKUAT R; yIpaBisgeMas CUCTEMA, O0JIaIA0IIas
TAaKOl HEYCTOIYHBOCTHIO, HA3LIBACTCA B [2] ele cucTeMOil ¢ paspbl-
BOM.

B [2, r1. 1] “oTnpaBHBIM MOJEILHBIM IIPUMEPOM” SIBJISIETCSI OI1-
TUMU3AINOHHAS 33294, CBSI3aHHas C “HEYCTOWYWBLIM Mapabosmde-
CKUM ypaBHEHUEM

Llz](t) = @) — Az =2 +0(t),

X 3
t={tm} = {¢t, .. et e )

rie Az = Z 2", — omeparop Jlamnaca, Il = Q x [0,0] € R"L,

titi
Q CR" OTKprTO U orpaHudeno, ¢ rpanuneit 0Q) kiacca Cy. 3amada
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srmouaer HK3 st (3) ¢ mauansaeiM yenosuem z(t, 0) = w(t), t € Q,
rpannaubiM ycsoBueM z(t) = 0,t € I' = 0Q x [0, 0] (v — yupasienne
U3 BBITYKJIOTO 3aMKHYTOTO B Lo MHOKecTBa D) M MUHMMU3UDYEMbIii

[¢]
dynxumonan Jv, z] = 3|z — EH%G + %/||U||%2, (w e W(Q), T € L,
N > 0 3ananbi). Pemenne HK3 nonnmaercst B cmblcte VV22 1B oc-

HOBHOM pacCMaTpUBaIOTCH ciiydanm n = 1,2, 3, Korja W22 1 Lg, TO
ectb © € Lg. s ykazauHoii 3ajaun onrnmusanun B 2, ri. 1] usy-
qaercs pobjiema mnosyuenuss HYO Tumna wHTErpajbHOTO MPUHIUIIA
MakcuMyMa. B ganHOM coryuae, Boobiie rosopst, D ¢ R (HekoTOpbIM
YIPaBICHUSM MOYKET OTBEYATDb JIMIIL JoKajbHoe 1o "1 no ue rio-
6asbHoe pemmenne HK3), To ecTh ynpasisiemast cucrema CHHTYISpHA
B OIIMCAHHOM Bbllie cMmbicie. [losromy B [2] just BeiBoma HYO on-
TUMAJILHON T1apbl {vVg, To = Ty, } (¥, — mi0banbHOe pemenne HK3,
oTBeYAoIIee YIPABICHUIO V) IPEJJIaraeTcsi JefiCTBOBATH HE TPa/Iu-
[IMOHHBIM METOJIOM KJIACCUYECKOI'O0 BapbUPOBAHUS YIPABJICHUH, KO-
rJa 3HadeHust QYHKIIMOHAJA OIPEJIEIISAIOTCH HAIPAMYIO yIIPABJICHH-
em 1o npasuiy [[v] = J[v,x,], a paccMarpuBaTh 3ajady Ha KJIACCe
nap “yupasienne, cocrosinue” {v(.),z(.)} B Ly X Lg 1 UpUMEHSTH Me-
Toj, agantupoBarHoro mrpada. ChopMyaupoBaHHasi BbIIE 3aja9a
ONTUMUBAINN 3aMeHsieTcs mTpadHOil 3ajadeil Ha MUHUMYM (QYHK-
[MOHAJIA

Jelv, 2] = Jlv, o]+ (26) 7 Lla] - 2® = v[|Z, + [[v = wol[Z, + [l — w0l Z,

Ha MHOKecTBe Bcex 1nap {v,x} € Lax Lg Takux, uro v € D, x yosie-
TBOPSIET MPEKHUM HAYAIBHOMY M IPaHUIHOMY ycsoBusiM, L]x] € Lo.
3nech € > 0 — mapamerp mrpada. JlokassiBaercs, uro npu € — 0
perenue {v., z. } mrpadnoii 3agaan crpemurcst B Lo X Lg x {vg, 2o}
st mrpadHOil 3373491 KIaCCUIECKUM BapbUPOBAHUEM BBIBOIUTCS
HYO B Buge wHTErpajbHOrO IMPUHIUIIA MAKCUMYMa, U3 KOTOPOI'O
npu € — 0 nosmydatorcs uckombie HYO j1a nepBoHavasibHON 3a-
Jgaan onruMusanun. Dt HYO [2; rn. 1, Teopema 3.2| nHazpaus! B [2]
cunzyaaprot cucmemoti onmumanvrocmu. Kak ormedeno B |2, c. 66,
nupu BeiBoje HYO meron ajanTupoBaHHoro mrpada ropasio 6ojee
TPYJAOEMOK, YeM TPaJIUITMOHHBIIN METOJ BApbUPOBAHUS yIIPABJIEHUS
(CyLU,eCTBeHHaﬂ TPYAHOCTD — IIOJIyY€HUe alIpUOPHBIX OIEHOK TaK Ha-
3LIBAEMOTO TTPUOIMKEHHOTO COTMPSIZKEHHOTO COCTOSTHUSI, 3aBUCSIIIIETO
or mapamerpa ¢). [osToMy HOHATHO JKeslaHWe Tak WM WHAYE I10-
JIYIUTH BO3MOXKHOCTH BO3BPATUTHCs 1pu BhiBoje HYO B cuHrymIsip-

147



HBIX B CMBICJIE [2]| 3a/1a9aX ONTUMU3AIMN K [IPOCTOI U eCTeCTBEHHO
KJIACCUYECKOIl CXeMe HEeOCPEJICTBEHHOI'O BapbHpOBaHUs. B jiokiaje
[TOKa3bIBAETCS, YTO JIJIsi HEKOTOPBIX 33J1a9 ONTUMUBAINH, PACCMAaT-
puBaeMbIX B [2] npu BeiBoge HYO Kak CUHIYJISIDHbIE, 9KBUBAJIEHTHOE
BdV-onucanue (1) yupasisiembx HK3 nosposisier mosyunTs u pea-
JI30BaTh TAKyI0 BO3MOKHOCTH (cM. [3]). IIpumepom 3/1ech, B 4acTHO-
CTH, CILy?KUT ODCY2K/IABINasiCsl BBIIIE MOJeJIbHAsI B [2] “cHHIyJIsipHAsT
cucrema onrumaiabaocTn” |2, rii. 1, Teopema 3.2

Hemno B Tom, uro cuntath HK3 cunrynsphoit u nepexoiurs B
teopun HYO k paccMmoTpenuio nap “yrpasiieHue, COCTOSHIE BbIHY K-
JlaeT mpexJje Bcero Hegocratrok mHgopmanuu 06 YCI'P HK3 orno-
CUTEJIBHO TPEOYIONIErocs BapbUPOBaHUs ylpasjeHuil (B onucanHoi
BBIIIIE 33/1a9€ 9TO KJIACCHIeCKoe BapbupoBamue). Kak moKa3blBaeTcs
B JIOKJI&JIe, 9Ta TPY/HOCTb B HEKOTOPBIX CJIYUYAAX MOXKET OBbITH IIpe-
oziosieHa (To eCTh JI0Ka3aHa BO3MOXKHOCTH TPEOYIONIErocs JIJIsk BBIBOJA,
HYO BapbupoBanusi yupap/eHnil) MepexojoM B ONUCAHUY YIIPABJIs-
emoit cucrembl o1 HK3 k sxsusasienTHoMy BOY (1) n npumenennem
coorBercTByIoiux teopem 06 YCI'P. Ucnosb3yercs To, 4uro, ecin
KaXKJIOMY JIOIYCTHMOMY YIIPABJIEHHIO OTBeYaeT He Hojiee OJHOIO pe-
mernss HK3, To u B cunrysnsipHoii B cMmbicie [2] curyanum MOXKHO
CUNTATH IIPEJNOJIOKeHNEe (2) BBIIOJHEHHBIM, B3$B 3a “NOJXOJAIIEe
MHOXKECTBO yrpasjenuii” K.

Pabora nomnep:xana Poccuiickum Hay4dubIM doHIOM, mpoekT Ne 23-11-
20020.

1. Sumin V. Volterra Functional-Operator Equations in the Theory of
Optimal Control of Distributed Systems // IFAC PapersOnLine. 2018.
Vol. 51, iss. 32. P. 759-764.

2. Jluowc 2K.-JI. YupaBiienue CUHTYJISIDHBIMU PACIPEIEIeHHBIMUA CHCTe-
mamu. M.: Hayxka, 1987.

3. Sumin V.I. Volterra Functional Equations in the Theory of
Optimization of Distributed Systems. On the Problem of Singularity
of Controlled Initial Boundary Value Problems // Proc. Steklov Inst.
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OnTumMuszanusa 10xo/a ¢ y4eTom )
JAUCKOHTUPOBaHUS JIJIsI MOJeJiel TOILyJIsAIniA,
3aJaHHbIX JuddepeHnmaaIbHbIMI
YpPaBHEHUSI MU

O. . Tapacosa
Baadumup, Baadumupckuti 20cydapcmeermvili YHusepcumen
umernu A. I u H. I Cmoaemosvix
e-mail: oksana_tarasova.02@mail.ru

PacemoTpuM oTHOPOTHYTO TOMYJIAIAIO, COCTOSITIIYIO U3 OJHOTO
BH/Ia, BCe 0COOKM KOTOPOTro 00JIaIal0T OJIMHAKOBBIMI XapaKTePUCTUKA-
vu. Eciin Takast momysisiiust pa3sBuBaeTcsi 6€3 BHEITHErO BMEIIaTe b-
CTBa, TO €CTh 0e3 HKCIIyaTalnun, eé JUHAMUKA OMUCHIBACTCS CIIETy-
omuM auddepeHnnaabHbIM yPaBHEHTEM

= f(z), z¢&Ry=[0,+00).

[Tpemmosioxkum, 9T0 Uepe3 paBHbIE IPOMEXKYTKU BPEMEHU B MO-
menTol T(k) = kd, tme d > 0, k = 1,2,..., U3 9TOil TOMyJIAINNA U3bI-
MaeTcs 9acTh pecypca, Xapakrepusyemas KodMdOUIMEHTOM U3 bATHS
u(k) € [0,1], KOTOpBIl yKa3bIBaeT, KAKyIO JOJII0 pecypca 3a0MparoT
OTHOCHUTEJIBHO ero TeKyIero oobema. Takum obpazom, u(k) = 0 o3Ha-
qaeT OTCyTCTBHE M3bsTHs, a u(k) = 1 — 10JIHOE U3BJIEYEHHE BCEro
pecypca. B pesyibrare nosyuaeMm yupasisieMyto (3KCILIyaTUPyeMyo)
MOJIETD HOITYJISIIAN

i=f(zx), t+# kd, ,
w(kd) = (1 — u(k))az(kd — 0), (1)

riae x(kd) n x(kd — 0) = X (k) — 9TO KOJIMYIECTBO pecypca mocje u
JI0 U3bATHST B MOMeHTHI Bpemenu kd, k = 1,2,...; x(0) — #Hagainb-
Hoe 3HaueHue nomyssiiuu. [pemonaraem, aro dbyuxius f(r) u eé
npoussojiHast 0f/Ox HenpepbiBHBI jjist Beex = > 0, a Takxke perie-
Husi ypasHenus (1) HenpepbiBHBI cripaBa. JlomoHUTEIHEHOE YCIOBHE
f(0) > 0 raparTupyer KBa3UIOJIOKUTEIHLHOCTD CHCTEMBI.

[Ipu crammonapHOM pekKuMe SKCIUTYATAINN, T YIpPaBICHUE
u(k) ocraercst nocrosinabiM: u(k) = u € [0,1], k = 1,2, ..., pasBurne
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HOITYJAAIIMA MOXKHO OIIMCATh IIPU IIOMOIIU CJIEJIYIONIEN JIMHAMAYECKON
CUCTEMBI

X(k+1)=o(d (1 - X&), k=1,2,...,

e (1 — u)X (k) — Konmm4ecTBO pecypca, OCTABIIErOCs TOCIE U3bsi-
THsL B MOMEHTBI BpeMenu k; dyukimst ¢(t, ) — pelienne ypaBHEHUsE
& = f(x) ¢ magampubivn yeiaoBusvu ¢(0,z) = z, x > 0, t > 0;

X(1) = o(d, 2(0)).

Onpenenenue. J[uckonmuposartvim A0T000M OT W3BJICIEHUST Pe-
cypca 3a k usbsruii (cM. [1, 2|) HasbiBaercs Besmunna H,, 3a1a10-
masicst pyHKIen

oo

Ho(@,2(0)) = 3 X (j)u(j)e .
j=1

3ajiava ONTUMU3AIUN JTUCKOHTHPOBAHHOTO JIOXOJA 3aKJI09a-
ercd B MakcuMmuzanuu Gyukiuun H, u omnpejesieHun OnTuMaibHOIO
yIpaBjeHus u3bAaTus pecypca. Ormernm, 4T0 HAUOOBITUH JTUCKOH-
TUPOBAHHBIHN JOXOM U MOAXOMANINN PEXKIM SKCILUIYATAIIH IS MOJIe-
Jiel CTPYKTYPUPOBAHHBIX HOITYJIAINAN, 3aJaHHBIX CUCTEMOU PA3HOCT-
HBIX ypaBHeHuii, bl Hajijensl B pabore [1]. [Ipusenem anasormd-
HOE YTBEP:KJICHUE I MOJIeJIel OMHOPOIHBIX TOMYJISIIAN, OMUCAHHBIX
uddepeHInaIbHbIMA Y PABHEHUSIMA.

Teopema. I[Ipednonosicum, wmo gynkyus D=p(d,z) — xe® docmu-
20em 6020 MAKCUMANDHO20 SHAYENHUA 6 eduncmeentot, mouke T*
(x* > 0). Tozda pynxyua Hy(u,z(0)) npu aobom x(0) = x* docmu-
20em HaubONLWE20 3HANEHUSA

- D(z") —a
H,(u*,z(0)) = T +X(1)e
na mrnoorcecmee U={u*: v* = (v*(1),...,u*(k),...)} npu ynpasse-
NUAT
w)=1-———; wk)=1-— k> 2.
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IIpumep. Haiinem 3HaUeHNE TUCKOHTHPOBAHHOIO JIOXOA JIJISI OTHO-
POHOI TIOIYJISIIIAN, 38 JAHHON JIOTUCTUIeCKNM I depeHImaaIbHbIM
ypaBHEHUEM

isz(l—%), b>0, K>O0.

Perennem 3a/laHHOrO ypaBHEHUSI 1IPH HAYAJIBHBIX YCJIOBUSIX
(0, z) = x aBisiercst QyHKIA

Kzebt

1, 2) = —5——F7—.
el ) K +x (et —1)
Herpyso nposeputs, uro dbyuknus D(z) = ¢(d, z) — ze® no-
cTUraeT cBoero Hambosbiiero 3Hadenus D(x*) B Touke =, rje

. K (ebd/Q _ 6a/2)2 . K (ebd/Q _ 6a/2)
D(z") = obd — 1 T a2 =Y

Takum ob6paszom, MakCUMAaJIbHOE 3HAYEHNE MCKOMON (PyHKIINT
H,, pasHo

K (ebd/Z _ ea/2)2
(0)) = (ebd — 1) (e2o — o)

H,(u*, x + X(1)e .

[Iycre d = In 2, koaddurment auckontTupoBanus o = 0.251n 2,
mmapameTpbl ypaBaenus b = 2, K = 1. Torma aunamMuka OgHOPOTHOM
TIOMYJIAMHI OIPEIEIeTCs CIeayomuM nuddepeHua bHbIM yPaB-

HEHUEM
t=2z(1—-x).

Haubosbmiee suavenne dbyuxiun D(x*) &~ 0.276 nocruraercs
B TouKe x*, npub/mmkenHo papHoit 0.834. BozbMeM HadajibHOE 3Ha-
genne uucsienHoctn nomyssinun x(0) = 1.5. Moxk#aO nocuurars, 4T0
MakcuMasbHoe 3nadenne dyuxmun H, (u*, 2(0)) ~ 2.143 npu pexn-
me skciryaranun u*(1) & 0.235, u*(k) ~ 0.124 s Bcex k > 2.

Pabora BbITIOSIHEHA TI0JT PYKOBOJICTBOM JI.(h.-M.H., Impodeccopa
Kadeapbl GYHKIMOHAILHOTO aHaIn3a 1 ero mpuioxKennit Biaauvup-
ckoro rocyapcrsentoro yansepceutera uM. A. I u H. I'. CroneToBbrx
JIrommuier ViBanoBuBl PonHObM.
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IloBeneHue nepeMeHHBIX MOJIEJIM POCTa MPU
JIOTUCTUYECKN PacIiipejieJ;IEeHHbIX pUCKaX
UCTOIIEHUSI PECYPCOB

A. A. YcoBa, A. M. Tapacben
Examepunbype, UMM YpO PAH

e-mail: ausova@imm.uran.ru, tam@imm.uran.ru

B pabore [1] paccmarpuBaercst MoOjesib Pa3BUTHSI PECYpPCO3a-
BUCHMOI'O DErHOHA, IJie OCHOBHBIMH (DAKTOPAME BBICTYIIAIOT TEKY-
muit m(t) u KymysastuBnbiii M (t) pacxoj] MaTepuasoB, IPU TOM
M(t) = fot m(s)ds < My, rje nocrosinaast Besmauna My onpeessi-
€T HEBOCITOJIHUMBIM 00beM MMEIOIINXCsT PECYPCOB. Y YET MaTepuasioB
OICHMBACTCSl UX JIMHAMUKOM, KOTOPasi 3aBHCUT OT WHBECTHI[MOHHOIL
cocrapiistiomedi u(t). Permon nanpasisier uasecrunun u(t) € [0, ] B
yBeJIMYeHNe POy KTUBHOCTH pecypcoB z(t), Ipe/inoiarast, ITo JIHIIIb
Joaist 3 arux uHBecTUIWi U (t) PeaybHO BJIUSIET HA CHUXKEHUE PECyp-
cozaBucHMOCTH, TO ecTb Z(t) = [u(t)z(t). IIpoaykruBHOCT B MO-
JIeJIA OIIPEJIEJISIeTCsl KaK 00beM BBIIyCcKa y(t) Ha eJUHUILy PecypCoB,
10 ecThb z(t) = y(t)/m(t). Boimyck 3/1eCh ammpoKCUMUPYETCsi CTENeH-
noit dbyukiueit y(t) = ae®m®(t), rae SKCHOHEHIMAILHBIA MHOYKH-
Teb aeb yauTHIBACT BIMSHIE IPOYNX MTPOU3BOJICTBEHHBIX (haKTOPOB
(SIBHO He YyYACTBYIONUX B MOJIC/IN) HA POCT BBIILYCKA, a IOKA3ATEIb [
ectb Koabdunuent snacruarocT. CyMMUDYsl BbIIIECKA3aHHOE, JIH-
HAMUKA MOJIEJIN 3aIMCHIBACTCH B BHJIE

b— Bu

NI(t) =m(t), ri(t) = T—=m(t),  M(0) =0, m(0) = mo.

B pabore [2| npoBosuTcst u3ydeHue 3Toil MO B paMKaxX HPUHITAIIA
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makcuMyMa, [loHTpdaruna, aHaJIM3UPYIOTCS KadeCTBEHHBIE CBONHCTBA
CUCTEMBI U CTPOATCA OIITUMAJIBHBIEC DEIICHU A 6.)_[1/131/1 yYCTaHOBUBIICT'O-
Cs1 ToJI0zKeHYsl. VICTIONb3ysl 9T PE3y/IbTaTh, 3/1eCh MOJIENb U3y IaeTCst
C TIO3MIMU BEPOSITHOCTHOIO AHAJIN3A.

[Iycts 7 — ciyuaifHbIil MOMEHT BPEMEHU, KOTJIA PECYpPChl MOJI-
HOCTBIO U3PACXOI0BAaHBI. BeposiTHOCTH TOr0, UTO JUMHUT PECypcoB Oy-
JeT ucdepiian 10 MOMEHTa BPpEMEHUN t, BBIYHNCJIAETCA MCXOLA4d U3 BBE-
JIEHHBIX MOJIJIbHBIX mepeMeHubix Fr(t) = P(t < t) = M(t)/My €
[0, 1], a mroTHOCTD, cooTBeTCTBEHHO, fr(t) = m(t)/My, t > 0. Onmpa-
SICh Ha 3JIEMEHTBI TEOPUHU HAJIeXKHOCTH, BBOJUTCSI [IOHSITHE PUCKA UC-
TOIIEHNUST PeCyPCOB (B OPUIHHATIE onachocmb omka3a |3, Pasmern 2.2])
At) = fr(t)/(1 — F(t)), koTopoe ompejessieT BEPOSITHOCTD II0JIHO-
r0 UCYeplaHusi PECyPCOB B MOMEHT BPEMEHU ¢ IIPH YCJIOBHHU, UTO JIO
9TOrO0 MOMEHTa BpPEMeHH DPecypChl elne Oblan. HakomieHnble pucku
OIIPEJIEIISTIOTCS KaK MHTErpabHbIil mokasaresab A(t) = fot A(s)ds =
—1In (1 — F;(t)). Yepe3 BBe/icHHbIE BEJIMUNHBI BbIPAXKAIOTCS BCE IIe-
peMeHHbie MO/Ie/In, a UMEHHO

m(t) = At)e 20 /My, M(t) = (1 — e 2®) /My,
p(t) = poet®, y(t) = a(MoA(t))~ebt oAb,

rie dyHkiumst p(t) onpesenser ey Ha PeCypebl B MOMEHT BPEMEHH t,
KOTOpasi 06paTHO MPOIIOPITMOHAIBLHA OCTATKAM PECYPCOB (HAUAIbHBIE
1eHbl 3aUKCUPOBAHbI Ha YPOBHE Py).

[Tpu uccsieioBanuu B [2] Mojesin B paMKax HPUHIUIIA MAKCHMY-
Mma [lonrpsirnna, B KadecTBe mepBoit ha30Boil epemenHoit x1(t) uc-
HOJIb30BAJIACH UMEHHO BeJimauHa A(t), HO He HUMEBIIast Ha TOT MOMEHT
Takoit nnreprnperanun. Onupasch Ha pe3yJIbTaThl aHAIM3a, OTMETUM,
910 pucku A(t) OrpaHUYEHbI CHU3Y HyJIEM U ACUMITOTHYECKU [PU-
OIMKAIOTCS K PABHOBECHOMY YPOBHIO b/cv. Y4uTBIBasi 9TH OrpaHu-
YeHMsl, [IPEJJIAraeTCsl AllIPOKCUMUPOBATL PUCKU A(t) JIOTHCTHYECKOM
bynxmmeit A(t) = A (1 4+ Ae #)~1 rne memssectnrie mapamerpo
OIIPEJIEIISTIOTCs, UCX0sl u3 HadaubHbix A(0) = mg/My u acummro-

tuaecknx  lim A(t) = b/a yenosmit A* = b/a, A\ = \*/A(0) — 1.
t——+o00
b
HakoruieHHbIE PUCKH BBIYUC/ISIOTC $IBHO W paBHbl A(t) = —t —
o'

b A(t) . .
— In —=. OcraBmmiicss moka3aTe/b [ MOXKET ObITH HailIeH W3 TO-

ap A0)

ro, 94To 00beM BbIlycKa ¥y(t) MMeeT ypOBeHb HACBIIEHUsI pocTa Yy,
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KOTOPBI# B paboTe [2] SBHO OIIpeJiesIsdeTcs 10 IIapaMeTpaM MOJeJn 1
ABJIAETCHA O,ZLHOIU/I nus KOOp,ILI/IHa,T ITOJIOZKEHU A paBHOBeCI/IH raMMnuJIBTOHO-
BOII CUCTEMBI.

YrBepxkaeHue 1. Omuowerue 005eMa 8LINYCKAL 68 MOMEHM, 6pe-

menu Y(t) ® navasoromy obsemy y(0) = am§ npu sozucmuuecku
PACIPEIEACHHDIT PUCKAT CTNENEHHDbIM 00pA30M 3A6UCUM. O OMHO-
y(t)

wenus mexywur A(t) x usnavasvnom A(0) puckam, m.e. == =

y(0)
)\(t) a+b/p
(A(0)> '
3HaunT, yUUTHIBAsK CYIECTBOBAHUE YPOBHS HACHIIICHUS BBIITYC-
ka y* [2|, nokaszarens p Haxoxurcs sBHO U paseH (= b/(In ky—In ky—
a), tae ky = y*/y(0), kx = X*/X(0).
B cuny rmagkoctn dyskipm puckoB A(t) waBectuimm u(t)
HeNpepbIBHBL. Kpome Toro, OHM MMEIOT ypOBEHb HACBIIECHHS u* =

b/(af), KOTOPBIl COBIIAJIAET C TEOPETHIECKH IOJIYICHHBIM 3HAUCHMU-
eMm [2]:

A(t) = 22(0) R

) 1
u(t) =min< max {0, - [ b— (1 —a) NO) "t af

B

Vcnonb3yst 3HAYCHHST TAPAMETPOB MOJIC/IH, IIPUBE/ICHHBIE B Pa-
6ore [1], HuKe TpeEICTABIICHBI PE3YIIBTATHl YUCJICHHBIX SKCIEPUMEH-
TOB JJId JIOTUCTHUYCCKU DPacCIpPeJC/ICHHbIX PUCKOB. rHOHOJIHI/ITG.H]BHO
upejicraBien rpaduk IO BBILyCKa Xo(t), NPUXOJAIIMICS Ha 3a-
KYIIKYy pecypcoB, 1o meHam p(t) B obbeme m(t), To ectb xo(t) =
p(t)m(t)/y(t). Dra mepemennass urpaer B MOJEIH CYIIECTBEHHYIO
POJIb, U HMeeT MOPOrOBBI YPOBEHb HACHIINCHUS X5, KOTOPBI COB-
IIaJfaeT C IIOJIYYEHHBIM IIPU alllIPDOKCUMaIlUM PHUCKOB JIOTUCTUYICCKOU

dyHKIHEH.
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11-00269, https://rscf.ru/project,/25-11-00269/ .
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O BbIIesieHuN obJIacTein
andpepeHImpyeMoCT MUHIMAKCHOTO
pelleHns B OJTHOM KJiacce KpaeBbIX 3aJia4 s
ypaBHEHUII TaMIUJIbLTOHOBA THUMA

A. A. Ycneuckuii, I1. /1. Jlebenes

Examepunbypz, Hncmumym mMamemamury U METAGHUKY UMEHU
H. H. Kpacoscrozo YpO PAH

e-mail: uspen@imm.uran.ru, pleb@yandex.ru

N3y4ennt cpoiictBa cydauddepeHupyeMoro MUHIMAKCHOT'O
pemenus 3agadn Jupuxsie 1jad ypaBHEHUsS TaMUWIHLTOHOBA THUIA B
JIBYMEPHOM €BKJIMJIOBOM TipocTpaHcTBe. VcciemoBana npobiema cy-
IIECTBOBaHUS 00JIACTU IIPUMBIKAHUS K KDAEBOMY MHOXKECTBY, B KOTO-
poil perieHne gBJseTCH aAKuM. [lokazaHo, KaK rpaHUYHbIE TOYKA
KPaeBOr'0 MHOXKECTBa, MUMEIOIUe AedEeKThl TJIAJKOCTH, BJIUSIOT Ha
CTPYKTYPY CHUHI'YJISIPHOI'O MHOYXKECTBA MUHUMAKCHOI'O PEIEHUS.

PaccmarpuBaercsa 3amada /lupuxie s ypaBHeHust bemnma-
na—Aiizekca:

ou ou
1Y 1 —_— —_— 1 = = 0. 1
v vl (Vlax v 33/) FL=0.ur=0 o

Bnech ||v|| = /v? +v3 — nopma Bektopa v = (vi,12). Kpaesoe
yeaosue B (1) onpezeneno na rpannne I' = M 3aMKHYTOro MHOXKe-
crea M C R? Munumakcunoe pemenne [1] sagaun (1) ussecrno [2]:
u(z) = 12Jf\/l\|x —m| (em. [1]).

m

I[Tycrs onpeensiommee rpanuiy M C R? orobpazxkenne v: T —
R? menpepoisio na unciosom mpomexytke T = [f,], —oo < f <
ay a
b1 bo
— OmpeJIeTUTeTh BTOPOTO TOPSIIKA, TTOCTPOEHHBIN Ha BEKTOpaX 4 =
(a1,a2), b = (by,b2), Og (to,0) = (to — d,t0 + ) \ {to} — BbIKOIOTAS
okpecTHOCTh TOYKN to € T pagmyca § > 0, K = {1,2,3}.

[Monaraem, uro aas orobpaxkenns v: T — R? pomosmsiorcs
YCJIOBHSL:

t < +o0, y(f) = ~(#). pumenm oboznadenns: det (a,b) =
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(T'1) ~(t) = (’yl(t),'yg(t)) UMEET HEIPEPHIBHYIO MPOU3BOIHYIO
k-ro mopsaka Bcrogy Ha 1T C R, Kpome KOHEYHOI COBOKYITHOCTH
Ty, C T Touek tg € Ti, B KOTOPBIX OJHOCTOPOHHHE ITPOU3BOJHLIE
k-ro mopsinka (nesas Y% (tg — 0) u npasas y*) (tg 4 0)) we pasmb
apyr apyry, ¥ (to — 0) # ) (to 4 0) , snecs k € K;

(T2) 7/(t) £0, t € T\ Ty.

CemeiicTBO KpuBBIX, yioBjeTBopsitonmx yciaosusam (I'1), (I'2),
oboznaunm {I'}..

OCHOBHO{I pe3y/IbTaT UCCJIEIOBAHUS OIMUPAETCS Ha KOHCTPYK-
TUBHBIE 3JIEMEHTBI TEOPHHU aJlb(a-MHOXKECTB [3], K KOTOPBIM OTHOCSIT-
s BUCCEKTPUCA MHOXKECTBA, BETBb OUCCEKTPUCHI (IJIAJIKOE MHOIO00-
pasue — KOMIIOHEHTa OMCCEKTPUCHI), INceBIoBepimHa (0cobas Tod-
Ka) MHOXKECTBA, MOPOXKJIAIONIUH IICEBIOBEPIINHY JIOKAJbHBIN -
dbeomopdusm, Mapkep — UHCIOBas XapaKTEPUCTUKU TCEBI0OBEPIIN-
Hbl (1101po6HO, cM., HanpuMmep, [4]). Takxke ucnonbayores onpejesie-
uue ornoproro (1o Edbumoy-Creukuny) mapa [5], onpejienenue mer-
PUYIECKON MPOEKINU Ha 3aMKHYTOE MHOYKECTBO U MOHSTHE KPUBU3HI
KPUBO11.

Teopema. IITycmv L (;1:(0)) — 6EMBL OUCCERMPUCH, MHOICECTNEA
M C R? ¢ eparuyeti ' = OM € {T'};, onpedeasemoti 6exmop-hymi-
wuetiy = v (t), ede (0 =~ (tg) — ncesdosepuwuna I, noposcdennan
A0KANLHBM Juipeomopdusmom to = to(t1), t1 € (tg — d1,t0),01 > 0.
Hanee nyemv Qg (2(t:)) = {v(t1),v(t2(t1)) } — mnoorcecmeo npoex-
yut z(t1) € L (ZB(O)) na M u 6wnoansemca ycaosue

det (v/(2),7' (1)) #0, t € Og (to,8) ,7 € Oq (to,8),8 > 0,t # 7.
Tozda cywecmeyem npeden paduycos ONOPHHLL ULAPOS
ro = lAii%T(z(to - A)),
npu 9MoM

ro = 0, x02da tg € Ty, (to — 0) # 0, v'(to +0) # 0, (2)

B 1
|k (to — 0)]
maprep A = 0, aesan kpususna k(tog —0) # 0, (3)

70 xoeda tg € Ty,
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1

s — da ty € T
0 |k(t0—i—0)|’ Kxo20a g € 19,
mapkep X = —o0, npasas kpususna k(to + 0) # 0, (4)
1
rog = ——, Kkoeda ty € T3, xpususna k(to) # 0. (5)
|k (to)]

Teopema 103BoJIsIET IPU TIOCTPOEHNY pelenns 3ajaqu (1) Haii-
TH 1eObIIEeBCKUIT CJI0M KPAaeBOro MHOYKECTBA BeJIMUUHLL g > 0, ompe-
JICJIAIONIEHi OKPECTHOCTh 9TOIO MHOYKECTBA, B KOTOPOH DEICHHe siB-
nsiercst roagruM (dopmyist (3), (4) u (5)), a Takke yKas3arh Cirydaii
OTCYTCTBHUSI 4€OBIIIEBCKOIO CJIOS, KOTJIa B JIFOOOH OKPECTHOCTH Kpae-
BOI'O MHOXKECTBa pellleHne He siBjsiercst riaaxum (dopmyina (2)).

WccnenoBanne nepBoro aBTopa BBIIOJIHEHO NMPH (DUHAHCOBON IOJJIEPIKKE

rpanta PH® Ne 25-11-00269, https://rscf.ru/project/25-11-00269/ .
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M3BOJHBIX TIEPBOTO MOPsi/iKa. [lepCIeKTUBhI JMHAMUYIECKOH OMTUMI3a~
rmu. MockBa-UzxxeBck: THCTUTYT KOMIIBIOTEPHBIX uccemoBannii, 2003.

2. Jlebedes I1.7]., Yenencxuti A.A. AnamuTudeckoe W YUCJIEHHOE KOH-
cTpyupoBanue (pyHKIIUN ONTUMAJIBHOTO PE3YJIHTATA [IJIsI OJHOTO KJIACCA
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K paBHOMepHOIT ynmpaB/isieMOCTH CUHTYJISIPHO
BO3MYIIEHHBIX CHUCTEM C
KBa3uandpepeHnmupyemMmbIiMu
Ko dunmenramu

O.B. lexan
I'podro, YO I'podnencrutl 20cydapcmeenibill ynusepcumem uMery
HHurxu Kynaaot
e-mail: tsekhan@grsu.by

Pacemorpum va t € T' = [tg, t1] C R amneiinyo HecrarmoHap-
HYIO CHHIYJISIDHO BO3MYyIIleHHYI0 cucremy yupasienus (JIHCBC)

2(t) = A(t,p)z(t) + B(t,p)u(t), z€ R, t €T, z(ty) = z0. (1)

Bnech p € (0, 0] — mapamerp, u° < 1, z = col (x,y), r € R™ — Bek-
TOp MEJIJICHHBIX IIEPEMEHHBIX, 3§ € R™2 — BeKTOp OBICTPLIX IEepPEMEH-
HBIX, 20 = col (o, yo), o € R™, yo € R™, n =nq +ng, u(t), t € T,
— ckajsipHas (pyHKius ynpasienus, A(t, pu) = [Ao(t) + u’lAl(t)] ,

B(t,pu) = [BO(t) + p'BY(t)] , rue
0 0
(As(t) A4(t)) ’

(6u)

Al(t) € RmMxni Ai+2(t) € Rn2xni Bl(t) € R", ¢ = 1,2, — Hemnpe-
pbiBHBIE Ha T MaTpudHbie DyHKIIAA.

JJtst 3a1aHHOTO T11€JI0M0 HEOTPUIIATEIFHOTO TUCIA, 1M 0003HATHIM
U (T) COBOKYITHOCTD BCEX HUKHETPEYTOIBHBIX MaTpul] P(t) pa3sme-
pa (m + 1) x (m + 1) ¢ uenpepsiBubiMu Ha 1’ ss1eMeHTaMu P (t)
(i,k = 0,m), yaoBiaerBopsiomumu ycaoBuio pii(t) # 0 npu t € T,
, M.
[Tycrs F(t, ) — xakasg-ymbo dyHIaMeHTaIbHAsT MATPUIA OJI-
HOPOJHO# YacTu cucrembl (1), U 33/1aHa HEKOTOPasl HE3ABUCAIIAS OT
p marpuna P € Uy, (T). Dnementst t € T Bekrop-byukunu H (t, pu) =
F=Y(t, u)B(t, u) obosmaumm h;(t, ), i = 1, n. Anamormano [1, 2| BBe-
JIEM OIIpeJIeICHUSI.

Ax(t) Aa(t)

A1) = ( 0 0 )’Al(t)
BO(t) = (Blo(t)> ,BL(t)

=
|
o
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Onpenenenne 1. Ipu duxcupopannom u € (0,u°] cucrema (1)
umeer P-waace k, 0 < k < m, eciu dbymxkmun hi(t,p), i = 1,n,
t € T, uMmeroT HenpepbIBHbIE KBAa3UIPou3BojHbe |1, crp. 14] fjhi (t, 1),

7 =0, k, orHOCHTE/ILHO MaTpuisl P.
Husa dukcuposanubix P € U,—1(T), k € Z, obosuaanm Upy,

k .
MHOZKeCTBO 0600meHHbIX Gynkimii Buga upr = . bj(u)pAr, 7 € T,
=0

rye bo(p), b1 (@), - - ., bg (i) — OJUHOMBI OT 4, & OLIEPATOPBI ZJAT Jeii-

CTBYIOT I10 TIPABUJLY GDAT, h;) = gghi(T), (u, hyi) 2 ftil hi(T)u(T)dT.

Omnpenenenne 2. Ilpu dbuxcnposannom g € (0,u°] JIHCBC (1)
P-pasrnomepro ynpasarsema, eciu oHa uMmeeT P-knacc n — 1 m MHO-
xkecrBo {v € R" : v = ((upr, h1), (upr, ha),...{upr, hy))} coBuaga-
er ¢ npocrpancrBom R™ mpu jobom 7 € T. JTHCBC (1) pobacmmo
(no ) P-pasnomepro ynpasasema, eciu oHa P-paBHOMEPHO yIpaB-
nstema nipu miobom g € (0, u0].

P-paBHOMEDHO yIIpaBJisieMasi CUCTEMa MOXKeT ObITh MIHOBEH-
HO B KaxKJplil MomenT 7 € T nepeBejieHa B J1I000€ COCTOSIHUE C IO~
MOIMILIO UMITYJILCHBIX yTpaBiaenuit up, € Upp—1. Hia pobacrno P-
pasromepro yupasjisemoii JIHCBC (1) 310 Bo3MOXKHO 1pu Ji060M
€ (0, 1°).

C JIHCBC (1) cBsi3aHbl He3aBUCAIIME OT HapaMeTpa [ HOJICH-
crembl [2], koropbie dopmanbro nosydatorcs nz JJHCBC (1), ecin
PacCMOTPeTh ee OTJIEJIbHO B <ObICTPOii> U <MEeJJIeHHON> BpeMeH-
Hbix mkasax nupu 4 = 0. Ecau det A4(t) # 0, ¢ € T, T0 BBIPOK IeHHASI
cucrema (BC, «meyiennasi» mojcucremMa) umeer BH/L

T A07(6) + Bu(oyw(),
TeRM weR, Z(ty) =x0, t €T,
Agt) 2 AL(t) — Aa(8) AL (D As(8),

By(t) £ Bi(t) — As(t) A7 () Ba(1),

U SIBJISIETCS JIMHEHHOW HecTallmoHApHON ni-MepHoi cuctemoii. Cu-
crema morpanngaoro ciost (CII miam <6wicTpas> mojacucreMa) Jist
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JIHCBC (1) 3anucbiBaercst cjieiyronmmM o6pa3oM:

W) — Auto)i() + Bolto)i(r),

=t —to) € Ty 2 [0, 57 (1 — to)] ,
jEeR™, G eR, §(0) =yo+ Ay (to)As(to)zo,

U ABJIAETCS JTUHEHHOHN cTalmoHapHOl no-MepHO# cuctemoit. Hapsiny c
CII BBemem t-cemeiicTBo ObICTPBIX TOzcucTeM Buma CII ¢ maTpumammn
Ay(t), Ba(t) (Bmecto Ayg(tg), Ba(tg)), rie t € T paccmaTpuBaeTcst Kak
mapamMerp ceMeiicTBa CTaIlMOHAPHBIX CHCTEM.

[ousitue P-pagromephots ynpasaaemocmuy He3aABUCSIIEH OT ma-
pamerpa i BC BBomuTes kak B [1, crp. 14]. Bygem rosoputh, uro
t-cemeticmeo Gulempoulr NOJCUCTNEM NOAHOCTIVIO Ynpacaiemo 1a T,
ec/In KaxKIasl MOJICUCTEMa M3 9TOT0 CEeMEHCTBA TMOJTHOCTBIO YIIPABJIs-
€eMa.

st mesaBucsimiedt or mapamerpa p Marpunbl P € U,—1(T),
ornocurenbro koropoit TJHCBC (1) nmeer P kimacc n— 1, onpe/esinm

Nn-BeKTOP (PYyHKIUK Qf(t), j=0,4,i=0,n—1:

Q) =pii (A°()Q]_, (1) + A (HQI_L (1) —QI_, (1)) —;i:pz-k(t)czi(t),

QB(H)=B"(1), Qu(t) = B'(1), Q](t) = 0 pu j < 0 j > i.
[Tycrs s marpunbt P € U,_1(T) onpenenennr dyHKIMn

Qg(t), j = 0,4, i = 0,n— 1, u marpuna P ecTb BepxXHUIl JIeBbI
6710k pasmepa (ng X nq) mMarpunst P.

Teopema. [lycmv mampuunvie dynxyuu A;(t),i = 1,4 nenpepvis-
no dugpepenuyupyemve na T u Re AM(A4(t)) < —a < 0 daa wmobo-
2ot € T. Ecaun > 2, mo cuumaem mampuwrve dynryuu Q1 (t),
i = 0,n—2, j = 0,4, nenpepueno-dugppepenyupyemvmu na T.
Ecau BC P-pasnomepro ynpasasema na 1T u t-cemeticmeo bviem-
PHT MOJCUCTNEM NOAHOCTIDLI Yynpasasemo Ha T, mo Hatidemes ma-
xoe fi € (0, u°], wmo na (0, ] JIHCBC (1) pobacmmo P-pasnomepno
ynpasasema Ha T

Cxema [10Ka3aTeJbCTBa. YCTaHABIMBAIOTCA HE 3aBUCAIIAE OT Ia-
pamerpa p yeaosus npunamiexksocrn JIHCBC (1) k  P-kiaccy
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n — 1 B repmunax auddepennupyemocrn dbyukiuit Q7 (¢). Hamee
npu dukcuposannom g € (0, ] x JIHCBC (1) npumensierca Kpu-
repuii P-paBHomepHoil ynpasisiemoctu [1, c¢rp. 109], HeBbIpOXKI€H-
HOe paciieluisiionee npeobpasosanue |2, crp. 61|, ycranapimsaercs
CTPYKTYpa MATPHUI] yIPABIIEMOCTH PACIIEIIEHHON CHCTEeMBI U HUX
cBsA3b ¢ Marpuiiamu yipasisiemoctu nogacucreMm BC u CII. YuurbiBas
unBapuanTHocTh P-kiacca [1] JIHCBC (1) orrHOCHTEIBHO HEBBIPOXK-
JIEHHOT'O TIPpe00Pa30Batus, a TaKyKe COXPAHEHHNE MOJHOTHI PAHTa MaT-
PUIIBI YIPABJISIEMOCTH TIPU MAJIBIX aJIATHBHBIX U HEBBLIPOZKIEHHBIX
MYJIBTUIIINKATUBHBIX Hpe06pa3OBaHI/IHX, yCTaHaBJINBaEeTCdA CIIpaBe/l-
JINBOCTDb YTBEP2K/IE€HUA TEOPEMDI.

Sameuyanue. CpoiicTBO P-paBHOMEDHO yIIPABISIEMOCTH YCUTHBAET
CBOWCTBO paBHOMEpHOIT Haboaemoct |1, 3| u siBisieTcst BOHCTBEH-
HBIM CBOMCTBY P-paBHoMepHOi Habmogaemoctu |1, 4].

Pabora mnomepxkana MunaucrepcrBom obpaszoBanusi Pecnybsmku bBesa-
pyCh B paMKaxX IOCyJIapCTBEHHOI IpOrpaMMbl HAy4YHBIX nccjegoBannii Peciry6-
sukn Benapycs na 2021-2025 rogpr (mudp 3ananus "Konseprennums 1.2.04").
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AbcTpakTHas 3ajja9a O JOCTUXKNMOCTMH:
MHOXKECTBa MPUTSXKEHIs 1 IIpe/ICTaBJIeHUS B

TepPMHUHAX yJIbTPaduIbTPOB

A.T. Yenuos
Examepunbype, Hncmumym mamemamury U METAHUKY
um. H. H. Kpacoscxozo YpO PAH,
Vparvcrkut gedeparvioili yrusepcumem
e-mail: chentsov@imm.uran.ru

[IpeameroMm wmccaeoBaHUsT SABJIAIOTCA abOCTpaKTHBIE 3aaqd
0 jocTmzkuUMOcTH B TonosoruueckoM tpocrpanctse (TII) npu na-
JIMYUY OrpaHmdeHuit acuMnroTndeckoro xapakrepa (OAX); obimast
nocranoBka coorsercryer |1, rir. 8]. Yuomsinyreie OAX moryT Bo3-
HUKATH IIPH [OCJIEI0BATETLHOM OCIa0IeHNN ( PEJIAKCAIN) CTAHIapT-
HBIX OT'DaHUYEHMIl, TaKUX, KaK KpaeBble U ITPOMEXKYyTOUYHBIE YCJIO-
Bus, dasosble orpanndenust (PO) B reopun ynpasienus |2, . I11],
HEPaBEHCTBA — B MaTeMaTHYeCKOM IIporpaMMupoBanuu |3, 4]; onHa-
KO BO3MOXKHO U m3HadasibHOe BosHHKHOBeHme OAX [5, 6]. Baxknyio
POJIb KOHCTPYKITUH, UCIIOJIb3YIoIHe pubsmmkenHoe cobsronenne PO,
ceirpasiu B papborax H.H. Kpacoesckoro u A. . Cy66oruna 1o Teo-
pun juddepentuanbabix urp (JAN); ormerum dyHmaMeHTATBHY O
Teopemy 00 anbrepHaruse |7, 8|. VccienoBanus A. B. Kpskumcko-
ro [9], no3BosmBIINE PACIPOCTPAHUTH ajbrepHaTHBY KpacoBcKoro—
Cy6boTnHa Ha KJIACC YIPABJIAEMBIX CHUCTEM, HE Y/IOBJIETBODPSIONIAX
ycaosuio Jlummmuia 1o ¢a3oBoil IepeMeHHON, MOKA3aJM BaXKHYIO
POJIb ODODINEHHBIX PEKUMOB yIpaBiieHus B 3ajgadax teopum JIU.
V1oMsiHy TBIe 00CTOSITEIHCTBA MOTUBAPYIOT CIIEIIMAJIBHOE HCCIIeI0BA-
mne 3371849 ¢ OAX 1 ux paciumpennit, TpeycMaTPUBAIONTNX BBEICHIE
0OODIEHHBIX 9JIEMEHTOB PA3JIMIHON ITPUPOJILI.

Pacemorpum HemycToe MHOXKeCTBO F, 971eMEHTBI KOTOPOTO Ha-
3bIBaE€M O6bILIHI)IMI/I pPeIeHnsAMMA. HO.HaFaeM 3aJJaHHBIM TOIIOJIOI'Ye-
ckoe nipocrpanctso (TTI) (Y, 7) u (nenesoii) oneparop h, neiicrByro-
muit u3 E B'Y. Ilomobuo Tomy Kak MHOXKeCTBY %, > C F, comocras-
nsercst sambikanme obpasa h'(X) = {h(e): e € ¥} B (Y, 7), Beako-
My HelycTomy cemeiictBy € nonmuokecTB (/M) E comocraBisercs
Hekuii npesesbhblii “06pa3”’ B (Y, 7), KOTOpBI B CIydyae HAIPABJIEH-
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HOTO ceMeficTBa £ pean3yercst B BUJIE IePeCeUeHus] BCEX 3aMbIKAHUI
mHOMecTB-06pazos hl(X), ¥ € &£, B Tononornn 7 (cemeiicTso € Ha-
[PABJIEHO TOLJIA U TOJILKO TOIJA, KOT/a

VX1 €& VY€€ dX3€&: X3 C XNy

eci ke € — MPOMU3BOJIBLHOE HEIyCTOe ceMeicTBO 11/M F, TO cOOTBeT-
CTBYIOITIEE €My CEMEHCTBO BCEX KOHEUHBIX MEPECEUeHU MHOKECTB
u3 &, yxke OyJleT HAIPABJIEHHBIM). YIOMSHYTOE [IepeceueHne 3aMbl-
KaHUil paccMarpuBaeM B KadecTBe MHOxecTBa nputsizkenust (MIT)
B caydae OAX, mopoxkpaeMbix (HampaBIeHHBIM) cemeiictBom €. B
[1, §8.3] npuBesennl sxBuBasenTHble 1peacrasierns MIT st mpo-
M3BOJIBHOTO HermycToro cemeiictsa /M E, mopoxmaromero OAX, a
TakzKe yKasaHa CBsA3b co ciaydaeM OAX st HallpaBJIEHHOIO ceMeii-
CTBA.

Orpanununsaemcs jajiee ciydaem Th-tipocrpancrsa (Y, 7) u
TIpeIKOMITaKTHOTO MHOKecTBa hl(F) (MMeercs B BUIy KOMIaKTHOCTD
sampikanug h!(E) B (Y, 7)). Hemycroe cemeiictso £ /M E moker
U3MEHATHCS, & TIOTOMY MBI UMEEM CeMeHCTBO BCeBO3MOXKHBIX MII B
(Y,7) ma snauennsix h. CsoiicrBa gannoro cemeiicrsa MII o cy-
mectBy ucuepubiBaiorcs [10] csoiicrBamu Tex MII, koropsle moryT
6bITh nOpoXK IeHbl huibrpamu [11, rr. I muoxecrsa E: Besikoe MIT B
HAITIEM CJTydae 00 TOPOKIEHO (PUIHLTPOM, UCTIOTBL3YEMBIM JIJTsT BBE-
nernss OAX, 6o mycro. B cBs3u ¢ 9TuM 06paTUMCST K CHTYAIINH,
koryia OAX MoxkKeT 6bITh MOPOXKIEHO YIBTPADUIBTPOM (MAKCHMAJIb-
HbIM duibrpom). OxasbiBaercs [10], uro B nocsegnem ciaydae MIT
HEIIPEMEHHO SIBJISIETCS OJIHO9JIEMEeHTHBIM (cuuraeronoMm). Wrax, Jtio-
6omy yabrpaduabrpy (y/d) comocTaBisieTcst 9JIeMEHT IPUTIKEHHSsT
(91I1), a moromy mHa MHOXKecTBe Beex y/d E peanusyercst oneparop
upursikenusi (OIT) co suadennsivu B Bugie SI1. Ilpu srom camo MHO-
xkectBO y/d ectb kommnakT Croyna. Kpome toro, MII mpu OAX|
HOPOXKJIEHHBIX (DUIIBTPOM, €CTh 00pa3 MHOXKeCTBa Bcex y/d, Mayko-
pUPYIONNX YIOMSHYTHIN unbTp, pu Jeficreun OIl. Hakowmer, mpu
neiicrun Ol va Tpusnanbubit y/¢; D11, orBeuatomuii Touke x € E,
cosraziaer ¢ h(x), 1. e. OIl umeer cmbIicst pojiosizKeHnst h Ha KOMIAKT
y/®d B ocHamenun ronosorueii CroyHa.

[Tycrs B nagbreiimmem (Y, 7) ects peryasipuoe TIT [12, c. 71].
Torma OII menpepbiBeH, Kak oToOpazkeHe KOMIakTa y/d B ocHaIe-
ann ronosiorueii Croyua B (Y, 7). C yueTom 9TOro mosiydaeM BayK-
HOe CJIeJICTBUE: 1pU norpyzeunu FE B KoMnaxr y/d¢ mocpeacrsom
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UCIIOJIb30BaHUsT TPUBMAJIBHBLIX y /] B coBokymnrocTu ¢ OII mosyua-
em KommnakTuduxarop (cMm. [1, c. 325]), npasia odeHb cioxHblil. 13
aroro cpoiicrBa BeITeKaeT, uro MII musa samaun ¢ OAX, mopoxe-
HBIM GuIbTpoM, nucudepibiBaercs D11 y /b, MaxKopupyomux JanHbIi
dbuabrp. B cBoro ouepenpb, kak mokazano B [10], KoneuHoe obObeu-
nenne MII, orsedaromux OAX, mopoxKmgaeMbIX (DUILTPAMU, CaMO
ecrb MII, orBeuatoree OAX, Jijisi KOTOPOro IMOpOXKIaioliee cemeii-
CTBO €CTh (DUIILTD, ABIAIOMNICA (KOHEIHBIM) [IEPECeICHUEM HCXO/T-
HBIX GUIBTPOB. TakxKe 3aMeTHM, ITO JTI060e HEITyCTOe KOHETHOE TI0/I-
MHOYKECTBO 3aMBIKaHUs MHOMKecTBa-obpasa h'(E) ects MII, mopox-
naemoe ubrpom. Mrak, buabrpsl u 'y /¢ peajinsyroT HHCTPYMEHTb
HCCAe0BaHNs OUYeHbL 0bImux 3a/1a4 o jgocruxkumoctu B T11 ¢ OAX.
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SHeMeHTbI MapHIpyTUu3aliyuu BO3HUKAIOT B CaMbIX Pa3/IMIHBIX
00JIACTSAX {EIOBEUECKON JESTEILHOCTH. B 9acTHOCTH, 39TO KacaeTcs
TPAHCIIOPTHBIX 337184, 33814491 [TOCIE0BATEIHLHOIO IEMOHTAXKA PaIH-
AIMOHHO OITACHBIX OOBLEKTOB, 338/[a49H YIIPABJICHUS NHCTPYMEHTOM IIPU
durypHoii JincTOBOI pe3ke JieTaseil Ha Mamunax ¢ IIIY; yrnomsimy-
ThI€ aKTYyaJIbHbIEe NH2KCHEPHbIC 3a/a91 MOTUBUPYIOT IIPOBEJICHUE CIIC-
IMaJIbHBIX TEOPETUICCKUX I/ICC.HG,ILOBaHI/II'?'I7 B KOTOPBIX Y4YUTBIBAIOTCA
OCOOEHHOCTH JTAHHBIX ITOCTAHOBOK B CPABHEHUU C U3BECTHOHN TPYITHO-
pemaemoii [1] 3amaueii kommusosizkepa (3K). Ipexe Bcero sro ka-
caeTcs ydera OrPDAHUYEHUNl W NPUMEHEHUs YCIOKHEHHBIX (DyHKIUI
croumoctu (PC). Kpome Toro, Ha npakTuke BaxKHO MOJIyYaTh perre-
HUE YIIOMSHYTBIX 33J1ad 3a IIpueMieMoe BpeMs. B Hacrosieit pabore
OPpEeJAIPUHUMAIOTCA HCCJIeJOBaHUA B 9TOM HalIpAaBJICHHUN: KOHCTPYK-
[ Ha OCHOBE JuHaMU4IecKoro nporpammvupoBanus (1) komGumm-
pyIoTcs ¢ mpuMeHeHueM jekommosnnuii. s 3amad “auana3oHHoro”
(B cMbIC/ie pa3MEPHOCTH) THIA MOCTPOEH METOJ U, HA €ro OCHOBE,
AJITOPUTM JIJId HAXOXKJACHUSsT OIITUMAJIbBHOI'O KOMITO3UIIMOHHOI'O penie-
HUsI; aJITOPUTM peaim30BaH Ha MHOrosiiepHoit [I9BM B 1Byx Bepcu-
dX: 33ja9a C aJJIATUBHBIM KPUTEPUEM, MUHIMAKCHAS [TOCTAHOBKA.

PaccmarpuBaercs: 3aj1a4ua 1oC/Ie10BATEILHOTO 00X0/[a METaIio-
JIICOB (HEIYCTBIX KOHEYHBIX MHOXKECTB) C OIPDAHMYEHUSIMU IIPE/IIIIe-
CTBOBaHUAd 1N (byHKHI/IﬂMI/I CTOUMOCTH C 3aBHCHUMOCTBIO OT CIIMCKa 3a-
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nannii. Panee (cMm. [2-9]) 6buia nocrpoeHa obriasi mpore/ypa Ha
ocHOBe mupoko norumaemoro JI1, momyckaromasi BHIYUCIUTETHHYTO
peaM3aIyio Jiisl 3a/1a49 yMepeHHo pasdmepHocTr. O6CTosATe/bCTBA,
CBSI3QHHBIE C PEIIEHUEM IPUKJIAIHBIX 3a/a9, ObLIN OTPAyKEeHbl B Ce-
pun pabot, Kacaroruxcs: BopocoB codetanus /I u nexommnosuruii B
MHTepecax MOCTPOEHHUsI PellleHnst 3a puemiieMoe Bpems (cm. [10-11]).
B ocnoBe noaxona ¢ npumenerueM JII1 HaxoauTces JIOorHKa IPOIETy-
pot [13] (31ech ke ormernm npyryio cxemy Ha ocxose [IT B [14]). B
CUTYyAaIMH, KOTJA AllPUOPHBIA BHIOOD JEKOMIIO3UIIUN OCHOBHOI B CyM-
My JIBYX YACTUYHBIX 3a/a9 3aTPY/HUTEJIEH, IPUMEHSIeTCS OCTPOe-
HUE KJIACTEPOB CeMefCTBA METAIIOJINCOB Ha OCHOBE YKAIHOI'O aJIFOPUT-
Mma (cMm. [15]); mocrpoeHHasi mapa KJIacTepoB peasinsyeT TpebyeMmyro
JIEKOMITO3UIIAIO OCHOBHOI 3a/1a4u.

Wrak, B HemycToM MHOMX)KeCTBe X BBIJIEISEM HEIYCTOe KOHEY-
noe muoxkecrso X0, XY C X, nmomapHo JuM3bLIOHKTHDBIE METANoJIHCh!
My, ..., My u cBa3aHHbIE C HUMU HellycTble oTHOIeHust My, ..., M, :
M; € M; x Mj npu j = 1,..., n. Ilonaraem, uto X0 nNM; =g,

. A A
j=1,...,n. Beuge M = {Mj,...,Mp} (= — paBeHCTBO 110 OIIpe-
JIEJIEHUIO ) ©MEEM CeMeHCTBO MEraroJIncoB OCHOBHOM 3a1auu. [Tamarast

n > 4, puxkcupyem N € N = {1;2;...} co croiictBamu 2 < N < n—2

n onpenessieMm My = {My,..., My} u My = {Mn+1,...,Myp}; T0-
rma M = Mj UMy u M;N My =2 (mmeem (M, Ms)-pasbuerne
ceMefcTBa MerarmoJimcoB ocHOBHOI M-3anaun). [Tosaraem, aro npu
crapre n3 X" mcrosHHTEIb CHAuUAJA peIIaeT 3a1ady O HOCEIeHUH
METAIONUCOB U3 M1 1 JIUIIb [OCIe STOrO MPHUCTYIIET K HOCEIeHUIO
MerarosmucoB u3 My (MMeeM JIEKOMIIO3UIMIO C JBYMs KJIACTEPAMH).
Tounast MOCTAHOBKA M peEIIeHre COBOKYIHON M-3a/1a491 IPUBEIEHbI
B 11, 12|. Ceiiyac o6cy/ M MOTHBUPOBKY U HEKOTOPbIE OCOOEHHOCTH,
cBsi3aHHble ¢ npusiedenneM (M, Ms)-pasbuenus: cemeiicrsa M.

[Ipencrasisiercst, aro (My, Ms)-pasbuenue cemeiictsa M Mo-
JKET MOTPE0OBATHCS 110 OJIHOM U3 CJIEIYTONMX JBYX HPUIHH.

1) B psijie npakTUUECKH UHTEPECHBIX CJIYyYAeB UMEIOTCS TEXHO-
JIOTMYIECKHE OrpaHUuYeHnsi, no3BoJstionme copmuposats My. Tak,
B C/Iydae JIMCTOBON pesku Ha MammHax ¢ UITY (upum repMmudeckoii
pe3Ke) B MHTepecax JIydIlero Mo BO3MOXKHOCTHU yUeTa OrpaHUYeHUit
TEIJIOBOrO XapakTepa (MMEIOTCsl B BUJY YCJIOBHsl OTBOJA TEIIA B
OKPECTHOCTSIX TOUEK BPE3KH) I1eJIeCO00PA3HO BbLIEJIUTH B YUCIIO Mep-
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BOOYepeJHbIX JJIMHHOMEPHDBIE JeTaJir, T. €. JeTaJild, Y KOTOPbIX OTHO-
IeHne TabapuUTHBIX Pa3MepoB JIOCTATOYHO BEJIUKO, W, Ha UX OCHOBE,
cchopmupoBaTh My, BOSMOKHO JT00aB/IsIsI KOHTYPBI KAKUX-TO JPYTUX
JeTajieil u3 COOOparkKeHUil BBIYUCIUTEILHON pean3alun. 371eCh MbI
UMeeM JIOCTATOYHO TOHSITHYIO OCHOBY Jiisi nocrpoenust (Mq, Ma)-
paszbueHus.

2) B apyrux ciyuasix y nac orcyrersyer (My, Ms)-pasbuenue,
U TPU STOM Pa3MEPHOCTb COBOKYIHOW M-3a/1a40 SBISETCS BECh-
Ma OILyTHMOi. 37ech (B CiIydae aJIUTUBHONO KPHUTEpHsi) obparre-
HUe K JEKOMITO3UIME MOTHBHPYETCST BOIIPOCAMHU CJIOYKHOCTH BBITHC-
Jiennit; jiyist nocrpoenust (My, Ms)-pasbuenus cemeiicrea M merario-
JILCOB OCHOBHOII 381841 MOXKET UCIO0JIb30BaThCs Hoaxos |15, B ocHo-
Be KOTOPOI'0 HAXOAUTCS Mpoleaypa mocrpoenus My u Mo mocpen-
CTBOM KaJIHOTO aJropuT™ma. lIpm 3TOM MBI TEPBOHAYAILHO UMEEM
M-3a1ady ¢ OrpaHUYEHUSIMU TPEJIIIECTBOBAHNUSI, & TPOTEIypa Io-
crpoenus M1 u My peasusyer COOTBETCTBYIOINIHE JIOKATbHBIE YCIIO-
BUd IIpeJIICCTBOBaHNA B ITOJJIYyYaIOMIUXCA YaCTUYIHBIX 3a/lavdaXx.

OTMmernM, 9TO B CIydae MHHUMAKCHOW 3aJIa<dd MApIIPyTH3a-
muu (em. [9, 12]) ucnonb3oBascs HeauruBHblil Bapuant 1. B sroit
CBsI3M OTMeTHM 00mue KocTpykuun [17, r. 9.

B oboux BapuaHTax IOCTAHOBKU (&JJIUTUBHON M MUHHMAKC-
HO{1) ONTHMHU3AIMsI B OCHOBHON 3ajade C CEeMeHCTBOM MEralloJIncOB
M OCyIIECTRIIAETCA HA MHOXKECTBE MapPIIPYTHBIX MPOIECCOB, OIpe-
JICJIEHHBIN BCAKUT pa3 B BHJE Tpuiiera (q, z, ), Ijie o — MapIiipyT
(mpecranoBka uHjekcoB u3 {1;...,n}), z — TpaekTopus, peaau3y-
eMasi B BHUJIE OJHOI'O M3 BAPUAHTOB IOCJIEI0BATENHLHOTO MTOCEICHUSI
ornomenuit My(1), ..., Mym), z € X 0 — rouka crapra, BHIOUpacMas
uccieoBareseM. 1Ipu 3ToM MapIpyT & MOJIYYAETCA CKJICHBAHUEM
JIOTIYCTUMBIX IO TIPEIITECTBOBAHUIO MAPIIPYTOB 1 U (g B M- u B
My-3as1a9€ COOTBETCTBEHHO; B uTore (v, Z, ) €CTh KOMIIO3UITHOHHOE
pelierre COBOKYIHOI 3ajadu. CKJjefika KOHCTPYKIWI ITpeIBapsito-
meit M1-3aa4n 1 pUHAILHON Mo-3a1a491 OCYIIECTBIISIETCS C CODJIIIO-
JienneM Tpebosanust (mogpobree cMm. B [10, 11, 12]): TepMmunasbHas
KOMITOHEHTa, KPUTEPUsT TPEIBAPSIONIEit 38 a9u OMpeIeisieTcst (pyHK-
et sKkcTpeMyMa (PUHATBLHON 381, TaHHAas QPyHKIAT SKCTPEMYMa
HaxonuTes nocpencrsom I (B Ma-3a1aue), mocse 4ero HaImHaAeTCst
peanmzanus I B Mi-3anaqe. 3necs (B Mi- u B Ma-3aaue) uc-
oJib3ytoTcs dKoHomuunble Bepcuu /JII, peanusytorue ciaou yHK-
nuit Besuivana B Bapuante |2, §4.9].
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O6 onTUMaJbHOM IEPUOINYECKOM cOoOpe
BO300HOBJISIEMOTO pecypca JJs JOCTUKEeHUS
HanboJbIneil 3¢pHeKTUBHOCTU

A. B. YepuukoBa
Baadumup, Baadumupckuti 20cydapcmeenmvili YHusepcumen
umenu A. I uw H. I. Cmoasemosvix
e-mail: nastik.e@bk.ru

MHOI‘I/IG TOITYJIAIINN 2KUBOTHBIX 1 paCTeHI/Ifl XapaKTepUu3yrTcd
CE30HHBIMH M3MEHEHUSIMI YHUCJIeHHOCTH. 1Ipn mpombIcioBOM BO37€Ei-
CTBUM Ha TAKHUE MOIYJISIIIUN OCOOEHHO BarXKHO UCCJIE/IOBATD 3aJ1ady 10~
CTPOEHUsI ONTUMAJILHBIX CTpaTeruii cbopa, obecreanBaionux coxpa-
HEHUE YaCTU MOIYJISIUN JIJI €€ JaIbHEeNIIero BOCCTaHOBICHUS [1] K
3a/1a4e ONTUMAJBHOMN JIOOBIYM BO30OHOBJISIEMOI'O PECYPCa OTHOCUTCS
3a/ia9a HAXOXK/IEHUsT HAUOOJIBIINX 3HAYEHUN XapaKTepUCTUK cOopa,
Takux Kak jioxos u addexrusnocts [2|. Hacrosimas pabora siBisier-
cs1 IpojioJKenreM mybGsmkanuii [3, 4], B KOTOPBIX II0JIOXKEHO HAYAI0
HCCTIeI0BaHUSl PA3JINYHBIX XapaKTEPUCTUK cOOpa BO30OHOBJISIEMOI'O
pecypca. 3J1ech [ MOJIEU TIOMYJIANNN, TUHAMIKA KOTOPO 3a/1aHa
CUCTEMOII Pa3HOCTHBIX yPaBHEHUH, ONUCAH NEPUOAAYCCKUNA pPerxKUM
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cbopa, TIpu KOTOPOoM 3(DPEKTUBHOCTL JTOCTUTAET HAUOOJIBINIErO 3Ha-
YEHUSI.

PaccmarpuBaeTcst MOJIETb HOMYJISIIIUI, COCTOSIIINElH U3 1 > 2 BU-
J10B W1 Bo3pacTHbIX Kinaccos. Homoxum z(k) = (z1(k), ..., zn(k)),
riae zi(k) (i = 1,...,n) — YUCJIEHHOCTDb NOIYJISIIUNA (-I'0 BUJIA WUJIN
BO3PACTHOIO Kjacca B MoMmeHT Bpemenu k = 0,1,2,.... [Ipu orcyr-
CTBUU IPOMBICJIOBOTO BozjieiicTBus qunamuka x (k) 3aj1ana cucreMoii
PA3HOCTHBIX yPABHEHHUI

z(k+1) = F(k,z(k)), k=0,1,2,...,

rne F(k,z) = (Fi(k,z),...,F,(k,z)), Fi(k,z) — Bemecrsenuble
byHKIUU, KOTOPBIE OIPEJACCHBI U HEIPEPLIBHLI HA MHOXKECTBE

Rii{xER”:m}O,...,xn}O}.

Bynem cumrars, uro dyukiun E(k, x) ABJIAIOTCA IE€PUOJUIECKUMU
¢ mepuogoM T = 2. IIpeamosaraeM, ITO MOmMysIsAnueil MOXKHO yIpaB-

JSITh, U3BJIEKAs B MOMEHTBI Bpemenn k = 1,2,... jomo pecypca
u(k) = (u1(k),...,un(k)) € [0,1]". PaccMoTpuM MHOXKECTBO BCEX
yupasiennit U = {u: © = (u(1),...,u(k),...)} u uccuenyem 3a-

Jadqy BbIOOpaA MEPUOANYECKNX ylpapjaeHuit u € U, IOCTaBJSIIONIIX
oIIpeieJIeHHbII pe3ysibTaT coopa. Takum 06pa3oM, TUHAMUKA SKCILIY-
aTAUPyeMOH IIONyJIAINNA 33JaHa CUCTEMOIl Pa3HOCTHBIX YpPaBHEHUN

X(k+1)=F(k, (1 —u(k)X(k), k=12,..., (1)

rne X(k) = (Xi(k),...,Xn(k)), Xi(k) u (1 — uw(k))X(k) =
= ((1 - ul(k))Xl(k)’ "'7(1 - un(k))Xn(k))7 (1 _uz(k))Xz(k) 7

KOJIMIECTBO Pecypca i-ro BHUA JI0 U Iocje cOopa B MOMEHT k COOT-
BeTCTBEeHHO, i = 1,...,n, npuiem X (1) = F(2(0)). Ormernm, 9aT0

X(k) = X (k,u(k), Xo) = (X1(k,u(k), Xo), ..., Xn(k, u(k), Xo))
SIBJISIETCSL PerieHneM cucTeMbl (1), yI0BJIETBOPSIIONUM HAYATHLHOMY
yeaosuio X (1) = Xo.

O6osnaunm C;(k) > 0 arpernpoBaHHYIO CTOMMOCTH YCJIOBHOI

eJIMHUIBI i-T0 Buja pecypca. Torya obiias cTouMOCTh pecypca, Co-

n

6panmnoro B Moment j, pasua y . C;(7)X;(j)ui(j). 3aeco takke cun-
i=1

taeM, uto C;(k) SIBISAIOTCS EPUOAMYIECKUMEI C MEPUOJOM T = 2, TO
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ecrb Cj(k 4+ 7) = Ci(k), i = 1,...,n. PaccMorpum CJielyonyro xa-
PaKTEPUCTUKY.

Onpepenienne 1 (cMm. [4]). Ifpexmusrocmovio cbopa BO30OHOBIIsIE-
MOI'0 pecypca Ha3bIBaeTCs (PYHKITUS

-1
n

E.(u,z(0)) —kh_g; 21210 u;(7) Zl 1Uz‘(j)

1=
Ecnu cymecrByer mpejen

k n _1

k n
Tim S GOXam) (XS w)

Jj=11i=1 J=11=1

TO 3P PEKTUBHOCTEL cOOpa pecypca 0OO3HATNM depes E(ﬂ7 ar:(O))
Uccnenyem nepuogndeckuii peskuM cbopa pecypea ¢ IepuooM
T > 2, TO €CTh PacCMOTPUM IIEPHOJMUYECKHE YIPABJIIONE (DyHK-

win u;(k +7) = wi(k), k = 1,2,..., i = 1,...,n. Eciu ypaBue-
uue (1) umeer nepuopnveckoe pemenune X (k 4+ 7) = X (k), To 060-
snaim uepes Vo= V(x(1),...,2(7)) obnacts NpuTsZKEHUS IHK-

ma X (u(l),...,u(r)) = (X(1),...,X(7)). PaccMoTpum MHOXKECTBO
U(7) C U neproaudeckux yrupasjieHHH C IIEPUOJOM T, TIPU KOTOPBIX
ypaBrenue (1) uMeer MEpUOMIECKOE PEIIEHUE C TEM YKe MEPUOJIOM.

ycrs x = (x(1),...,z(7)) € RY. dusa onenkn abdexTuBHO-
¢t cO0pa BO30OOHOBJISIEMOTO PECypca pacCMOTPUM (DyHKIIHIO

E(I)iTD(I)<TH—i ZZ Fi(j —1, ggj—l)))_

1=21i=1

e D(x) = % ZT: Zn: Ci(4)(F;(4,2(4)) — 2i(4)), u MBOXKeECTBO

- wr . 2(1) - z(j) -
L—{IER+ .7+ZF(]’_1>$(]’_1)) < Tn;

z(1) < F(T,x(T)) #0; z(k) < F(k:—l,x(k:—l)) #£0, k= 2,...,7’}.
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Teopema. I[Ipednosootcum, wmo @ynrkuus E(x) docmueaem wnau-
boavwezo snavenus E(x*) 6 mouxke xz* € L. Toeda dasn aobvix
ue U(r), z(0) € R svinoanero nepacencmeo

E(m,2(0)) < E(@",27(0)) = E(«"),

npu nepuoduveckur ynpasienusxr w* € U(T):

z*(1)
F(T,J;*(T))’

" (k)
F(k—1,2*(k—1))’

wi(l)=1- wik)=1-

k=2,...,7 (3decv x*(0) maroso, wmo F(x*(0)) = x*(1)).
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2019. T. 29, Ne 4. C. 501-517.
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IIycts X — BemecTBeHHOE THIBOEPTOBO MIPOCTPAHCTBO CO CKa-
JASpHBIM npoussesenueM [, .|x; E = E(T) = C(0,T;X). Ilycrs,
KpoMme Toro, 4ro 3agana ¢yukims (oneparop) fi: [0;7] x X — X,
YJIOBJIETBOPSIONIAST YCIOBUSIM:

Fi) V& € E orobpaxenue [0;T] 3 ¢ — f1(¢,2(t)) npunagexur
Kjaccy 4 = C(O,T; X).
F3) Cymecrsyer dyuxuus N = N (¢, M) : [0;T] x Ry — Ry, cym-

mupyemast 1o t € [0;7] u meybpiBatomast mo M € Ry rakas,
aro Vz,y € X, ||z||x, ||ly]|lx < M, ns. t € [0;T] umeem

171t,2) = At 9l < N8 M) [l =y

F3) Cymecrsyer dbynkmus Ni(t,r): [0;7] x Ry — Ry, HeyObI-
BafIasi Mo r U cymmmpyemasi mo Jlebery 1o t Takasi, UTO

A, < M) VM > 0, € € X, [¢lx < M, ns.
t € [0;T].

F,) Cymecrsytor neyobiBatomue dbyuxkimun K;: Ry — Ry, i = 1,2,
TaKue, 4To JIs Jioboro o > () cripaBeIMBbI OIEHKU:

/N(s,a) ds < Ki(o) mesh, /Nl(s,a) ds < Ks(o) mes h.
h h

[Iycts U — HekoTOpOE TWiIbOEPTOBO IPOCTPAHCTBO, HOHUMA-
eMoe KaK MpOCTpaHcTBO 3uadenwii ynpasmenns, C(t): X — U —
cunbHo HenpepbiBHoe Ha [0;7] cemeficTBO JIMHEHHBIX OrpaHUYeH-
ubix oneparopos (JIOO); St(0,7; X) — MHOXKECTBO CTYHEHYATHIX
$ynxuit na [0;7] co snauennsivn B X; W = {u = C()E(.): € €
St(0,7; X), Hg(t)HX < p, t € [0;T]} — MHOKECTBO JOIYCTUMBIX
yupasjenuii. Ilpeanosoxkum, uro 3agana dyukus (oneparop)
b: [0;T] x X x U — X, yI0oBIeTBOPSIONIAs YCIOBHUIM:

B,) Ilpu Becex x € E, u € C(0,T;U) orobpaxenne [0;7] > t —
b(t, x(t),u(t)) npumamnexnr knaccy Z = C(0,T; X).
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B,)

B;)

Bg)

Cymecrsyer dynkimst Ny = No(t, M): [0; T) xRy — Ry, cym-
mupyemast 110 ¢ € [0; T'] u neybpiBatomast no M € R rakast, 4To
Ve,ye X, lz|x, lullx <M, uweU, ||ul|lv <M, us. te|0;T]
umeem: ||b(t,z,u) — b(t,y,u)HX < No(t, M) ||z — yHX .

Cymecrsyer dyukmus N3(t,r): [0;T] x Ry — Ry, HeyOb-
BaIasi Mo r U cymmmpyemasi mo Jlebery 1o t Takasi, UTO

b(t.&u)|| S Ns(&, M) VM >0, £ € X, [€lx <M, uel,
lullo < M, .. t € [0;T].

CymectByer KoHCcTanTa [y > 0 Takasi, 9TO JIsT JIIOOBIX
0<m<n<T, zeET)ufec X neem

T2

[ [ps.06).0) ] ds = (2~ €]

T1

CymectByer KoHcTanTa (31 > 0 Takast, 9ro nupu Bcex x € F(T),
£, € X, 0< 7 <1 <T umeem

T2

/[b(s,x(s),C(s){l) - b(s,x(s),C(s)gg),ﬁl - 52} ds >

T1

> Bi(re — )l — &%
Cymecrsyer dynkmust Ny = Ny(t, M): [0; T) xRy — Ry, cym-
mupyemas 1o t € [0;7] u meybniBatomas mo M € R, rakas,

gro pu Beex ¢ € X, u,v € U, ||z|x, |ully, ||lv]|lv < M, n.s.
t € [0; 7] umeem

|b(t, 2z, u) — b(t,a;,v)HX < Nu(t, M) |lu— UHU.

CymectByer HeyObiBaomast dyuknusa Kg: Ry — Ry, Takas,
9TO JyIst Jioboro o > () crpaBeinBa OIeHKA

/Ng(s,a) ds < K3(o) mes h.
h
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HMonozxum f(.,z,u) = fi(.,x) + b(.,z,u). Bysem paccmarpu-
BaTh ylpaBjsgeMoe HeJMHeiiHOe 3BOJIOIMOHHOE YpaBHeHUe BHJIa

dx

e f(tz(t),ult), te[0:T]; x(0) = o, (1)
OTHOCUTEJIbHO HEU3BECTHOIO I € CI(O,T;X ); MPOM3BOHAS TIO BpE-
MEHHU TOHUMAETCSI B CUIIBHOM CMbIcsIe. 3aada (1) SKBUBaJeHTHA UH-
TerpajgbHOMY ypaBHEHHUIO (¢ mHTerpasoM Boxuepa) Buja

t
x(t) = x9 + / f(s,a:(s),u(s)) ds, tel0;T], (2)
0

B ipocrpanctee E(T'). B cBoto ouepeib, nHTerpaibHoe ypasuenue (2)
UMeeT CMBICJ M JJII KYCOYHO HEIPEPBIBHBIX YIpaBJIeHUU U €
€ KC(0,7;U). CoorsercrBytomnue perrernst (t) OymayT KyCOIHO
rmaakuMm, To ecth n3 kiacca K CLH(0,T; X). Ypasrenue (1) Toxe
UMEET CMBIC/I, €C/TH TIOHUMATh CHJIbHYIO TPOU3BOJHYIO B CMBICJIE I1.B.

UccreayeM pa3penmMocTh 3a/1a491 yIPABICHUs: JIJIs 33 IaHHO-
ro KOHEYHOro cocrosuus x1 € X maiitu ynpasiaenune u € W, Koro-
poMy OTBedaeT XOTsi Obl OfHO perienne r = z(t;u) ypaBHenus (2)
takoe, uro x(T;u) = x1.

IIycts (o = maX{HxOH X, ||z1]| X}. Crenaem cienymoline Ipei-
ITOJIOZKECHU A

K K M
R,) IIpu nHekoropom 0 < Kk < 2(¢o) nmeeM: p > w.
0 0
K M,
COOTBETCTBEHHO, TOJIOXKUAM £ = ) — w S0
0

Ry) Umeem: ||z1 — zo|lx < BT
Teopema. ITycmo svinoanens, npednoaoscerusn Fi)- Fy), B1)-By),

T
R1), Rs). Tozda cywecmeyrom § > 0 u wucaa k = 5 e N, t; =19,

T y
, 1 =0, k, maxue, wmo natidemcs ynpasaenue u € W suda

k

Ai =

u(t) = {C(t)fz', GeX, te(ti—nt), i= L—k}7
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ydosaemesopaiowee ycaosuam: x(ti;u) = xy, = xo + N (1 — x0),
i =Lk, x(Tyu) = =1, [|&llx < p, @ = 1, k. Omo oznauaem, wmo
enobaavras 3adava ynpasaerus umeem pewenue u(t).

1. UYepnos A.B. O TO4YHOI r100AJIBHON YIIPABISIEMOCTH TOJIYJIMHERAHOTO
sBostoonHoro ypasuenus // duddepennuanbubie ypasuenus. 2024.
T. 60, Ne 3. C. 399-417.

2. UYepros A.B. O pa3pelmnMoCTy UTPHI IIPECJIEIOBAHNS C HEJIMHEITHON Tu-
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urp u ee npuioxkenusi. 2024. T. 16, e, 1. C. 92-125.

AcumMmiroruka o1ipeaeJIidroiniero BeKTopa

B JIMHENHBbIX 3aJladaXxX ‘JIereBoro ynpaBjeHus’
C IVIAJIKMMU OT'PAHUYEHUSMU HA yIIpaBJIeHUE

A. A. IITabypos
Examepunbype, Uncmumym mamemamury U MeXTaHUKy
umenu H. H. Kpacosckozo YpO PAH

e-mail: alexandershaburov@mail.ru

Cpeu dyH1aMeHTaIBHBIX PabOT 1O Teopur yipasienus |1 — 3]
MO2KHO BBIJICJIUTH KJlaCC 3a/Jia4, IIOCBANICHHBIX DPEHICHUIO CHUHTYJIAP-
HO BO3MYIIEHHBIX 3aj1a4 yrpasienust |4, 5|. V3yuenune Takux 3aja4
9aCcTO OCHOBBIBAETCA Ha METOJAX IOCTPOCHHS ACHUMIITOTHKHU peIre-
Hust [6], OJJHUM U3 KOTOPBIX SIBJISIETCSI METOJ| [OIPAHUYIHBIX (DyHK-
it 7).

MbI HO,HpO6Hee OCTaHOBHMCA Ha IMTOCTPOEHUU aCUMIITOTHUKHU 3a-
nad ¢ “memesbiMu” yupassienusimu [8—10]. B rtakux 3ajadax ma-
JIBII TTapaMeTp 00A3aTe/IbHO IPUCYTCTBYET B BUE MHOXKHUTE/IS IIePes]
yIIpaBJIEHUEM TIOJI HHTETPAJLHBIM CJIaraeMbIM B (DYHKIIHOHAJIE Kate-
crBa. [Ipu orcyTcTBUM OrpaHMYeHUil Ha yIpaBJCHUE TAKWE 3aauu
6.HI/IBKI/I K BBIDO2KJI€HHBIM 3a/ladaM B CMbICJIEC ITPDUHIIUIIa MaKCUMyMa
IMourpsiruna. C magasa 1990-x 10 konma 2000-X HUIIyTCsS CTATbU Ha
ITOCTPOEHNE ACUMIITOTHKH 33189 ‘JIeleBoro”’ yrupaBieHus B Pa3Ind-
HBIX TIocTaHoBKax [11, 12]. AcumMnrornka ONTUMAIBLHOTO YIPABICHUS
CTPOUTCS B JIMHEHHO-KBJIPATUIHBIX 3aJladax 0e3 orpaHuveHuil Ha
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yupasisierne (cM. Hanpumep, crarbu (13, 14]). @opMupyrorcst moIHO-
HeHHble 0030pbI crareil [15], MOCBSIIEHHBIX ACHMIITOTHKE DEIleHui
CHHIYJIIDHO BO3MYIIEHHBIX 3a/1a4 YIIPABJICHHUSI.

C magasia 2020-X TOI0B paccCMaTPUBAIOTC 3a0a4d “JEIIEeBOT0”
YIPaBJIEHUS JIJIs JIMHEHHBIX CUCTEM C TIOCTOSTHHBIMU KoM duIineHTa-
MU U MHTETPAJILHBIM BBITYKJIbIM KPUTEPUEM KadecTBa. B mocTtaHoBke
TAKMX 3a/a9 YYUTHIBAIOTCS TJIaJKUE OIPAHUYEHUs Ha YIIPABJICHUE B
BUJIE IIAPa Ha KOHEYHOM BPEMEHHOM IIpOMexKyTKe. B crarbe [16] mis
3a/1a91 B cpejie 6e3 COMPOTHUBIIEHUS IOCTPOEHA U 0OOCHOBAHA ACHMII-
TOTHKA OIPEJIENAIONIEro BeKTopa. [1oydeHo acuMIToTHIecKoe pas-
noxenne B cMbicite Ilyamnkape. B pa6ore [17] mosydenst crenennbie
pasyiozKeHust B cMbicsie Dpgeiin [18] mo cioxuoil cucreme dyHKImil.
[Tokazano, 4aTo perrenne 3a1a9u C “IeMIEeBbIM° yIPABICHIEM B CPEIe
6e3 conporussienus: [16] packiaapiBaeTcsi B aCUMITOTUYECKUI CTe-
[EHHON PsiJI IO MAJIOMy TlapamMerpy U Bejer cebs 6oJiee perysisipHo,
4eM pertieHne 3aja4n Opicrpogeiictsust [19]. Bosee noxpobubie tpu-
MepBbI [IOCTPOEHUsI ACUMIITOTHKY ObLIN IpeJjcTaBieHbl B pabore [20],
rJle OrpaHUYeHUs] Ha yTPaBJIeHHe KAk ObLIM [0 CYIECTBY, TaK U He
OKa3bIBAJIM HUKAKOrO BiusiHUsI. JIjisi BO3MYINEHHO! 3ajadm “Jerre-
Boro” yupassenus [21] ycTaHOBJIEHO, YTO ONTUMAJILHOE yIPaBJICHUE
HEIPEPBIBHO, U, B OTJIMYNE OT IPEIETBLHON 3a/1a491, MEHSAET CBOH BU/I.
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3ajiava ynpaBJ/ieHUs HEJMHEIHOIl cucTeMoii C

HeTOYHOI nHopManueil B ycjoBuUsAX
BO3eliCTBUSA ITOMeEXU

K. A. IIleaukos
Horcescr, Yomypmexuitl 2ocydapemeennsvili yrusepcumenm
e-mail: incognitobox@mail.ru

B npocrpancree R¥, k > 2, paccmarpusaercs muddepeHim-
anbHas urpa ['(xg) aByx Jjmi: npecienosarens P u y6eratomiero E.
JluHaMuKa UTPHI OIMCHIBACTCA CUCTEMOM qudpepeHInalIbHBIX YPaB-
HeHui

= f(z,u,v), welU, wveV, z(0)=ux,

re x € RF — $asoBeIil BEKTOD, U 1 v — YIPABIISIOIINE BO3ICHCTBISL;
U= {u,...,un}, u; € R, 4 = 1,...,m. Muoxecrso V C R® —
koMmrakT. OyHKIiws f: RF x U xV — RF — g xkaxnoro v € U
HEIPEPLIBHA 110 COBOKYIIHOCTHU IIEPEMEHHBIX T, U ¥ JIMIIIUIEBA, 110 X
¢ KOHCTaHTO L, He 3aBUCSIIEH OT U, TO €CTh

||f($1,’u2'7’0) - f(IQ,’U/Z',’U)H < LHIl - .’EQH,

z1, 0 €RY veV, i=1,...,m

3/1ech U BCIOJLY Jlajiee HOpMa, CYUTAaeTCsl €BKJIHIOBOIA.
ITos pasbuennem o npomexxyrka [0, 7] OyeM noHIMATH KOHEY-

Hoe pasbuenne {7,},_o, t1e 0=179 <7 < T <--- <7y =T.
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Beesem crenyromue obosuavdenusi: D (x) — 3aMKHYTBIH 1map
pajmyca € ¢ nenTpom B Touke T; Oy () — OTKPBITHIA map pajuyca
€ C IEHTPOM B TOUKe T; (a,b) — CKaJsipHOE MPOM3BEJICHNEe BEKTOPOB
a,b.

Iycrs B> 0, Dg(0) C R¥, 41 [0,00) — Dg(0).

Omnpenenenne 1. Kycouno-nocmosnnot p-wemounotl cmpameau-
ett W npecnenoBaresnst P na npomexytke [0,7] nasbiBaeTcs mapa
(0,Ws), riie 0 — pasbuenue npomexyrka [0,7], a W, — cemeiicTBo
orobpaxkenuit d.,r = 0,1,...,7— 1, CTaBAIUX B COOTBETCTBUE BEJIN-
ansaM (7, 2(7,) + (7)) nocrosiuaoe yupasienue u,(t) = u, € U,
te [7—1”77—7‘+1)'

[Tox yupasienueMm yGeraiomero 0yeM MOHUMATD TPOU3BOJIb-
HyI0 u3MepuMyto byskuio v : [0,00) — V. Cunraem, 4To urpokam
U3BECTHBI JMHAMUKA CHCTEMbI, TO ecTh (yHKIms f, MHoxkecTBa U,
V', koucranTa Jlunmuna L, anciaa 8 u § > 0.

Ounpenesnienne 2. B urpe I'(zg) npoucxodum §-nemounas e-noumxa,
ecau cymecrByer 1T > 0 Takoe, 4To Jis Jjioboro € > ( cymecTsyer
KYCOYHO-TIOCTOsIHHAsA 1)-HeTouHass crpareruss W npecnenosarens P
Ha npomexxytke [0, 7] Takas, 910 Jj1s JH060r0 JOIyCTUMOIO yIIPaB-
neHust y6erarorero v(-) BbIIOJHEHO HepaBeHCTBO |z (T)|| < § + € mis
nekoroporo 7 € [0,T7.

[esbio mipecsieIoBaTe)Ist sIBISIeTCs OCYIIEeCTBICHNEe 0-HETOTHON
E-IIOUMKU 1151 331aHHOTO §. Lesib yberarommero — BOCIPENsSTCTBOBATD
TOMY.

OrmernM, aro jyist mobbix u € U, t > 0, x € R* u npoussoss-
HOIT m3Mepumoit dynkimn v: [0,00) — V' cnpaBeiyinBo HEPABEHCTBO
|| f(z,u,v(t))|| < L|z|| + B mist mekoroporo B > 0 (em. [1]). To
ectb st jiroboro T > 0 u so6oro pasbuenusi o upomexkyrka [0, 77,
B CHJIy ompejeseHus 1, HA KaXKJOM HMHTEpBaJie pa30UeHUs BBIIOJI-
HSIIOTCs ycaoBust Kapareosopu CylecTBOBaHUSI, €JIUHCTBEHHOCTH U
[IPOJIOJIZKUMOCTH BIIpaBo pernenusi 3aja4dn Komu. Takum obpasom,
[IOCTAHOBKA 3aJ1a9l KOPPEKTHA.

CrpasejinBa Cjiejlyoniasi TeopemMa 0 MOUMKE.

Teopema 1 (cwm. [1]). ITyemow

min  maxmin (f(0,u,v > 0.
pERE,|Ipll=1 uG(}( eV (f(0,u,v),p)
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Tozda cywecmeyem gy > 0 maxoe, wmo das 10600 mouku Ty €
D.,(0) 6 uepe I'(zg) npoucrodum e-noumxa. Kpome mozo, npecae-
dosamento OAA NOCMPOEHUL CINPATNE2UL 0OCTNAMOYHO UCTOAD30E6AMD
pasbuerue 6PEMEHH020 UHMEPEANa ¢ PUKCUPOSAHHIM ULA2OM.

Bsenem cienyroriue obo3HadeHmMs

o = min min maxmin u, v
fEDsO(O) pE]Rk,HpH:l wcl veV <f(§? ) )>p>7

D = max ||f(§7U7U)H=

£€D¢,(0), uelU,veV
rae €9 — u3 Teopembl 1. Ormernm, uro @ > 0 (em. [1]).

Teopema 2. [Tycms 6vinoanenss ycarosus meopemv 1 u 3adanvt wuc-
a0 0, o, B, it € R u nauaavhoe noaosicenue g, ydosaemsopaoujue
CAEDYIOULUM YCAOBUAM:

O<pu<l, 0<d<g, O<a<a,

a—« Had
L ’2(a+ D)

Tozda 6 uepe T'(xg) npoucxodum O-HemouHas e-nOUMKG OAL NPOUS-
80abH020 omobpasicenua 1 [0,00) — Dg(0). Kpome mozo, npecie-
006aMENO OAA NOCMPOEHUL CTRPATNE2UL OOCTNATMOYHO UCTOND30GATD
pasbuenue 6PEMEHH020 UHMEPEANa C PUKCUPOSAHHIM ULG2OM.

0<ﬁ<min{ }, (5<H1‘0H<50—5.

Pabora BbimosiHeHa 1pu mojiiepkke MuHUCTEPCTBA HAYKHW U BBICIIIETO 00-
pasoBanus P® B paMKax rocyJiapcTBeHHOro 3ajanusi, npoekt FEWS-2024-0009.

1. Ileauros K.A. O 3amade ynpaBjeHusi HeJIMHEIHON crCTEMO BTOPOTO
MOPSIJIKA TTOCPEJACTBOM JIMCKPETHOIO VIIPABJIEHUS B YCJIOBUSX BO3JIEli-
crBug nomexu // Becruuk Yamyprckoro yuusepcurera. MaremaTuka.
Mexanuka. Kommbrorepasie vayku. 2024. T. 34, Bem. 3. C. 435-448.
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YipaBJjieHu€e IIPOHEeCcCcOM JiedYeHUs PaKOBOT'O
3a00JIeBaHUS B MOJEJN KOHKYPEHIINNI
Jlorku—BoJbTeppbl ¢ HeonpeaeJJeHHOCTbHIO

E. H. Xaiisos
Mocxsa, MI'Y umenu M.B. Jlomonocosa
e-mail: khailov@cs.msu.su

PaccmarpuBaercs yrnpasiasgemast cucrema quddepeHIuaabHbIX
YPaBHEHU, MOJICSIUPYIOIIAs JIeUeHUe JISHKeMun, HalleJIEHHOE Ha YHU-
YTOXKEHUE PAKOBBIX KJIETOK (XUMHOTEPAIINS):

a'(t) = r(1 — z(t) — a1y (t))x(t) — mag(z(t))z(t),

y'(t) = (1—y(t) — anz(t)y(t) — mag(2(t))y(t),
Z(t) = —yz(t) — o(x(t) + y(t))2(t) + u(t),

z(0) = 2%, y(0) =4, 2(0) = 2% 2°,¢4° € (0,1), 2° > 0,

KOTOpasi OIMpaeTcst Ha Mojiesib KOHKyperiwn Jlorku—Bossreppsr [1].
B cucreme (1) nepemennbie x(t) u y(t) onpesessiior COOTBETCTBYIO-
ye KOHIEHTPAIMK 3/I0POBbIX U PAKOBBIX KJIETOK, HepemeHHast z(t)
3a/Ja€T KOHIEHTPAIUI0 XUMHUOTEPAIIEBTUYICCKOTI'O IIpellapaTa B Opra-
HU3Me TaluenTa. B ypaBHeHusx 1oil cucrembl g(z) — QyHKIus Te-
PAINH, OTPAKAIONIAs] XUMIOTEPAIIEBTHIECKOE BO3IEHICTBIE Ha 3/10PO-
Bble I PAKOBbIE KJIETKH, & u(t) — yupasistionas QyHKIHs, KOTopast
3a/a€T MHTCHCUBHOCTD ITOCTYIIJICHHUSA JIEKapCTBa B OPTraHU3M IIallUEeH-
Ta. BesmauHel r, a2, a1, M1, Mg, ¥ U 0 SABJISIOTCS TOJIOXKUTETHHBI-
MH TIapaMEeTPaMU, KOTOPBIE YJIOBJETBOPSIIOT OrpaHudeHusiM: 7 #£ 1,
a2 #1,a21 # 1, arz - az1 # 1, w my < my.

IIpennonaraercs, 9To st cucreMsl (1) mpu 3HadeHHsAX mapa-
METPOB T, A}y, A%y, M, M5, Vs, Ok U HAYATHHBIX JAHHBIX (x%, yg, 22)
rpaekropust (xp(t), yn(t), zn(t)), oTBeUaIOmAast yIpaBaeHuto uy, (t), us-
BeCTHa U XapaKTepu3yeT BbI3JO0PaBJ/JIMBarOIICro malueHTa.

Usmenenne tpaekropun (s(t),ys(t), zs(t)) cucremsr (1) mas
GOJIBHOrO IIAIMEHTa 3aBHCHT OT yIpaBieHust us(f) m cBsizaHa c
HEOIIPEJIEJIEHHOCTBIO B 33JIaHUU IIADAMETPOB Glq, A51, M, M5, Vi, O4:

a12(t) = alp +wi(t), ag(t) = a3 +wi(t), Y(t) = v+ ws(t),
mi(t) = mi +wa(t), ma(t) =m5+wa(t), o(t) = o+ ws(t).

(1)
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Baecy dyukimn wi (t), wa(t) n ws(t) sABISMIOTCS JOILYCTUMBIME
HeOIIPeIe/IeHHOCTSIMU, YOBAETBOPAIONIUMU OIPAHUYCHUSIM:

[wi(®)] < wi™, Jwa(t)] < wa™, ws(t)] < wz™,

riae wi™, wy'™ n w3 — 3a/1aHAbIe TOI0KUTEIbHBIC KOHCTAHTEL.

Toryma 3aaga o JBUXKEHWHW 110 38/ JaHHOM KPUBON B YCJIOBU-
X HeolpeseseHHocTn [2] st cucremsl (1) craBuTCs CoreLyionmMm
obpazom. IIpu 3HaveHusAX mapamMeTrpoB 7, aly, @, M), M3, Vx, O«
rpaekropust (zp,(t),yn(t), zn(t)) 1ol cucTemMbl, OTBEYAOIIAs YIIPAB-
neHnio up(t), nsecrna. [Tpu 3HadeHusix napamerpos r, ai2(t), ag: (t),
mq(t), ma(t), v(t), o(t) Tpebyercst OTBICKATH JOIyCTUMOE yIIPABJIe-
aue us(t) = us(t, wy(t), wa(t), ws(t)), upu KOTOPOM COOTBETCTBYIO-
mast Tpaekropusi (xs(t),ys(t), zs(t)) Takoil cucremMbl OKasbIBaeTCS B
okpecrHocTH TpaekTopun (xp (t), yp(t), zn(t)) u nanee cieyer BIOIb
Hee IIpU JIIOOBIX JIOIYCTHMBIX HeompejieieHHocTssXx wi(t), wa(t) u
w3 (t). MHOXKeCTBO JOMyCTUMBIX YIPABICHUN Ug(t) U MHOXKECTBO J0-
IMyCTUMBIX Heomnpejeaennocreii wi(t), we(t) u ws(t) obcyxmaorces
B [3].

Cucrema (1) jy1s1 GOJIBHOIO ¥ BBI3IOPABJIUBAIONIErO MAIMEHTOB
nmMeeT BUJ:

(2),(t) = r(1 —zp(t) — afoyn(t))zn(t) — mig(zn(t))za(t),
= (1 —yn(t) — azzn(t)yn(t) — msg(zn(t)
= —Yzn(t) — ow(zn(t) +yn(t))z ( )+ un(t

{ 2,(0) = 27, yn(0) = yp, 21(0) = 23; 2}, ) € (0,1), 2z, > 0.

Jlanee mcmosb3yercss OAWMH M3 METOJOB AHAJIUTUYIECKOTO II0-
CTPOEHUS ArperupoBaHHBIX PeryasaTopoB. CorjiacHO HEMY BBOJISITCS
paccorjacoBaHUsI:

¢(t) = xs(t) - xh(t)7 ¢(t) = ys(t) - yh(t)7 77(75) = Zs(t) - Zh(t)7 (4)
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U 3aTeM JIUIg HUX TpeOyeTcsi BhITOJHEeHNe (DYHKIIMOHAIBHBIX COOTHO-
IIeHN:

W () + ap(t) = 0, $(0) = 25(0) — z4(0) = & — wp,
¢'(t) + Bo(t) =0, $(0) = y5(0) —yn(0) =yl — v,  (5)

0
(1) +0n(t) =0, 1(0) = 2(0) — 2(0) = 2{ — 2},

e «, f n § — 3a/JaHHbE TOJOKUTETLHBIE TTaPAMETPHI.
[Moycrasisisi pasercTBa (4) B quddepeHuaibHble ypaBHEeHMsI
u3 (5) u npusiekas cucreMbl (2) u (3), HAXOUM COOTHOIICHHUSL:

(1 — 2s(t) — ar2(t)ys(t))ws(t) — ma(t)g(zs(t))zs(t) =
7(1 = zp(t) — alayn(t))zn(t) — mig(zn(t))zn(t) — alzs(t) — zn(t)),
(1 - ys(t) - (121( ) (t) ys(t ( )g(zs t))ys t) =
(1 = yn(t) — a5 2n(t))yn(t) — m3g(2n(t))yn(t) — B(ys(t) — yn(t)),
Y(t)2s(t) — o (t)(@s(t) +ys(t))zs(t) + us(t) =
= Yszn(t) = ou(wn(t) + yn(t))2za(t) + un(t) — 0(2s(t) — 2n(t)),

HocJiejiHee U3 KOTOPBIX OHPEEseT yupaBieHue ug(t):

us(t) = un(t) + (7(t)2s(t) — yezn(t))+
(o (t)(@s(t) + ys(t))2s(t) — ou(@n(t) + yn(t))2n(t)) — on(t).
[Moycrasisist coorHomenust (6) B cucremy (2) u npusjiekast op-
MyJIbI (4), ToJIydaeM CHCTeMy:

2(t) = r(1 — xp(t) — afayn(t))a(t) — mig(zn(t))zn(t) — Oﬂb( ),
yo(t) = (1 —yn(t) — ayxn(t))yn(t) — ’ng(zh(t))yh( ) = Bo(1),
2zs(t) = —V*Zh( ) = ox(zn(t) + yn(t))z ( )+Uh(t) — on(t),
25(0) = 2, ys(0) = 92, 2z:(0) = 285 2,97 € (0,1), 2{ >0,

(7)
KOTOpasi MHTerpupyeTcs oaHoBpeMeHHo ¢ cucremamu (3) u (5). Ee
0COBEHHOCTD 3aKJII0YAETCA B TOM, UTO TpaekTopust (x4(t), ys(t), zs(t))
OKa3bIBACTCsl B OKpPeCTHOCTH Tpaekropuu (xph(t), yn(t),z ( ) u na-
JIee CJIejLyeT BJIOJIb Hee IPU JIOBIX JOIyCTHMBIX HEOIIPEIeTIEHHOCTSIX

w1 (t), wa(t) mws(t).
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st cucrembt (7) IPUBOJATCST Pe3ysIbTaThl YUCJAEHHBIX Pacye-
TOB JIIsl KOHKPETHBIX JIaHHbIX 13 [1|. B kadecTBe npumepa, Heomnpe-
nesrernocT wi (t), we(t) n ws(t) Momenupytorcst QyHKIUAMI, TPO-
MMOPITUOHATBHBIMHA Sint 1 cos t.

ApTop BeIpaxKkaer Ojaromapaoctb akajgemuky FO.C. OcuroBy
3a TIOCTOSTHHOE BHUMaHUE K pabore.

1. Xatinos E.H., I'puzopenxo H.JI., I'puzopvesa 3.B., Kaumenkosa A./].
Yupagisiemble cucrembl JIorku-Bosbrepphl B MoieITMpoBanny MeIuKO-
6uostormaeckux mporeccoB. M.: MAKC TIpecc, 2021.

2. Kyporcancxuti A.B. Yupajenue u HaOJIIOJEHIE B YCIOBUSIX HEOIIPeIe-
sennoctu. M.: Hayxka, 1977.

3. Kpacoscrxuti H.H. Yupasnenue munammdeckoir cucremoir. M.: Hayka,
1985.

O (_PI/IHI/ITHOI‘/’I CTaOMJIN3AINN TUOPUIHBIX
JINHEMHBIX HENPePbIBHO-INCKPETHBIX CUCTEM

B. E. XapToBckuii
I'podno, I'podnencruti eocydapcmeennoiti yhusepcumem um. Anku
Kynanavt
e-mail: hartows@mail.ru

B nokmajie obcyxkaorcest pe3ysbTaThl ucciegoBanuii 1, 2.
PaccmorpuMm JimHEHHYIO HENPEPBIBHO-JIUCKPETHYIO CHUCTEMY C WM-
YJIbCHBIM yIIPABJIAIONIAM BO3ACHCTBIEM M U3BECTHBIM BBIXOIHBIM
CHTHAJIOM, U3MEPSEMBbIM B JIMCKPETHLIE MOMEHTBI BPEMEHN

il(t) = Allil(t) + A12$2(tk) + Z Blju(tk_j), te [tk,tk+1),
7=0

Ig(tk+1) = Aglil(tk) + Aggxg(tk) + Z ngu(tk_j), k= 0, 1, ey

7=0
(1)
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m

y(tk) = Z (Cljxl(tk,j) + CQjZCQ(tk*j)) , k=mm+1,..., (2)
5=0

rie A;j € RWX% 4 j=1,2, Bj; € RM*" Oy € RXMj =12, j =
0,m; u — yupasJjenne, y — HabJIOJaeMblil BHIXOJHON CUTHAT; ty =
kh, k € Z, h > 0 — mar kBanToBanus. [Ipeamosaraem, 9T0 HAIAIb-
Hoe ycsosue i cucreMsl (1) mveer Bug x1(0) = a1, x2(0) = ag,
a; € R 4=1,2, u(tj) =0,75<0.

OrpeiesiuM peryssiTopbl JIBYX THUIIOB:

a) PeryJsaTop ¢ 0OpaTHON CBA3bIO MO COCTOSHUIO:

mi
u(ly) = Z (Vlle(tk‘—j) + V1]2$3(tk:—j)> )
j=0
2 j ®
w3(ter1) = Y (VmX(tkfj) + ‘/'22933(751@73')) :
§=0
k=Fk,kh+1,..., ki=m+4+mq;
6) pery/sTop ¢ 06paTHOl CBSI3bIO 110 HEMOJHBIM U3MEDEHUSIM:
m2
u(te) = 3 (Uly(te-5) + Ulya(ty )
§=0
m2 . . (4)
ACTIEDY (Uéw(tkﬁ') + U%2934(tk7j)> :
§=0
k=ko,ko+1,..., ko=2m+ mo.

Baecw X (ty) = collxy (t), z2(tg)], & = 0,1,...; z; € R™ ¢ = 3,4,
— BCIIOMOTATEJIbHBIE NEPEMEHHBIE, YOBJIETBOPSIONIE HAYaILHOMY
YCIOBUIO Tiyo(ty) = ajiop, k = 0,m—+m;, i = 1, 2, tie a0k €
R™+2 — mobble 3ajanHble BeKTOpkbL; Vj, U;j — IOCTOSHHBIC MaTPUIIbI
TTOTXO/TSTIINX PA3MEPOB.

Ounpenesienne 1. Perynsrop (3) (perynsirop (4)), jijist KOTOPOro cy-
mectByeT uncyio kg € N takoe, 9T0 KaKOBbI Obl HU ObLITN HadaJbHbBIE
YCJIOBUSI JIJIsI PellieHnst 3aMKHyToii cucremst (1), (3) (3amMkmyTOit cn-
crembr (1), (2), (4)) BBITOTHAIOTCS PABEHCTBA

ZCl(t) =0, tztkoa CCQ(tk) =0, k=koko+1,..., (5)
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HA30BEM PETYJISITOPOM CAab0U GUHUMMHOT cmMabusU3aUUL N0 COCMO-
Anuto (peayaamopom caaboti gunummol cmabuiu3auuy no 6uirody).

Onpenenenune 2. Eciu B omnpenesiennn 1 OJHOBPEMEHHO C COOT-
HomenweM (5) BoimosHsIoTcs pasencTBa x3(t;) = 0 mpm k = ko,
ko+1,... (m(tk) =0,k = ko, ko + 1,...), To peryssTop (3) (pe-

ryasitop (4)) Ha30BEM pe2yaAmopom GuHummot cmabusu3ayuL no
cocmoanuo  (pezyaamopom gurumnoti cmabusu3ayu no 6vrody).

O6osnaunm: I, € R™*™ — enuau4ynas MaTpuna, 1 = ni + no,
MAaTPHUIIbL

h

_ _Anh _ Ar1(h—) _ | E1 ExAjqn
By = e Eg—/e 1 dr, A—[Am Ay |

0

EyBy;
B; = [ ;;2;]] , G5 = [Cyy, Oy,

B(A\)=> _NB;, C(\) =) _ NC;.
j=0 §=0

Teopema 1. /[aa mozo wmobv, das cucmemos (1), (2) cyuwecmesosan
peayasmop durnummnotl cmabusuzayuu no 6vxrody euda (4), neobxo-
dumo u docmamouro, Wmobv, GLINONHANUCY YCAOBUA

Drank [I, —AA, B(A), G(A)]=n npu.mobom X €C; (6)

I, — \A

e [0

} =n npu amobom X € C. (7)

PaccmoTrpuM mecKpunTopHOE pa3sHOCTHOE YpaBHEHUE

Bog(k+1)+ Y Biglk+1-i)=0, k=mm+1,... (8)
=1

Pemenne ypapnenust (8) ¢ 3a/JaHHBIME HATATBHBIME YCJIOBHSI-
mu (i) = g;, ¢ = 1,m, g; € R", cymecrsyer [3] B ToM u ToabKO B
TOM CJIy4ae, KOrjua gm+1—; = Lic, i = 1,m, tae T; € R™*"™ (rg € N)
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— HEeKOTOpble MATpHIlbl, ¢ € R™ — npoussBosibHbIl BekTOp. Onpee-
JimM J06yIo Marpuiy S € R70*70 | gpiIaionyiocs pelenneM CACTeMbI
ypasuenuit ByThS + > ;" B;T; =0, T;,S = T—1, k = 2,m — 1. Tlo-
jgoxkuMm T = T}, u noctpoum marpuiel Gg = BoT', G; = G;_15+ B;T,
i=T,m—1, G(\) = X" NG,

Teopema 2. /J[aa mozo wmobv, daa cucmemos (1), (2) cyuwecmesosan
peayasmop caabol gurnummnoli cmabuiusayuu no evrody euda (4),
Heo0TodUMO U JOCMATMOYHO, 4MOObL

rank [I, — XA, B(\), G(\)] =n npuwobom A€C,  (9)
u 6vmoanarocey yeaosue (7).

CaencrBue. /Jlas mozo wmobwv. das cucmemv, (1), (2) cywecmeo-
6aAn pezysamop dunummnot cmabusuzayuu no cocmosnuo 6uda (3)
(craboti purummoti cmabuausayuy no cocmoanuo euda (3) ), Heob-
ZoouUMO U docTamouro, wmobsvs 6unoanasLocs ycaosue (6) (ycaosue

9))-

1. Xapmosckuii B.E. Peryasropsl (bUHUTHOI cTabuIn3anun Ay THOPUI-
HBIX JIMHEHHBIX HEIPEPBIBHO-TUCKpeTHBIX cucreM // Tuddepennmalin-
uble ypaBuenus. 2024. T. 60, Ne 10. C. 1394-1406.

2. Xapmosckuti B.E. OuanTHas CTAOUIN3aINs HE TTOJTHOCTHIO yIIpaBJIsAe-
MBIX THOPUHBIX JIMHEHHBIX HEIIPEPBIBHO-AUCKPETHBIX cucreM // Hud-
depennmaababie ypasaenus. 2025. T 61, Ne 3. C 394-4009.

3. Xapmoscxuti B.E. O6 omHOM JHHEHAHOM aBTOHOMHOM JECKPHUIITOD-
HOM ypaBHEHHUH C JUCKpeTHbIM BpemeneM. 1. Ilpuioxkenue k 3ajade
0-yupasinsiemoctu // Becrauk Yamyprckoro yu-ta. Maremaruka. Me-
xanuka. Kommbiorepusie mayku. 2020. Ne 2. C. 290-311.
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JIuHelinble cucTeMbl HEUTPAJIBHOTO THUIIA!
ACUMIITOTUYECKAs OI€HKA, IKCIOHEHINAJIbHA
cTabun3anusa U MoJaJibHasl yIPaBJIieMOCTh
IO HEIIOJIHBIM U3MeEPEHUIM

B. E. XapToBckuii
I'podno, I'podnencrutl 2ocydapcmeennsviti yrhusepcumem um. SAnKu
Kynanavt
e-mail: hartows@mail.ru

A. B. Merebckuii
Mumncxk
e-mail: ametelskii@gmail.com

B. B. Kapnyk
Mumnck, Beaapyccruti Hauuonasbrvlli meTHudeckuts YHUGEPCUMEM
e-mail: vasvaskarpuk@gmail.com

PaccmorpuMm nuneiinyio aBTOHOMHYIO nuddepeHIna bHY 0 CU-
cTeMy HEHTPAJILHOI'O THIIA C COU3MEPUMBIMU 3aI1a3/IbIBAHUSIMU

(t) = Aox(t) + Y (Ajz(t — jh) + Dji(t — jh))+

o (1)
+) bju(t—jh), t>0,

y(t) =3 dalt—jh), =0, (2)

Baecy x € R™ — Bekrop-crosbern pemenns cucreMsl (1) (n > 2);
0 < h — mocrosmuoe samazapiBanue; Ag, A;, D; € R™" b; €
R™, c;- € R"™ (mTpux 00603HAYAET OIEPAIUI0 TPAHCIIOHUPOBAHUSA );
U — CKaJIsIPHOE KyCOYHO-HEIIPEPBbIBHOE YIIPABJIEHHE, Y — CKAJISPHbII
HabJII0/1aeMBbIil BBIXO/IHO# curHasl (Bbixon). HauasnbHoe ycrioBue st
cucrembl (1) mmeer Bug z(t) = n(t) npu t € [—mh,0]; u(t) = 0
upu t < 0, e 7 — HewsBecTHasl HeIpPepPLIBHAS (DYHKINSA, NMEIOIast
KYCOYHO-HEIIPEPBIBHY O [IPOU3BOIHYIO.
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O06o3HAUYNM:

A(p, ) = Ao+ > (Aj +pDj)XN, W(p,e ™) = pI, — A(p,e ™)
j=1

— xapakrepucrudeckas Marpuna ([, € R™ "™ — eaunudanass mat-
pura), A\, — omeparop casura, p, — omeparop guddepenuposa-
Husd, T.e. pfj)\%f(t) = fO@t — jh) (f — bysxuus, i,5 > 0 — me-
Jible unciia). Beegem muo)ecTBo Q7™ cocrosiiee u3 0ToOpayKeHuit
Q: z — Qlx], KaxKJ10e U3 KOTOPHIX UMeET BH/L

Qlu(1)] = gqo(An)a(t) + a1 ()it — +Z/ 2t — jh — s)ds,

300

riae ¢;(A) € R™™A], i = 0,1,

= Z e®*5(cos(Brs)vjk(s) + sin(Brs) ik (s)),

k=1

(ag + i) € P, P — xoHeuHbIl HAGOP KOMILIEKCHO-COIPSI?KEHHBIX
WK JefiCTBUTENBHBIX dnces, Vjk(s), uik(s) € R™™[s].

OupenennMm HabIIOAATEb B BAJIE CJIEYIONIEH JIMHEHAHOI crcTe-
MbI HEHTPAJILHOTO THIIA

21(t) = App, An)z1(t) + Lafz2(t)] + b(An)ult),
Zo(t) = Bo(pp )¢ (An)z1(t) + La[22(t)] — Bo(pp)y(t), t>0,

rme L1 € QnX1, Lo € QIXI, ,Bo(p) S Ro[p], Ro[p] = {1,p—|— a
a € R} — MHOXKECTBO ITOJIMHOMOB, UMEIOIINX BUJ P + & WJIK PABHBIX
enunuie. KoMrornenTy 2z BeKTopa-pernenust z = colz1, ze] cucre-
MBI (3) GepeM B KadecTBe OLEHKH perenusi & cucremsl (1), (2) (npu
3a/JIAHHOM yIIpaBJIeHnHu u). JIerko BUAETD, ITO B 9TOM CJIydae Ommo-
Ka OIEHKHN OIMCBIBAETCs OHOpoanoil cucremoii (3) (u = 0, y = 0).

Brenem nosmunom g(pv )‘) = Z?Jrol ngz()‘)¢ gZ()‘) € R[)‘]a gn-l—l(o) =1
[Tycrs W, (p, e‘ph) — XapakTepucTuiyecKas MaTpUIla OJHOPOIHON CHU-
crembr (3).

3)
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Ounpenenienne 1. Byjgem rosoputh, uro jyisi cucrembr (1), (2) cy-
niecTByer habarodamens (3) ¢ 3a0aHHbLM TAPAKMEPUCTNUMECKUM KA~
BUNOAUHOMOM, ecau Jist Jiioboro nojuHoma ¢(p, \) Haiigyres L1 €
QWL Lo € QY By(p) € Rp[)], Taxkme, 9TO BLITIOHAETCS DaBEH-

CTBO z(pv )‘)| :g(pv )‘)

Oupenesnienne 2. Bynem rosopurs, uro jis cucremst (1), (2) cyrie-
CTBYET 9KCNOHEHUUAALHO Yemotinueoil nabaodamens (3), ecan Haii-
nytest takue L1 € QUL Lo € QYY) By(p) € Ryp], uro onmopommas
cucreMa (3) sIBJIsIETCS SKCIIOHEHITUAJILHO YCTOWIUBOIA.

Teopema 1. J[aa mozo wmobv, das cucmemos (1), (2) cywecmesosan
nabaodamens (3) ¢ 3a0aHHBIM TAPAKMEPUCTNUUECKUM KEAZUNOAUHO-
MOM, HEOOTOOUMO U dOCMATOUHO, HMOOBL GHINOAHAAUCD YCAOBUS

rank W,(p,_e h )| = n Vp € C;
d (e p()) ()
I,- DN
rank d(N) =n VYA eC.

Teopema 2. /Jlaa mozo wmobv das cucmemvs (1), (2) cywecmeso-
6aA IKCNOHEHUUANLHO YCMoTHueull nabaodamens (3), neobrodurmo
u docmamouno, wmobv. coommnowerus (4) umeau mecmo das mex
p, A € C, xomopwie ydosaemsopsaiom ycaosuam: Rep > €1, Je1 < 0
u A < 1.

OrpejiesiuM TUHAMUYECKUN PEryJsisiTop ¢ 0OPaTHON CBSI3bIO, B
Ka4yecTBe KOTOPOIl UCIIOIb3yeM PE3yJIbTaThl N3MePEHNil HaOII01aeMo-
'O BBIXOJ/IHOI'O CUT'HAJIa

u(t) = ao(pp)zi(t), 21(t) = Quilz1 ()] + Qialz2(t)],
Eo(t) = b(An)ao(pp)z1(t) + Alpp, An)za(t) + Qaslzs(t)],  (5)
i3(t) = a1 (py)d (An)wa(t) + Qsslzs(t)] — ar(py)y(t), t>0.
3nechb x1, 3 € R, 9 € R® — BcriomoraTebHBIE TepeMeHHbIC; Ql €

0, Q1p € Q" Qoy € Q™ Q33 € Q; a4(p) € Rylpl, i = 0,1.

[ycrs W (p, e’ph) XapaKTepucTuieckasi Marpuia cucremsr (1), (2),

(5)-
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Onpepenienne 3. Cucremy (1), (2) HasoBeM wmodaavro ynpasase-
MOt no 6bx00Yy, €CIU s JII060r0 MOJTMHOMA,

X(p7 )‘) = Xl(p7 )‘)XZ(p7 )‘)7

n+1
Xk(p7 )‘) = ZpZsz()\), Xki € R[)‘]v k= 1>27
1=0

npudeM Xxn+1(0) = 1, cymecrByer peryasrop Buia (5) Takoit, 4To

BhIOsTHAETC pasencTso |W (p, /\)‘ = x(p, N).

Onpepesenne 3. Cucremy (1), (2) Ha30BEM 9KCNOHEHYUAADHO CTNA-
buru3uUpyemoti no 6uirody, €CIU CyIECTBYET perysiTop Buga (5) Ta-
KOIt, 40 3aMKHYyTast cucreMa (1), (2), (5) siisiercsi SKCIIOHEHIINAIBHO
YCTONYUBOM.

Teopema 3. Cucmema (1), (2) modarvro ynpasasema 6 xaacce pe-
2yaamopos (5) moeda u moavko mozda, kozda

rank[W(p, e Ph, b(e_ph)] =n VYpeC;

rank[l,, — D(X), b(A)] =n VA e C; (6)

U 8BINMOAHANOMCA YCAOBUS TNEOPEMDL 1.

Teopema 4. Cucmema (1), (2) sxcnonenyuarvho cmabuiudupyema
6 Kaacce pezysamopos (5) moeda u moavko mozda, Ko2da coommouie-
nus (6) umerom mecmo das mex p, A € C, komopue ydosaemeops-
1om yeaosuam: Rep > g9, Ieg < 0, |A| < 1 u evinoanaomesn ycaosus
meopemot 2.
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Sagaya GUHUTHON CTAOMIN3AIU IO
HEIOJIHBIM M3MEPEHUAM JIJIsl JINHEWHBIX CUCTEM
HEUTPAJIbHOI'O THUIIA

B. E. XaproBckuii, O. 1. ¥Ypban

I'podno, I'podnencrutl 2ocydapcmeenmoill yHUGEDPCUMEM,
umeru A. Kynaav
e-mail: hartovskij@grsu.by, urban@grsu.by

[lycts wccnemyeMbrii OObLEKT yIpaBICHUST OMUCHIBACTCS JIH-
HeWHO! aBTOHOMHOI muddepeHInaIbHO-Pa3HOCTHON crucTeMoil Heli-
TPaJbHOTO TUTA C COCPETOTOUCHHBIMU COM3MEPUMBIMHI 3aIa3/TbIBa-
HUAMN

(L — DOW) () = AQw)2() + BOwu(t), t>0, (1)

y(t) = Cn)x(t), =0,

rJle T — BEKTODP COCTOSIHUSI 9TON CHUCTEMBI, U — YUDPABJICHUE, Y —
HaOJIIOIAeMBIHl  BBIXOJIHON cUrHAJ (BBIXO); A, — OLEpaTop CIBHIA,
onpeiesisieMbrii j11st 3a1anH0ro h = const > 0 upasuaom (Ap)¥ f(t) =
f(t—kh), k € N (ns npoussosbroit dyukuuu f); I, € R — eu-
nuanag Marpuna, D(A) = Y1 DAL AN) = S0, AN B(A) =
ZZZO BZAZ, C()\) = ZZZO CZAZ, D; € Rnxn, A; € Rnxn, B, € Rnxr7
C; € RX™. Pemenue ypapuenns (1) oHO3HAYHO 3a/[a€TCA HAMAIb-
HBIM YCJIOBHEM

z(t) = p(t), u(t)=0, te[—mh,0]. (2)

Cunraem, 910 © € Cl([—mh,O],R”) — HeusBecTHas (DYHKIWS, Ie
CF(-) — wmacc dyukumit, k — 1 pa3 menpepsisro jauddepenupye-
MBIX ¥ MMEONUX KyCOIHO-HENPEPBIBHYIO MPOU3BOIHYIO MOpsaKa k.
YupasJienue v — KyCOYHO-HENPEPbIBHAS (DyHKIHS.

[Tycte R™ ™ [p, \] (Rnxm[)\]) — MHOYKECTBO MaTpHUIl paszmepa
n X M, JEMEHTbl KOTOPBIX CyThb IOJIMHOMBI IIEPEMEHHBIX D, A (A),
p, = d/dt — oneparop juddepeHnupoBaHusi.
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OupeneuM peryyiaTop ¢ o0OpaTHO! CBI3bIO 110 HADIIOAAEMOMY
BBIXO/1Y

u(t) = Un1(pp, An)y(t) + Ur2(pp, An)Z (1),

50) = Uni (0 Ay(D) + Uns(py )i (®)s ¢ 10, )

Brecs & € R™ — peromorarenbHasi TepeMennasi, tg > 0 — HEKO-
Topoe uucio (u(t) = 0,t < to), Uni(p,A) € }erl[p, A, Uia(p, A\) €
R™%[p, ], Ua1(p, A) € R™![p, A], Uaa(p, ) € R™[p, A]. s pea-

Ju3aImy peryiasropa (3) 3a1aauM HAYaIbHOE YCIOBHE

z(t) = p(t), te[to— h,tol, (4)
rae h = ah, a = max{deg)\ Uka(p, ), & = 1, 2}, P € Cﬁ([to —
h,to],Rﬁ) — mobas GyHKINA, p = max{degp Uka(p, N), k =1, 2},
sanuch degy f(A) 0bo3HAUAET CTENEHb TOTMHOMA (B TOM YHCJIE U MAT-
PHYHOTO).

B pabote nosiyuen Kpurepuii CynecTBOBAHUS U CIIOCOD ITOCTPO-
eHUsI PEryJisiTopa ¢ 0OPaTHOl CBSI3BIO 110 HAOJIIOIAEMOMY BBIXOJLY BHU-
Jia (3), KOTOPBIA 00€CIeYUT BBIIOJHEHHE CJIELYIOINX YCIOBUIL:

a) KakoBbI Obl HU ObLIM HadasbHble QyHKIUU @ B (2) 1 @ B
(4), cymecrsyer uncio t; > 0 Takoe, IYTO BEKTOPHAS KOMIIOHEHTA T
BeKTOpa-perenus col[z, T] 3amxuyToil cucremsl (1), (3) paBHa Hy/IHO
HAUYMHAsT C MOMEHTa BPEMEHH, PABHOIO t1,

z(t) =0, t>t;

6) samkuyTast cucrema (1), (3) siBisieTcs: JIMHEHHON aBTOHOM-
HOI cuCTEeMOIl HEATPAaJILHOI'O TUIIA ¢ KOHEYHBIM CIIEKTPOM.

Bameuanwne. a) [loj jimHeiHON aBTOHOMHON OJHOPOJIHOl CHCTEMO
HeﬁTpaJH)HOFO TUIIa C COU3MEPUMBIMHU 3alla3JAbIBaHUAMMU ITOHUMAa-
eM JimHeitHy1o aBroHOMHYIO0 cucreMy Y (p,, A\p)z(t) = 0, T(p,\) €
R™ "™[p, \], uMerOIIyI0 XapaKTePUCTUICCKUIN KBA3UITOIINHOM BHJIA

TN = S pdiN),
1=0
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e v = ndeg, Y(p,\), di(\) — nomumomer, npuaem d,(0) = 1,
3amuch | - | obo3HadaeT OIperenTeIb MaTPHUILL. BBes Bcromora-
TeJIbHBIE IIepEMEHHbIe, TAKYI0 CHCTEMY MOYKHO IEPEINCcaTbh B BHJE
(1). Jluneiinpie aBroHoMHBIE M dEpEeHINATBHO-PA3HOCTHBIE CUCTE-
MBI 3anaspiBaontero tuma (dy,(\) = 1) u OOBIKHOBEHHBIE CHCTEMbI
paccMmaTrpuBaeM KakK YacTHBIR ciydail cucTeM HEeHTPaJjbHOI'O THUIIA.

6) B cuy Toro, uro Usj(p, ) — moimmHOMHUAIBHBIE MATPHIILL,
cucrema (1), (3) mMeeT TOIBLKO COCPEIOTOYEHHBIE COM3MEPUMBIE 3a-
a3/ bIBAHNSL.

Oupenesnenne. Perymstop Buja (3), 0becrneanBaoNnii peaan3aiio
yCJIoBHiL &), 6), Oy1eM HA3BIBATD PE2YAAMOPOM HUHUMHOTU CTNAOUAU-
30UUL N0 BbLLTOY.

O6osnaanm W(p, \) = p(In — D(/\)) — A(\) u cdopmynmupyem
OCHOBHOJI pe3yJibraT, [0JIyYeHHbIil B pabore [1].

Teopema. /Jlas mozo wmobv, das cucmemos (1) cywecmeosan pe-
2yaamop Purnumnol cmaburudayuy no evrody (3), neobrodumo u
docmamouHo, 4mobvl GLNOAHANUCY YCAOBUSA

rank [W (p, e Py, B(efph)] =n VpeC;

rank [I, — D(A),B(\)] =n VA € C;

rank {Wc(g’ee;f; )] —n VpeC;
rank [In 5(%“)] —n VAeC.

Eciin B perynsitope (3) I0IMycTUTb BO3MOXKHOCTH HCIIOJIb30Ba~
HIsI HHTETPAJIbHBIX CJIANAEMBIX, TO [2]| IpK BBIOJIHEHUN YCIOBUI T€o-

PEeMBI MOXKHO HapALy C YCJIOBUAMA a) n 6) JOIOJTHUTEILHO JTOOUTHCA
SKCHOHEHIIUAJIBHONU YCTONYMBOCTUA 3aMKHYTOM CUCTEMBI.

1. Xapmosckui B.E., Ypoan O.H. @unurHas cTabun3amnus M0 HEIoJ-
HBIM M3MEPEHUsIM CHCTeM HEHTPabHOTO THUIIA B KJIACCE PErYJISTOPOB C
COCPEJIOTOYEHHBIMU COU3MEPUMBIME 3alIa3/bIBaHusIMA // ABTOMATHKA
u Tejemexannka. 2025. Ne 1. C. 3-26.
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2. Xapmoscrxuti B.E. ®uanTHasi cTabUIN3aIus 1 HA3HAYEHNe KOHETHOI'O
CIIEKTPA eIUHBIM PErYJISITOPOM IO HEITOJTHBIM U3MEPEHUM JIJIsi JINHE-
HBIX cucreM HefirpaabHoro tuna // Huddepenn. ypasnenus. 2024.
T. 60, Ne 5. C. 686-706.

Hexpynkaga rapaaTupyolinas puabTpaIasd
B JINMHEWHBIX AUHAMUYECKUX CUCTEMaX

M. B. Xy1e6HUKOB
Mocxea, Hnemumym npobaem ynpasaenus um. B.A. Tpanesnuxosa
Poccutickoti axademuu nayx
e-mail: khlebnik@ipu.ru

Sajiavua (puabTpaIun, COCTOSIAs B OIEHKE COCTOSHUS JTHA-
MHUYECKON CUCTEMBI 110 U3MEPEHUsSIM, IPHU CJIYIafHBIX BO3MYIIEHU-
AX JIOIYCKAET MPAKTUIECKN HCUYEPITBIBAIONIEE PEINIEHNE C MTOMOIIBIO
dumibrpa Kasmmana. OaHako 9acTo M3BECTHO JIUIIL, 9TO BO3MYIIE-
HUS ABJISIIOTCA OMPAHUYCHHBIMU; B 9TOM CJIydae MOXKHO CTPOUTDH 2a-
DPAHMUPOBAHHLE OTIEHKUA COCTOSHUI.

Ha ocHoBe TeXHHMKM JIMHEHHBIX MATPUYIHBIX HepaBeHCTB |1, 2|
B [3| Gbuia pemena 3ajaua bUIBTPAIUE JJisl CTAIMOHAPHBIX 3aJ1a4
IIPU OIPAHUYEHHBIX HEC/JTYyYallHbIX BO3MYIIEHUSX: B KJjacce JIMHel-
HBIX CTAIlMOHAPHBIX (PUILTPOB OBLI IIOCTPOEH ONTUMAJILHBIH (DUILTP
U TIOJIyY€eHa PaBHOMEPHAas OICHKA COCTOSHUSI; €€ OITUOKA rapaHTUpPO-
BAHHO 3aKJ/IIOYEHA B euHbIi sjmunconsi. C Ipyroit CTOpOHBI, B CH-
CTeMy yIpaBJIeHUs HEN30eKHO IPUBHOCUTCS HEOIIPEIEIEHHOCTD, 00y-
CJIOBJIEHHAS HETOYHOCTHIO TEXHUYECKOU PEATU3AIUN PETYIATOPA UIN
HEeOOXOIMMOCTBIO HACTPOUKH €TI0 IMapaMeTPOB B IIPOIECCe IKCILIyaTa-
. B [4] 6b110 nokazano, 4T0 Masible BO3MyIeHus: Ko3bUIneHToB
ONTUMAJILHOTO PErYJIsiTOPa MOTYT IPUBOIUTH K ITOTEPE UM CBOHCTBA
CTaOMIMBUPYEMOCTH; 3TO sIBJICHUE TOJIYUUIO HA3BAHUE TPYNKOCNU.

B nmokmnaze obcyzKmaercst peryiasipHBIA ITOAXO0 K PEIIeHUIO 3a-
Ja9u HeTpYynkot Guabmpayu, COCTOSIIEN B CAHTE3e MATPUIILI (DUIIb-
Tpa, KOTOPas BBIICPKUBACT JIONYCTUMbBIC BapUAIMU CBOUX K03 du-
IIUEHTOB.
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PaccmorpuMm simHEHYI0 TUHAMUYECKYIO CUCTEMY

& = Az + Dyw, z(0) = xo,
y = Cz + Dyw, (1)
z = Chz,

¢ cocrosmmeM x(t) € R™, mabmomaembivm BexomoM y(t) € RY) ome-
HUBaeMbIM BbIXOJIOM z(t) € R” u BHemHuM BO3MyIIeHHEM (IILyMOM)
w(t) € R™, ynosrersopsttomum orpanndenuto ||w(t)|| < 1 mis Beex
t > 0; napa (A, C) upenonaraercst HabJIIOIAEMO.

Pacemorpum hHIBTD, ONUCBIBAEMBIH ypaBHEHUEM

T=AZ+ Ly —C7), LeR™,

OTHOCHTEJIHHO OIEHKH COCTOsIHUS T. Ero crpykTypa Takas ke, Kak B
Haburosiareste JlroenGeprepa [5]: OH sIBJIsSIeTCsl JIMHEHBIM CTAIOHAD-
HBIM, U HOJJIC2KUT BLIOOPY JIMIIB MIOCTOsiHHAsS Marpuna gpuibrpa L.
[Tpu sToMm HeBsizka e(t) = z(t) — Z(t) ymosaerBopsier uddepeHiy-
AJIbHOMY yPaBHEHHIO

&= (A — LC)e + (Dl — LDg)w

¥ TOYHOCTH (PUIBTPAIIAN, COCTOAIIEH B OIEHUBAHUHU BBIXOId 2, Xa-
PaKTepU3yeTCcsl BEJTMIMHON

e1 =z—2=Ci(x —7) = Cie.

Y100HBIM TEXHHYECKHM CPEICTBOM I PEIleHUs 3aa9Id Ha-
XOXK/ICHHsI MUHUMAJILHOTO (B TOM WJIM MHOM CMBICJIE) SJITHIICOUJIA,
COJIEPZKAIIEr0 HEBA3KY €1, ABJIACTCA allllapaT JUHEHHbIX MaTPpUYHbIC
HEPABEHCTB U METOJ| MHBAPHAHTHBIX 3/utuiconsoB [1, 2|. Hamomumm,
H9TO JUIAIICOUT,

E={zecR": z'Plagl1}, P~0,

HA3BIBAETCS UHBAPUGHIMHbIM JJTs IMHAMIYECKO cucreMsl & = Ax +
Dw, eciim u3 ycaosust £(0) € € caenyer x(t) € € st Bcex MOMEHTOB
Bpemernn t > 0. Ilpu sTom, eciiu &€ — MHBAPUAHTHBIN SJUIMIICOUJ C
marpuneit P, ro smneiinbiii Beixon z(t) = Cz(t) € R" quramuaeckoit
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cucremsr ipu x(0) € £ GyeT NpUHAJIEKATD T. H. 02DAHUNUBAIOUEMY
SJLIUIICOM LY

g ={zeR: :T(CPCT)'2<1},

a upn z(0) ¢ £ — cTpeMuTBCS K HEMY.

Konnennusi nHBAPUAHTHBIX / OPPAHUYUBAIOIIUX SJLIUIICOUIOB
[O3BOJISIET NPU MAJIbIX YKJIOHEHUSIX OIEHMBATH PABHOMEPHYIO IO ¢
TOYHOCTH (PUALTPAIMN, & IPH OOJBIIUX YKJIOHEHUSAX — aCUMITOTH-
4JecKylo. B pamkax 3Toro mojxona npu (ukcumpoBanHoM L uimer-
Csl MUHAMAJIBHDBI OrpaHMIMBAIONIMI 3JITMICON], a 3aTeM OH MH-
nuMusupyercs no L. B kadecTse Kpurepusi MEUHUMAJILHOCTH OIpa-
HUYHMBAIONIErO SJUIMIICOMIA OOBIYHO NPUHUMAETCA Kpumepuill caeda
f(P) = trCPCT, coorBercrByiomuii cyMMe KBaJpaToB €ro HOJIy-
oceil.

Bynem rosopurs, uro marpuna ¢buabrpa L U HOJTOKUTETHHO
onpeestennas Marpuna P = Q™! obpasyioT nexpynkyio napy ¢ ypos-
HEM HEeXPYIKOCTH 7, ecan Jyist Besikoro A ||A|l < «y, BosmyienHast
marpuna dbuibrpa L + A crabunmsupyer cucremy (1) u marpuna P
OlpeJIesIIeT ee MHBAPUAHTHBINA 3juicon. Ilpu srom Oynem Has3bl-
BaTh HETPYNKUMU KaK caM (DUIBTP, TaK M COOTBETCTBYIONIHIA OIpa-
HUYUBAIONIHI 3JITUIICOM/I, COIEPKAIMN OMUOKY OIEHKU BBIXOJA CH-
cTeMBbl. 3ajiada COCTOUT B TOM, YTOODLI CJIEJIATH €ro 10 BO3ZMOXKHOCTH
MAaJIbIM.

Teopema. [Iycms Q, Y — pewenue 3adavwu munumudayuy tr H npu
02PAHUYEHUAL

ATQ+QA-YC -CTYT +aQ +eCTC QD1 —YDs+ecCTDy  ~Q

DIQ - DIYT +eDIC —al +eDI D, 0 | <0,
~Q 0 —el
H ¢

2de onmumu3ayus 6edemcs no MampuwHsim nepemertvm @ € S™,
Y € R H € S, cranapnoti nepemenioti € u CKaAAPHOMY Napa-
mempy o > 0.

Tozda mampuya C1Q~*CT onpedeasem nexpynxuti oeparuru-
6a10WUT, 2NAUNCOUD OAA OWUOKYU OUeHKY 6uiz00a z cucmemvt (1) npu
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zo = 0, coomsemcmeyrowus Hexpynkol nape
L-0"'%, P-0"
C YPOBHEM HETPYNKOCTNU 7.

Wrak, npeiozkeH IPOCTOH U YHUBEPCAILHBIN IOAXOI K pelle-
HUIO 38891 HEXPYIKON (DUILTPAIMN IPOU3BOJILHBIX OrPpaHIYEHHBIX
BHEIITHUX BO3MYIIEHUI C MCHOJIb30BaHneM HabmoaaTess. Mexonnast
1pobseMa epedOpMyIupoBaHa B TEPMHUHAX JIMHEHHLIX MaTPUYHBIX
HEPABEHCTB U CBeJeHa K [IapaMeTPUYECKOil 3ajiade IOJIyolpeaesieH-
HOT'O MPOIPaMMHUPOBAHIUS, JIEMKO PEIIaIONeiicss TICIEHHO.

[TonydeHHble pe3yIbTATHI IOJHOCTHIO IIEPEHOCATCS U Ha, CUCTE-
MbI B JJUCKPETHOM BPEMEHHU.
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MATEMATUYECKOE MOJEJIMPOBAHUE

Mathematical modeling of gas dynamics
in the reservoir-pipeline system

N. A. Agayeva
Azerbaijan, Baku, Scientific-Research Design Institute
of "Oil and Gas"

e-mail: n.agayeval975@gmail.com

A mathematical model of the process of non-stationary gas
movement in the reservoir-pipeline system is constructed. The
boundary value problem of non-stationary gas movement in the
reservoir-well-pipeline system is solved in the presence of a choke,
taking into account the law of pressure change at the pipeline outlet.

The wellhead and bottomhole pressures are determined. Ana-
lytical expressions are obtained that allow us to determine changes
in the volume of gas production per unit of time when connecting to
the main line.

To determine the wellhead, wellbottom pressure and gas pro-
duction in wells with abnormally high reservoir pressure when con-
necting additional line to a transport line, gas movement must be
considered in the reservoir-well-pipeline system. An exact solution
to this problem is to take into account the interaction in the reservoir-
pipeline system. In this case, it is necessary to consider and study
the system of equations describing the joint flow of the gas-liquid
mixture in the reservoir and the wellbore and pipeline [2—4].

Let us consider the plane-radial filtration of homogeneous gas
in a uniform circular formation. The solution to the problem will be
realized on the basis of material balance.

The boundary and initial conditions of gas filtration have the
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form

P|,_. =P.(t),t>0, op =0,t>0, (1)
‘ or r=R
k
orhy L P(T) OP 1oy )
wp 2 or |, ’

Then the pressure in the reservoir, taking into account the
boundary conditions (1) and (2), is calculated in the formulas [1]:

P=P.(t)+A(t)f(r). 3)

The gas inflow from the reservoir into the well per unit of time
G can be determined by the formula:

TmhR2 [ . r2 .
G=——""%1P (1--5|+DA®1)]. 4

B [ ( Ri) Al )] @
On the other hand, the gas inflow into the well per unit of time can
be determined by the formula [1]:

k (P.(0) + P.(T)) oP
B mr.h o

where P.(T') is the pressure at the well-bottom at the end of the
operating period.

By equating expressions (4) and (5), we obtain a differential
equation for A(t) and by integrating considering the initial condition
(2), we obtain A(t). Substituting the expression A(¢) into formula
(3), we obtain the pressure distribution field in the reservoir:

G =

; (5)

T=Tc

P=P,(t)+ (mic - RLk + 127) [Ag exp (—at) —
L[t
) ; ch (1) exp [—a(t — 1)] dT:| ) (6)

Now let’s consider the movement of gas in the lifting pipe. The
equation of gas movement in the pipe will be:

*Q  ,0%Q oQ
A S ) Vil
a2~ o2 T Yo (7)

202



ot ot

Since equation (8) is linear, it splits into two equations

0%u, n 9%u, _ 2 0%u, _9g % ou,
oz otz a2 '

9%u, +2a8u6 B JCD_]; ()
ot2 o 1

where P, is the pressure at the wellhead.

P—P
2a -l-y c

9%u, B 5 0%u, B ou,
a2 ¢ ox2 ot !

(10)

Solving equations (9), (10) considering the initial and boundary con-
ditions and the continuity condition, we obtain P.(t).
Gas, passing through a choke, enters the transport pipeline.
When gas passes through a choke, its pressure decreases significantly.
As a first approximation, the relationship between the gas flow
rate Qg p and the pressure difference between the inlet and outlet of
the choke is assumed to be linear [2]:

Qup = ao(Py(t) — Pup(t)), (11)

where «g is the productivity coefficient.
Movement of liquid in the main pipe. Then the equation of gas
movement in the pipeline will have the form [3-4]:

P CQE)Q_P 0P 204G
o2 Ox? ot fi

(5(:61 —lg), (12)

where (z,1) is the Dirac function.

Using the Laplace transform and taking into account the con-
volution and inversion theorems, taking into account the numerical
values of the system parameters, we obtain expressions for the pres-
sure at the wellhead and at the bottom of the well F., P, and @
well productivity.
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Modeling hydrocarbon solution filtration using
cubic equations of state

V. L. Litvinov
Samara, Samara State Technical University
e-mail: vladlitvinov@rambler.ru

K. V. Litvinova
Moscow, Lomonosov Moscow State University
e-mail: vladlitvinov@rambler.ru

Natural gases and oil are multicomponent solutions. Meth-
ods for predicting and analyzing their phase state and thermody-
namic properties are based on the integrated use of field measure-
ment results, laboratory studies, and mathematical modeling of the
corresponding processes. Modern hydrodynamic simulators use cubic
equations of state to determine the state of a liquid and model filtra-
tion processes. This article examines which of the presented equa-
tions best describes the properties of pure substances. Equations of
state are used to calculate the density, volatility, and z-factor of a
substance in liquid and gaseous states. Let us consider the follow-
ing equations of state: Redlich-Kwong (RK), Soave-Redlich-Kwong
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(SRK), Peng-Robinson (PR). The equations are common to the lig-
uid and gas phases; they are cubic and two-parameter. If the equation
has three real roots, the largest root corresponds to the gas phase,
and the smallest to the liquid phase. The average root has no physical
meaning [1-3].

Calculations were carried out implementing the presented algo-
rithm for three equations of state: PR, RK, SRK, using the example
of methane. Volumetric calculations were carried out at tempera-
tures of 150, 200 and 300 K and compared with data from the NIST
website.

From a technical point of view, one of the advantages of cu-
bic equations over others is the ability to analytically determine the
roots, which allows saving machine time when performing complex
research and design calculations [1-6]. Studies using methane con-
firmed the data that in modern hydrodynamic simulators it is prefer-
able to use the PR and SRK equations of state, since they provide
higher accuracy compared to the RK equation.
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FDTD simulation of normally incident plane
harmonic electromagnetic waves on a planar
interface between two linear, homogeneous
and isotropic media

P. A. Makarov
Syktyvkar, FRC KSC UB RAS

e-mail: makarovpa@ipm.komisc.ru

V. 1. Shcheglov
Moscow, Kotelnikov IRE RAS

e-mail: vshcheg@cplire.ru

The Finite-Difference Time-Domain (FDTD) method is one of
the most powerful and widely used numerical techniques for mod-
eling electromagnetic wave propagation [1, 2|. It solves Maxwell’s
equations directly in the time domain, making it particularly use-
ful for analyzing complex electromagnetic phenomena, such as signal
reflection and transmission at material interfaces [3]. With the ad-
vancement of modern telecommunication technologies (particularly
wireless systems), there is a growing need for accurate modeling of
electromagnetic wave interactions with various media. The FDTD
method enables analysis of signal behavior at material interfaces,
which is critically important for designing antennas, waveguides, and
other electronics and communication. The FDTD method is also ex-
tensively employed in optics and photonics to simulate light interac-
tion with nanostructures, which is essential for development of novel
materials such as metamaterials, plasmonic structures, and photonic
crystals, as well as devices based on them [4].

In our previous work [5], it was demonstrated that setting the
Yee grid parameters in the form

cAt
g 1
N e, ( )

206



is optimal for modeling the electromagnetic properties of a homo-
geneous non-dispersive medium. This choice significantly reduces
computational errors associated with the inevitable influence of nu-
merical dispersion when simulating electromagnetic processes in a
medium with relative permittivity € and permeability p, modeled as
a chain of discrete nodes. It is evident that the choice (1) fails when
interfaces separating media with different ¢ and p parameters are
present.

The aim of this study is to investigate specific features of the
FDTD method that arise when modeling the dynamics of electromag-
netic signals at a planar interface between two perfect dielectrics, tak-
ing into account their magnetic permeability. By perfect dielectrics
we mean that energy losses associated with dissipative processes are
completely neglected.

As the primary model for the interface between two media with
permittivities €7 and €9, the geometry shown in Figure 1 was selected.
The interface is aligned with point = 0. The directional source
emitting the wave with cyclic frequency w incident on the interface is
assumed to be located in the x < 0 region, so that the total field in
this area consists of both incident and reflected waves. In the x > 0
region, the transmitted wave field propagates. For definiteness, let us
consider plane-polarized waves with the polarization direction defined
such that the electric field strength vector E|le,. It follows that in
this case the magnetic field strength Hl|e,,.

Iz 1 Iz Iz M Iz
H, H, H, H, H, H,
E E, E, E, E E 0
[ & | & | & 2 | & | e |
incident + reflected field transmitted field
z=0

Figure 1: Geometry of a planar interface between two media

Here, the points on the z-axis labeled E, and H, represent
spatial nodes of the discrete space-time Yee grid [1|. In these nodes,
the values of corresponding electromagnetic wave field components
are determined using a system of algebraic equations that serve as
finite-difference analogs of Faraday’s and Maxwell-Ampere’s laws.
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The boundary conditions for the model shown in Figure 1 are
given by the following system of equations

~

L1 F_
mom ?~727 - R (2)
G102 | FomifiAn/2 _ <€—i62Ax/2+iQﬂAx>E
72

Here, the tilde above a symbol indicates that the expression repre-
sents an FDTD analog of the corresponding quantity in the continu-
ous case, while the hat emphasizes the complex-valued nature of this
parameter. The following auxiliary notations

1 2 wAt
€

n= ) Q_—Sll’l T)a /Bzw\/:ugv

At
were used when writing formulas (2).

Solving the system of equations (2) for the Fresnel amplitude
coefficients of transmission ¢ and reflection r at the interface yields
the expressions:

~ 219 cos (@>
t= - 3)

B2Ac fraz)’
772608( )—i—mcos( 12x>

BaA B A
?72(308( 2 x) — 7)1 COS <1Tx)
72 COS (62 $>+77 oS (ﬁl ”3)

It is useful to compare the derived expressions for the transmis-
sion (3) and reflection (4) coefficients with their exact continuous-case
counterparts

=0
I

(4)

2 _
72 P M2 —m (5)

PR mtm
Clearly, formulas (3) and (4) reduce to (5) in the limit Az — 0.
However, for finite spatial discretization Az (which is always the case
in FDTD), these results exhibit discrepancies.

t=
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Spectra of the energy operator of
three-magnon systems in the Heisenberg
model. Three-dimensional case

S. M. Tashpulatov
Tashkent, Institute of Nuclear Physics of the Academy of Science
of Republic of Uzbekistan

e-mail: sadullatashpulatov@yandex.com, toshpul@mail.ru

In [1], the three-magnon system was considered in a two-
dimensional isotropic and anisotropic bounded ferromagnetic lattice,
and the spectrum and bound state (BS) were investigated using nu-
merical methods.

In [2], the three-magnon system was considered in an isotropic
non-Heisenberg ferromagnetic model with spin one with the interac-
tion of nearest neighbors. The structure of the essential spectrum of
the system was studied and an upper and lower estimate was obtained
for the number of three-magnon BS of the systems.
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In this paper, the energy operator of three-magnon systems in
the Heisenberg model is considered and the structure of the essen-
tial spectrum and the discrete spectrum of the system in a three-
dimensional ferromagnet are investigated.

The system Hamiltonian has the form

H=73(SmnS mir). (1)

Here J < 0 are the bilinear excha%e interaction parameter

for nearest-neighbor atoms of the lattice, S,, = (5%, Sn,SZ,) is the
atomic spin s = 1/2 operator in the node m of the v — dimensional
lattice 2%, and 7 = *e;,j = 1,2,...,v, where e; are unit mutually
orthogonal vectors, which means that summation is taken over the
nearest neighbors.

We set S;it = S +iS,. Let ¢p be the so-called vacuum vector,
which is fully determined by the conditions: S;}yo = 0, and SZ, ¢ =
300, llpol] = 1. The vectors S, S, S, ¢o describe the state of the
system of three magnons located at the nodes p, ¢ and r. Let Hg be
the closure of the space formed by all linear combinations of these
three vectors. This space is called the three-magnou space of the
operator H.

Theorem 1. The space Hs is invariant with respect to the operator
H, and the restriction Hs of operator H to a subspace Hs is a bounded
self-adjoint operator. It generates the bounded self-adjoint operator

Has, acting in the space 1$° according to the formula

(F?)f) (p,q,r)=J Z[{(Sp,q—i—T +0p+r,g+Op+r,r+0p,r4r+0g 47+ 0g4rr—

1 1 1
_6}f(p> q, T) - §6p—7,qf(p - 7,4, T) - §5P—T,Tf(p - 7,4, T) - 56(]—7'77” X

1 1 1
xf(p,q—T,7)— i(sq,T—Tf(pv q,r—T)— §5p,q—’rf(p7 q—T,7)— §5p,r—T X

1
Xf(p,q,T—T)‘Ff(p_T,q,"”)‘i‘f(p,q—T,T)‘i‘f(p,q,T—T)_§6p+7—7q><

1 1 1
Xf(p+7', q, T) - §6p+’r,7‘f(p+7_> q, T) - §5q+’r,7‘f(p> q—|_7_> T) - 5(5(],7”4—7' X
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1 1
Xf(p7 q,r+ 7—) - iép,q+7f(p7 q+T, T) - 55p7T+Tf(p7 q,r+ T)+

+fp+7.q,7)+ f(p,q+7,7) + f(p,q. 7 + 7)), (2)

where 0y, ; 1s the Kronecker symbol. The operator H3z acts on the
vector i € Hs according to the formula

Hyp= > (Hsf)(p,q,7)S, Sy Sy ¢o. (3)

p,q,TELY

Definition. The eigenfunction ¢y € Lo(T) of the operator ﬁg,A,
corresponding to the eigenvalue zp & oconi(Hsa ), is called the BS of
the operator Hgp, and the quantity zp is called the energy this BS.

Let Ay = A+ p, Ao = p+ v and Ag = A 4+ . We let F denote
the Fourier transform: F : lo((27)3) — Ly((T)3) = Hs, where T”
is the v— dimensional torus endowed with the normalized Lebesgue
measure d\, \(T") = 1. We set Hy = FH3F L.

Theorem 2. The Fourier tmnsformatz’onjmnsforms the operator
Hs into the bounded self-adjoint operator Hy = FH3F ™\, acting in
the space Ly"™"™((T")3) according to the formula

Hatpg = —J{12 — 4(cos A + cos p + cosy) } f (A, p, y)+
—|—J/ [12 4 2(cos(A — s) + cos(pp — s) —cos s — cos(A + pu — s))—
—4(cos A+ cos 4 cosy)|f(s,\+ p — s,7)ds+

+J/ [12—4(cos A+cos pi+cos y) +2(cos(A—s)+cos(y—s) —cos s—

—cos(Ay—s))]f(s, p, A+y—s)ds+J / [12—4(cos A+cos p+cos y)—
—2(cos s+cos(pu+y—s)—cos(pu—s)—cos(y—s))] f(A, s, u+v—s)ds+
+J/ / [12 —4(cos A +cos pp +cosy) +3cos(A+p+v—s—1t)+

+2cos(A+p—s)+2cos(A+v—s)+4coss+4cost+2cos(A+pu—t)+
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+2cos(p+y—1t) +cos(A+1t)+2cos(u—s—t)+2cos(A—s—1t)—
—8cos(A—s) —6cos(u—t) —8cos(AN+p—s—1t)—
—2cos(A —t)|f(s,t, A+ p+v—s—t)dsdt, (4)

where L3"™" is the subspace of the symmetric funtions in the space

Ly((T)?).

Theorem 3. a) If v = 3 and the total quasimomentum of the
system is A = (A1,A9,A3) = (m,m,m), then the essential spec-
trum of the operator HgA consists of the three values: Uess(HgA) =
{—36J,8J,—14.J}, and for number of three-magnon BS N the in-
equality 1 < N < 26 hold.

b) If v = 3 and the total quasimomentum of the system is A = 0,
then the essential spectrum of the operator Hsp consists of the unique
segment: oess(Hsp) = [0, —72J], and for number of three-magnon BS
N the inequality 0 < N < 25 hold.

¢) If v = 3 and the total quasimomentum of the system is
A # 7w, and A # 0, then the essential spectrum of the operator Hza
consists of the union of three segmemfs Ocont(H3p) = [-4J(9 —

Siy cos 5 = Ty cos 5 = T o8 ), ~4J(9 & Ty con G+
Aj Al

iy cos F o+ 30 1C0S F) U [-4J(3 = 7, cos 2)+ZA2+ZA3»

—4J(3 + Zz L cos 5 ) + zp, + 2a5) U [ 476 — Y03 1cos% -

_Zz ICOSZ)+ZA1> 4J( +Zz 1 COS 2+Zz ICOSQ>+ZA1]
and for number of three-magnon BS N the inequality 1 < N < 26
hold, where zp,, zpn, and zp, are the some numbers, and Ay =

(AL, A2 A3) € T3, Ay = (AL, A2, A3) € T3, and As = (A}, A2, AD).

1. Van Himbergen J.E., and Tjon J.A. Three-Magnon Bound States in
the Two-Dimensional Isotropic and Anisotropic Heisenberg Ferromag-
net. // Physica A. 1976. Vol. 82. P. 389-416.

2. Tashpulatov S.M. Structure of Essential Spectrum and Discrete Spec-
trum of the Energy Operator of Three-Magnon Systems in the Isotropic
Ferromagnetic Non-Heisenberg Model with Spin One and Nearest-
Neighbor Interactions. // Journal of Applied Mathematics and
Physics. 2019. Vol. 7, no. 4. P. 874-899.
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The problem of pipeline stability is considered, taking into ac-
count the interaction with the liquid [1-5]. The mathematical model
is described by the following nonlinear differential equations:

1
Mg — [EF (Ua: + 5“&%)} — (V2Uat), + 1t + You+
X

+H(u, ug, 2, ) = h(z, 1), (1)
1
MW — [EF (Ux + §w§> ww} + (Pwy), + maU?(t)we,+

+2m U (t)wyr + maU(t)w, + cqw + apw + (Emeézg)m—i-

+Ha2wzed?®) , + G (w,w, x,t) = g(a, 1) (2)

xxt

Here u(z,t), w(x,t) is longitudinal and transverse deformations of
the pipeline; p(z) = mo(x) + m., mo(z) = p(x)F(xz) — the linear
mass of the pipeline, m, = p.F, — the linear mass of the liquid;
p(z) — the pipeline material density; F(z) — the pipeline cross-
sectional area; p, — the liquid density; F, — the cross-sectional area
occupied by the liquid; ag(z), y2(z) — the damping coefficients in
the pipeline material;, «;(x), v1(x) — the damping coefficients of
external viscoelastic bonds; ag(x), vo(x) — the stiffness coefficients
of external viscoelastic bonds; F(z) — the modulus of elasticity of the
pipeline material; J(x) — the moment of inertia of the cross-section
of the pipeline relative to the neutral axis, which is perpendicular to
the plane of oscillation; P(x,t) — the longitudinal force; h(z,t) —
the longitudinal external distributed load; g(z,t) — the transverse
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external distributed load; H*(u,us, x,t), G*(u,us, x,t) — nonlinear
relative to u, us, w, wy components of reaction forces and damping
of external bonds; U(t) — the fluid velocity in the pipeline; the
symbols x and ¢ below represent partial derivatives with respect to
the coordinates = and t, respectively; coefficients yu, EF, EJ, my, Yo,
Y1, Y2, (o, a1, @y — positive. The function §(z,t) is defined by the

expression
1

\/1+2(ux—|—%w%).

1. The study of dynamic stability, as defined by Lyapunov,
is based on the creation of a functional and its subsequent analysis.
Let’s consider the functional

o(z,t) =

3)

l
1
= 3 [+ 2o+ o+ )02 i+ o+ s
0

1 1,2
+(ap + §aa1)w2 +EF <ux + §w§> — w2 (P +mU?) +

+w?2, <<EJ + éaog) 8% + ag ((53)t>]dx >0,

here a — any positive constant, [ — the pipeline length.

We will assume that H* (u; + au) + G* (wy + 3aw) > 0. Let
us assume that the ends of the pipeline are fixed rigidly or hinged
and consider the free vibrations of the pipeline (h = g = 0).

Let’s consider as examples some special cases that involve sim-
plifying the mathematical model (1), (2).

a) Let as(z) = 0, then the stability conditions have the form

1 1 1 .
B = §EJ (a53 _ (53)t) >0, a;> 5@#, Y1+ ;H}Tm’yg > ap,

P < émln (EJ(53) —m,U?,

1 2
(al — §au> ((P + m*U2)t —a (P + ’m*UQ) + gffvlltDB> >

DN =
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> m2(U, — alU)?,

here p, & — any positive constants.

b) In expression (3) for d, the values of u,, w? can be ne-
glected in comparison with 1. We will count in (2) § = 1. Replacing
(ijm(;:s)m and (agwm&g)mt with (EJwgy),, and (00Wayyg )., T€-
spectively, we obtain a model with linear bending rigidity and linear
internal friction. Assuming ¢ = 0 and taking into account the posi-
tiveness of the coefficients v1, v, agp, a1, g, we obtain the stability
conditions

1
P< Emin (EJ) —m,U?,

1
2 (al + gmxina2> (P + m*UZ)t > mEUf.

2. Another approach to the study of dynamic and dynamic
stability is to apply the Galerkin method and then study the linear
approximation [5]. In this case we come to the study of systems of
ordinary differential equations. The form of these systems allows us
to use known theorems on stability in the linear part of the equations.

1. Awlisa E., Ibragimov A., Kaya-Cekin E.Y. Fluid structure interac-
tion problem with changing thickness beam and slightly compressible
fluid // Discrete and Continuous Dynamical Systems. 2014. Vol. 7,
no. 6. P. 1133-1148.

2. Kaya-Cekin E.Y., Aulisa E., Ibragimov A., Seshaiyer P. Fluid struc-
ture interaction problem with changing thickness non-linear beam //
Discrete and Continuous Dynamical Systems. 2011. Vol. 2. P. 813-823.

3. Paidoussis M.P. The canonical problem of the fluid-conveying pipe and
radiation of the knowledge gained to other dynamics problems across
Applied Mechanics // Journal of Sound and Vibration. 2008. Vol. 310.
P. 462-492.

4. Velmisov P. A., Tamarova Yu. A., Pokladova Yu. V. Investigation
of the dynamic stability of bending-torsional deformations of the
pipeline // Zhurnal Srednevolzhskogo matematicheskogo obshchestva.
2021. Vol. 23, no. 1. P. 72-81.

5. Velmisov P. A., Pokladova Yu. V. The study of the stability of aeroe-
lastic systems by linear approximation // Automation of Control Pro-
cesses. 2020. Vol. 3 (61). P. 80-91.
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O6 ycToitamBOCTH KOJI€eIl,
MOJIKPEIJIEHHBIX OTKOCAMU
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IIycTp x0mBIIO pajimyca R HarpyKeHO PaBHOMEDHO PACIIpe/ie-
JIBHHOI 10 0007y Harpyskoit P, HampaBjeHHOW K IEHTPY KOJIBIIA.
Ilepemerienne ToYeK KOIbIIA OMUIIEM BEKTOPOM

g =u(p)§ +w(p)n +v(p)d,

rje & = (—sing, cos @) — HOpMaJb, 1) = (— cos ¢, —sin ) — Kaca-
TeJIbHBIH BeKTOp, ( = 1 X £ — OGuHOpMaJh. JleKapToBbl KOODIMHATHI
TOYEK KOJIBIA OMUCHIBAIOTCS (POPMYTAMHE

x = (R —u)cosp —wsinp,
y = (R —w)sinp + wcos ¢,
z=vwv, ¢e€(0,2m).

Vipyras sueprusi J1eOPMUPOBAHHOTO KOJIbIIA, OIIPEJIEIsdeTcss PyHK-
IIMOHAJIOM

o= [ () b ) w0 o)) e
(1)

a paboTa BHEITHUX CHJI MOYKET OBITh BBIYHC/IEHA 110 (POPMYJIe

2
W = 1 / (u/Z —2u? + 0?2 — 1)2) de, (2)
2 Jo

IJle B BBIDAXKEHUU JjIsl YIIPYToii sueprun A, B — TJIaBHBIE KECTKOCTU
crepkust 1pu u3rude, C' — KECTKOCTDb 1PU KPYyIEHHH.

Ilonnas sueprus J = U — PW B monozkeHNN paBHOBECHS IIPH-
HUMaeT MUHUMAJIbHOE 3HAYEHUE. Y paBHeHus Jiljiepa pa3BajlBaloT-
Cd Ha JABE€ HE3aBHCHUMBIC IIOJCHUCTEMDBI:

B " "
ﬁ<ujv+2u —|—u)—|—P<u +2u):0,
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.A A 4 C C " 1"
v //_ﬁ7 +Plv —v) =0,

= TR 5
A " A C Vi C " ( )

I[Tepsas onuckiBaeT AedpopMalnio apKK B ee IepBOHAYaILHOM ILJI0CKO-
cTH, a ypaBHeHUs! (3) OIUCBHIBAIOT IPOCTPAHCTBEHHYTO JehOPMAIIHIO.
Ecnu ser monoHuTELHBIX CBA3€il, TO B pe3y/braTe HOTEPU yCTOMH-
YMBOCTHU peajim3yercsi jubo 1iockasi dhopma (v = 0, v = 0), qubo
npocrpancreertas (u = 0). B caydae npocrpancrsennoit jgedopma-
UM KPUTUYECKOE JIABJIEHUE onpejiensercsa dpopmyaoit [1]:

12A
Pp=———/—. 4
"T 4+ A/C)R? )
B ciy4ae nockoit nedpopmariun
4.5B
Py = R3 (5)

JlomycTuM, 9T0 KOJIBIIO ITOAKPEIJIEHO TPOCAME, OJIMH KOHEI[ KO-
TOPBIX TMPUKPETJIEH K HEKOTOPOI TOYKE KOJIbIA, a JAPYTOif K TOYKe €
kooppunatamu & = 0, n = 0, ( = ecg. Tpocbl He BbIIEPKUBAIOT
CZKIMaIOIINX yCI/IJ'II/II;'I7 HO ¢BJIAIOTCA HEPaCTAXKUMbBIMUA. PaCCTOHHI/Ie
MeXK/ly KOHIIAMHU j-TO TPOCUKA OIIPEJE/IsieTcst (POPMYJIOit

fi(u,w,v) = \/R2 — 2Ruj + uf + wj + 3 + evjco + £2¢F,
npuaeM

L, 1<j<M/2,

T oL M2+1<ji< M.

Paccrosmne MeXKAYy KOHIIaMU TPOCOB HE MO2KET BO3pacTaTb, TO
eCTb

f(u,w,’u) —f(0,0,0) <0

PacknazpiBast dbynkimn f;(u, w,v) B psan Teitnopa ¢ TounocTBIO 10
YJIEHOB BTOPOTO MOPSAJIKA MAJOCTH, TPUXOJUM K HEPABEHCTBAM:

—RU]+ECOU]<07 ]E{l,,M} (6)
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Takum 0O6pasoM, st OIpeie/IeHIsT KPUTUIECKOrO JTaB/IeHUs IpU Ha-
JMYUU TOJKPEILJIEHUsI TPOCAMU IPUXOJUM K 3aJlade U30IIEPUMETPU-
YeCKOr'o THIIA

U — min,
’U’7U7’y
W =1,

u BbinosiHeHnn HepaeHcTB (6). He orpanmumBasi oGITHOCTH, MOXKHO
monokuTh R = 1. [Ipeamnomokmm, ITO onepevTHoe cedeHne KOIbIla —
smic. Torma

rEa3b3
(1+v)(a®2+ %)’

A= %Ea:gb, B= %Eab?’, C=

rae a, b — mosyocu ssuauica. MoKHO cYuTaThb, 9T0 MOLy b FOHra
F = 1 u xoadpdunuent Ilyaccona v = 0.3. Ilpu nposenenun pac-
YETOB MCKOMbIE (DYHKIIUU AMIPOKCUMUPOBAJINCH WHTEPIIOJISIITUOHHBI-
Mu KyOmdeckumu citaitnamu. ducsio yssioB uaTepnossiuun n = 30.
Takum obpaszom, mojcrapisst caiiusl B (1) u (2), momydaem 1Be
KBa/JIpaTu4IHble (GOPMBI OT 3HAYEHUN DYHKIUH U, W, v, ¥ B y3/1aX UH-
reprojsinum: g(z) = %(Gz, z), q(z) = %(Qz, z) O6o3HaunMm yepes I'
KOHYC, Olpe/Jie/isieMblii HepaBeHcTBaMu (6), 1 PACCMOTPHUM 3a/1ady

g(z) » min, ¢(z)=1. (7)
zel
[Tycrs z, — pemenne (7). Torma MOXKHO 110Ka3aTh, YTO 3HAYEHNE

KpuTHieckoii Harpysku P, = g(z.) [2].

B Ta6ﬂHHe OpuBeJICHbI PE3yJabTaTbl YUCJICHHbIX 3IKCIIEpUMEH-
TOB NIPU Pa3JUYHBIX [apaMeTpax a, b, ToJiydeHHbIe 10 (POpMyIaMm
(4) u (5), KOTOpBIE JAIOT COOTBETCTBEHHO 3HadeHust P; u P, a npu
HaJIMYUNA OJHOCTOPOHHUX OTPAHUYCHUII KPUTHUYECKOE 3HatUeHue 000-
3Ha4yeHo P,.

B pabore [3] paccmorpena miockast 3a/iada yCTOHIMBOCTH 110]1-
KPEILJIEHHOIO HUTSIMU KOJIbIIA TI0J[ JeHCTBUEM IEHTPaIbHOM Harpys-
k. B srom ciyaae A = 0, C = 0, v = 0, v = 0. Jlannas 3amada
SIBJISIETCSL YaCTHBIM CJIyYaeM PacCMaTpUBAeMON B HacTosiel pabo-
Te npobiiembl. Tam mokazano, uro orHomenue P, /Py = 4.1, 1o ecTb
IIOJAKPEIIJICHNE YBe/JINIUBaCT KPUTUICCKYIO HAI'PY3KYy IIPUMEPHO B Ye-
ThIpe pa3a. B Hammx pacderax npu a = 2.5 P} 3HaUnTEIHHO OOJIbINE
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a b P P M| co P,

1 112027 | 3534 |30 | 0.1 | 3.843
25 | 1] 2316 | 8836 | 30 | 0.15 | 35.34
1.25 | 1| 3.888 | 4.418 | 30 | 0.15 | 15.33
1.25 | 1| 3.888 | 4418 | 30 | 0.5 | 3.90
125 | 1| 3.888 | 4418 | 30 | 0.2 | 6.98
1.25 |11 | 3.888 | 4418 | 12 | 0.1 | 4.72

P, mosToMy MpOMCXOAUT TJI0CKas JiepopMaliusd KOJIbIA, U OTHOIIE-
e P,/P, TakxkKe OKOJIO YeThIPEX, YTO O3HAYAET, YTO COBIAJIECHHE
C TEOPETUYECKUM Pe3YJILTATOM JOBOJILHO To4dHOe. B npyrux ciyda-
ax P; u P, npuMepHO pPaBHBI JPYT JPYIY, IO3TOMY IPOUCXOJUT U
IUIOCKAs, U MPOCTPAHCTBeHHAs Jedopmalius Kojibia. Takyke MOXKHO
OTMETHUTh, UTO 3HAYEHUE KPUTUUECKOU CUJIbI CYIIECTBEHHO 3aBUCUT
OT MapaMeTpoB a, b, ¢y n uncaa aureit M.

1.  Huxoaau E. JI. Tpynsr o mexanuke. M.: I31-Bo TeXHUKO-TeOpeTHYIEC-
KOi1 simTepaTypsl, 1955.

2. Tarasov V. Nonsmooth problems in the mechanics of elastic systems //
2017 Constructive Nonsmooth Analysis and Related Topics (dedicated
to the memory of V.F. Demyanov) (CNSA). IEEE, 2017. P. 252-256.

3.  Andryukova V., Tarasov V. Nonsmooth problem of stability for elastic
rings // 2017 Constructive Nonsmooth Analysis and Related Topics
(dedicated to the memory of V.F. Demyanov) (CNSA). IEEE, 2017.
P. 213-218.
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K wncciaemoBaHUO JUHAMUKHN CHUCTEMbI
CUHXPOHU3AIUN C UMITYJIbCHBbIM

4aCTOTHO-(Pa30BbIM yHpaBJIeHUEM
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Huorcnut Hoszopod, Huowcezopodekutl 2ocydapemeerbiil
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e-mail: olga.antonovsckaja@yandex.ru, antbesk@gmail.com

Pacemorpum cunresarop wacror (CH) ¢ uMIryIbCHBIM 9acToT-
Ho-(azoBbiM jerekropoM Tuna WHDJI3H [1] u ugeanbubiM acraTu-
4eCKUM (PUIIBTPOM HUXKHUX YaCTOT. Y DABHEHUS] MATEMATHIECKONH MO-
sesin (MM) ¢ yupasiisieMoit KOOpIMHATOMN & B IIPOU3BOJILHOM MEPUOJIE
CJIeJIOBaHUST UMILY/IbCOB onopHoro reneparopa (OI') umeror Buj [2]:
[IPU TOJKJIIOYEHHOM BBIXOJIE JETEKTOPA

ab = g(a(r)), pi =u -, (1)

0<60<1,0<7<1,u==l1, a upu OTKJIIOYEHHOM BBIXOJIE JIE€TEKTO-
pa Ha 3Tare XpaHeHusT THPOPMAIUN

af = g(x(1)), (1) =, (2)

0<60<1,0< 7 <1, e Toukoit obozHadeHo JinddepeHmpoBaHue
[0 BPEMEHM T, U3MEHSIOIeMycsi B npejenax nepuoga curnana O
0 < p <€ 1 — acraTusupyonuii mapaMeTp; o — MoKa3aTe b CHETINKA
(C); u — BBIXOJIHOI CHUTHAJI JIETEKTOPA; T — BBIXOJHAsI KOOD/MHATA
duibrpa;  — koopaunara C, mycroro npu 6 = 0 1 3al0JIHEHHOTO
upu 0§ = 1; xy — maganbroe ycjosue; g(x) > 0 — HOpMUPOBaHHASI
na exuuuiy (g(0) = 1) xapaKTepuCTHKa yIPABISEMOro TeHepaTopa
(YT).

VunuTbiBasi CKAIKOOOPa3HO UBMEHSIIOIIUNCS XapaKTep ypaBHe-
HUI, JIJIsi u3yveHusl noBejieHnst (pa3oBbix Tpaekropuit (1), z(1) MM
CY caemyer ucnosib3oBaTh Tpu (PazoBbIX HojnpocTpancrea: I1i, B
KoTOpOM ompejesena cucrema (1) ¢ u = +1, I3, B koropoMm ompe-
nesiera cucreMa (1) ¢ u = —1 u nognpocrpancreo Iy, B KOTOpOM
oupejesiena cucrema (2).
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[TockoabKy TIpM TaKOM IIOAXO/JEe K MOJIETUPOBAHUIO JTMHAMU-
ku CY pexkumbl pabOThI JeTeKTopa OOYCJIOBJIEHBI CBOicTBaMu (a-
30BBIX TPAGKTOPUN B KaXKJIOM W3 IOIIPOCTPAHCTB, & IPHU [EPEXO/Ie
K Ciydaro uiaeaibHoro acrarusma (g = +0) B cuity ycroiamBocTH
(1) mo GbicTpbIM JiBHKeHUSM 0pu ft = +0 y9IacTKOB HOBEPXHOCTH
T = u = const dha3oBasg TPAEKTOPUs BO3MYIIEHHOI'O JIBUKEHHUS Pac-
nosaraercss B O(,/[l)-OKPECTHOCTH HEBO3MYIIEHHOIO JIBHXKEHHs [3],
[IPA STOM HAIPABJIEHAE U BEJIMYMHA MIHOBEHHOT'O CKA4YKa IO KOOP-
JIMHATE T MPU [EPEX0Jie TPACKTOPUU JBUXKEHUS U3 OJIHOTO IOJIIIPO-
CTPAHCTBA B JIPYTO€ OIPEJEJIEHbl OJIHO3HAYHO, ITOCTOJIBKY IEPEeX0/T
Kk usyuenunto MM CY moHu»keHHO#l pa3sMepHOCTH SIBJISIETCS 0OOCHO-
BaHHBIM. Takum obpasomM, 3aja4a ucciepoBanus guanamuku CYH cBo-
JIUTCs K HEOOXO/IMMOCTH U3YyYeHUs CBOMCTB TOCJIE0BATEIbHOCTEN TO-
4JeuHbIx orobpazkenmii cedenuit C;; nomnpocrpancts II;, snadenmsa
WHJIEKCOB: 1 — HOMep 0TOOparkaeMOoro IOMIPOCTPaHCcTBa, j = 1 co-
oTBeTCTBYyeT oTOOpaxkeHuto cevenus = 0, j = 2 — 0TOOparXKeHUIO
ceuennda T = 0.

CorutacHo [2], 0cOGEHHOCTBIO IPOIECCa YIIPABJIEHUST B PACCMAT-
pusaemoit MM sBiisieTcst BO3MOXKHOCTD OCYIIECTBJIEHUS N300PaKalo-
mieit Toukoit purkennsi (MIT/]) Bo3BpaTHBIX MeTiIcOOPA3HBIX JIBUKE-
HU, OMUCHIBAEMBIX 10 METO/Iy TOUEUIHBIX 0TOOpaskeHnil Kak mpeodpa-
30BaHUE ceUeHU 021 — 012 — 021 u 022 — C31 — 022. YKazaHuble
BUJIbI HeTﬂeO6paBHbIX ,I[BI/I)KQHI/IfI CB4A3aHEBI C OCO6eHHOCT§IMI/I aJI'OpUT-
Ma paboThl UMITYJILCHOTO dacToTHO-bazoBoro jgerekropa (MTUD/I) u
COOTBETCTBYIOT J0CUeTy (a3bl npuxoisanux Ha Bxoabl TUDI M-
IIyJIbCOB OIIOPHOT'O T'€HEPATOPa U CUETIUKA UUCJIa KOJebaHui yrnpas-
nsiemoro rexeparopa (YT).

B nokinane mokazaHo uTo mpu « > 1 JABMIKEHHUsI MOT'YT OCY-
MIECTBJIATHCA TOJBKO Mexky cedennsivu Cio u Co1, B TO BpeMsi, Kak
npu npoxoxkjeHuu 4depe3 cedenuss Cgp u Cog ux Her. Ilpm a < 1
HGT.HGO6p33HbIe JABHU2KEHUA MOT'YT CcOBepHIaTbCdA TOJIBKO MEXKJTy ceve-
ausivu C'3; 1 Cog, B TO BpeMsi, KakK IIPU IMPOXOXKJICHUN JePEe3 CeTeHUsI
Ch2 u C91 ux Her.

1. Jlesun B.A., Masunosckuti B.H., Pomanos C.K. Cuare3aTopbl 94acTOT
¢ cucTeMOit UMy IbCHO-(Ba30Boi aBTonoacTpoiiku. M.: Panwo n ¢Bs3b,

1989.

2. Awnmonoeckas O.I., T'opronose B.J. KayecTBeHHDI aHa 3 IUHAMUAKI
CHUCTEMBI CHHXPOHU3AIMYM C MMILYJIbCHBIM YaCTOTHO-(DA30BBIM YIIPpaB-
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seaneMm // Becrnuxk Huxeropogckoro yausepcurera. 2013. Ne 1(1).
C. 184-190.

3. Amndponos A.A., Bumm A.A., Xatuxun C.5. Teopus konebanuit. M.:
Ouzmarrus, 1959.

MaTtemaTndecKoe MoAeJINpOBaHNE
1edoOpMUPOBAHHOTI'O COCTOSTHUS TOHKOI
HAHOILJIACTUHBI C MCIOJIb30BaHEM TE€OPUN
MUKPOCTPYKTYpHOIi Jedopmanun

O. B. I'epmuaep
Apzxanzeavcr, Cesephuii (Apxkmuueckuii) dedeparvroii
yrusepcumem umenu M.B. Jlomornocosa
e-mail: o.germider@narfu.ru

C npuMeHeHnEeM TeOPUH MUKPOCTPYKTYPHOM J1epOPMAIly TOH-
Kux wiactud [1, 2] u Bapuarponnoro npuHimna [3] mocrpoena Mare-
MaTHYeCKast MOJIEIb C JIByMsl ITapaMeTpaMu MacIirada JUIMHBL st
uccieioBanust J1ehOPMUPOBAHHOIO COCTOSTHUS TOHKOH H30TPOIHOIL
HaHOIIJIaCTUHBI, KOTOPasd UMeeT IMOCTOAHHYIO TOJIIUHY W HaXOIUTCA
o1, ICiCTBUEM TIOIIEPEYHON HArPY3KHU ITPOU3BOJILHOTO Buia. B mipe-
IIOJIO2KEHNH, Y9TO IIPOIECC ,Z[erOpNH/IpOBaHI/Iﬂ ABJIAEeTCd U30TepMUuie-
CKHM ¥ CMeIIeHHe TOYEK IIJIACTHHBI MaJibl [0 CPABHEHMIO C ee TOJI-
muHOi, ocHOBHOE jndddepeHnuaibHoe ypaBHeHne B YacTHBIX I1PO-
U3BOJIHBIX HICCTOI'O IOpdAJaKa MW I'PaHUYIHBIC YCJIOBHA IIOJIYYEHbI W3
VCJIOBUSI MUHMMYyMa ITOJIHON CBOOOJIHONM 3HEPrun ILIACTUHBI C yUe-
TOM KOMIIOHEHT TE€H30pa KPUBU3HBI Ha MUKpOyposBHe. I[locTpoennast
JIByXIapaMeTpUIecKast MOJIEIb SIBJISIeTCs 0O00IIEHIEM KJIACCHIEeCKOM
Moziesin Teopur ToHKUX mwiactua Kupxroda—J/lsasa [3, 4] u mossoss-
€T IIPOBOJUTDL YyTOYHAIOIINE HUCCJICIOBaHN A, CBA3aHHbBIE C OITMCAHUEM
CBOMCTB U COCTOSIHIII TOHKUX 1 CBEPXTOHKUX CTPYKTYPHBIX 3JIEMCH-
TOB HaAaHOCHCTEM. ﬂﬂﬂ IIpHI\lOyFOHbHOIU/I HaHOIIJIaCTUHBI IIPUBE/ICH BbI-
BOJL MOZMDUIMPOBAHHBIX KJIACCHIECKUX MPAHNYHBIX YCIOBUIT TeOpHH
YIPYTOCTH TOHKHX IIJIACTHH U HEKJIACCHYECKUX TPAHMYHBIX YCJIOBHIA
Jutst inbdepeHnaIbHOro ypaBHeH s PABHOBECHS [IIECTOTO MOPSIIKA

222



9TOH IJIACTUHBI B JIEKAPTOBBIX KOOpAWHATax. llyTeM mojimHOMMATIB-
Holt annpoxkcuManun Yebblmesa [5] 1 MeTOLa KOJUIOKAUH, B KOTOPOM
B Ka4ECTBE y3JI0B UCIIOJIH30BaHbl KOPHHU 9THX MHOTOYJIEHOB, ypaBHE-
HU€ B YaCTHBIX IIPOU3BOJIHBIX 0OJIee BBICOKOTO MOPsJIKA, YeM YeTBep-
TBIN, TPEOOPA30OBAHO B CUCTEMY JIMHEHHBIX aJreOpPanvIecKux ypab-
wvenuit. [lojydeHpl dncieHHBIE PE3yJIBTATHI MOJIEJIMPOBAHUST M3rHOa
TOHKUX IJIACTHH I'PAJINEHTHOIO TUIIA HA OCHOBE MIOCTPOEHHOTO pelie-
HUsl C UCIOJIb30BAHUEM MHOrOWJIEHOB UeObIleBa MepBoro poja Jiis
Pa3JIMYHBIX THUIOB I'PDAHUYHBIX YCJIOBHIl, BKJIIOYas CBODOIHO OIep-
ThIe U 3aIMEMJIEHHbIE KPasi 9TUX IJIACTUH. BBINOHEH PsiJi TECTOBBIX
1 Bepu(UKAIMOHHBIX PACYETOB 10 MOJIEJIUPOBAHUIO IPOrubda, mpo-
M3BOJIMOTO [IOCTOSIHHO} HArpYy3Koil [6-8|, a Takke CHHYCOUIAJIbHO
HArpy3KOM, MOJIyYeH PEHpe3eHTATUBHBIA HAOOD JAHHBIX JIJIS BaJIH-
JIAIIY YUCJICHHBIX Pe3yJibTaToB. [IpoBe/ien aHaIn3 BIAUSHASA OTPUTIA-
TeJILHBIX WIEHOB rpajinenta jedopmaruu. [lokazano, 4ro yuer coor-
BETCTBYIOIIUX CJIAaraeMbIX B (DyHKIIUHU IJIOTHOCTU CBOOOIHOM HEpruu
[JIACTUHBI TIPUBOIUT K YMEHBIIEHUIO IPOr0a CPeTMHHON TII0CKOCTH
9TOH IUIACTUHBI U BJIUSHUE I'PA/IMEHTHBIX 4JIEHOB YMEHDBIIIAETCS C YBe-
JINYEHUEM pa3Mepa IUIACTUHBI, B TO BpeMs KaK IUIACTUHBI Pa3Mepbl
KOTOPBIX COTIOCTABUMBI C MUKPOCTPYKTYPHBIMU TIapAMETPAMHU JIJIMHBI
JEMOHCTPUPYIOT 3HAYNTE/IbHDBIN pa3dMepHbiit addekT. Ipenmonaraer-
Cs1, ITO KOMILJIEKCHBIN TIOJIXOJ, IIPEJICTABJIEHHBIN B 3TOM HCCJIEI0Ba-
HUU, MOYXKET OBITh HMCIIOJIB30BAH JIJIsi PelleHus po0JIeM, CBI3aHHBIX
¢ moTepeil yCTOWYIMBOCTH U CBOOOIHBIX KOJIEOAHMI TOHKUX HAHOILIA-
CTUH.

Pa6ora mogmepxkana Poccuiickum doHmOM DyHIAMEHTATBHBIX UCCJIEI0-
Bauwmii, mpoekT N 24-21-00381.
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7. Babu B., Patel B.P. Analytical solution for strain gradient elastic
Kirchhoff rectangular plates under transverse static loading //
European Journal of Mechanics / A Solids. 2019. Vol. 73. P. 101-111.

8. Bacciocchi M., Fantuzzi N., Ferreira A.J.M. Conforming and
nonconforming laminated finite element Kirchhoff nanoplates in
bending using strain gradient theory // Computers & Structures. 2020.
Vol. 239, Art. no. 106322.

MopenupoBaHue MoOJIyUeHus IUHKAa B IIPoOIlecce

JIEKTPOJIN3a AJid JAJIbHENInX MPUJI0>KEeHU’
B aJI/IUTUBHBIX TE€XHOJIOTUSIX

M. C. AmMmutpuesn
Kasanwv, Kasanckuii gedeparvruiii yrusepcumem
e-mail: dmitmax2002@yandex.ru

H. ®. Kamnramos
Kasanv, Hnemumym mexanuru u mawunocmpoenus OHUIT
Kasancxuti nayuwnortd yewmp PAH,

Kasanw, Axademus nayx Pecnybaurxu Tamapeman, Hnemumym
NPUKAGOHBIE uccaedosarutt Axademuu nayx Pecnybauru
Tamapcman
e-mail: kashnail@gmail.com

B. 0. YebakoBa
Kasanwv, Kasanckuii gedeparvruii yrusepcumem
Kaszans, Axademus nayx Pecnybaurxu Tamapceman, Unemumym
npursadnvix uccaedosanuti Axademuu nayx Pecnybaiuxu
Tamapcman
e-mail: vchebakova@mail.ru

Meranmyaeckne CIIaBbl Ha, OCHOBE OHKa IIIPOKO UCCJIEIYIOT-
Cs Ha BO3MO2KHOCTD IIPUMEHEHHNsA B MEJIUITNHE JIJIsI U3TrOTOBJICHUA UM-
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IJIAHTATOB, TAK KaK ITIHK 0018/1a€T YMEPEHHON CIIOCODHOCTHIO K Pa3-
JIOYKEHUO, TIPHEeMJIEMOI OMOCOBMECTUMOCTBIO I OMOJIOTUIECKN aKTHB-
HBIMU cBoiicTBamu. B paGore [1| nan 0630op mo merogam 3D neuarn
JIIE U3TOTOBJICHUST WH/IUBHJIYAJILHBIX OPTOMEIUIECKUX UMILIAHTATOB
13 METAJUIOB U OMOMETAJIJIOB, MCCJIE0BAIACh BOSMOXKHOCTD MCIIOJIb-
30BaHUs CILIABOB, CojiepKaImmux nuHkK. OIHIM U3 CHOCODOB IMOJTy e~
HUsI [IUHKA SIBJISIETCS 9JIEKTPOJIA3 MIEJOUYHBIX U KHUCJIBIX DJIEKTPOJIM-
ToB. MojiesimpoBanue 103BOJISIET YMEHBIITUTD BPEMsI, 3aTPaInBaeMOe
Ha [10JI00D ONTUMAJILHBIX PEKUMOB PAbOTHI YCTAHOBOK.

Taxk Kak 2JIEKTPOJIU3 OTHOCUTCH K IeTEPOT€HHBIM IIPOIECCaM,
MIPOXOJIATINM Ha, TOBEPXHOCTH PA3esia CPE/l, TO OIPEIEIISIONTIE 3Ha-
YEHUsI UMEIOT T'paHWYHbIE YCJIOBHUsI. lIpu mocTtaHOBKe TI'PAHUYHBIX
YCJIOBUU IS PEIIeHUs] CUCTEMbl yDABHEHUN HEOOXOJMMbI 3HAHUS
O MPOIIEccax, MPOUCXOJAIINX HA MOBEPXHOCTH 3JIEKTPOJOB. OObIv-
HO NPUBOISATCH CyMMapHbIE ODINHE PEaKIuu Ha 3JIEKTPO/JIE, KOTOPhIe
MIPOXOJSAT Yepe3 CTaIuiiHbIe JIEKTPOXUMUIECKUE PEaKIUu, U JJIsi UX
OIIMCAHUSI UCIIOJIB3YIOT CJIEJIYIONINE 3aKOHBI U YPABHEHUS:

1) s mocTaHOBKH TPAHMYHBIX YCIOBHII YaCTO MCIIOJIb3YeTC s
zakon Qapayiesi. OHAKO Ha IPAKTHKE KOJMIECTBO 00PA30BABIIErOCs
BEIECTBA HE COBIAJIAET C PACCUUTHIBAEMBIM KOJUYIECTBOM I10 3AKOHY
Dapajiest. DTO cBA3AHO ¢ TeM, UTO 3akoH Papajies BBIBOAUTCS JIJIsT
MJIEAJIBHOTO CJIydasi IIPOTEKAHUsT €JIMHCTBEHHON peakIuu.

2) Tak xe ypasHenue Bariepa-DosibMepa CBI3BIBAET MEKJLY
cobOil crily TOKa, HAIpsiKeHHe Ha 000UX JIEKTPOIAX M KOHCTAHTHI
CKOPOCTEH IIPOIECCOB, IIPU ITOM BBOJIUTCS JIOTOJTHUTEIbHBIA Iapa-
MeTP, XapaKTEePU3YIOMINI TEPEHOC TACTUIL MEXKTY JIEKTPOIAMHU.

3) TlioTHOCT MO/IABAEMOr0 TOKA CBSI3aHA C MOTEHIIUAJIOM JIEK-
TPOJIOB YPaBHEHUEM AHOTHO-KATOJHOW BOJIHBI. DTO IKCIIEPUMEHTA b
Hble KPUBbIE (MTOJIIPU3AIMOHHBIE KPUBBIE), XOPOIIO POSIBIISIIONIIECS
B BOJIHBIX PACTBOPAX, COJIEPIKAIINX HECKOJIHKO JIEKTPOAKTUBHBIX Be-
IIIECTB, BBIJIEJIEHUE KOTOPBIX MTPOUCXOJUT ITOITAIHO.

4) Ouucanue CKOPOCTEl IIPOIECCOB YaCTO MPOU3BOIAUTCS C TI0-
MOIIIBIO 3aKOHA AppeHuyca, HO IIPYU CTAIUAHOM OIUCAHUU IIPOIECCOB
JIEKTPOJIN3a BO3HUKAIOT PEAKIINU, OTHOCHIINECH K Pa3HBbIM IOPSiJI-
KaM, 1 He BCe U3 HUX MOXKHO OIHICATD JAHHBIM 3aKOHOM. 3aKoH Appe-
HUYyCa XOPOIIO MOJIXOIUT B CJIydae, KOIJia JJUMUTUPYIOIIEH peakiuei
HE SIBJISIETCSI TeTE€POTNeHHBIN IPOIECC JIUCCOITAATIIHN.

Takum 06pa30M, HAJIO TPU3HATH, UTO MIPU TOCTAHOBKE TPAHUI-
HBIX YCJIOBUN K MATEMATUYIECKON MOJIEJTH IIPUBEICHHBIE BBIIIE 3aKOHbI
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HE IIPUMEHUMbBI, TaK KaK OHU JINOO CBSI3bIBAIOT BHEITHUE XapaKTepH-
CTUKHU 000OMX 3JEKTPOIOB, JIMOO BBOJISIT IOJOUPAEMbBIC MapaMeTphl,
Jinbo XapaKTepusyioT JIMMUTUPYIONIyI0 peakmuio. Mx mnpumenenue
BeJieT JinbO K BBEJEHUIO 110/I00PA JIOTOJHUTEHHBIX [1apaMeTPOB, Xa-
PaKTEPU3YIONINX PACCMATPUBACMYIO CUCTEMY, JIMOO K OIMMCAHUIO KOH-
KPETHBIX XOPOIIIO MCCJIEOBAHHBIX SKCIIEPUMEHTATBHBIMUA METOIaMU
TEXHUYCCKAX PEIICHUN.

Hesibio mccseoBaHus sIBJISIETCS YCTAHOBJIEHHE BO3MOXKHOCTH
[IEPEHOCA YUCJIEHHOTO AJTOPUTMA UCCIEIOBAHUS MPUKATOIHBIX IIPO-
[IECCOB 3JIEKTPOJIN3a, Pa3pabOTAHHOIO B IPHUOINKEHUN HEU3MEHHO-
CTHU TLJIOMIA N JIEKTPOJIA JJIsl BEIIECTBA, BBIJIECISIEMOTO B ra30Boil da-
3e [2, 3], Ha ciryuail ocarkIeHusl Ha SJIEKTPOJIE BEIeCTBa, IIPUBO/ISIIE-
ro K U3MEHEHUIO IOBEPXHOCTHBIX CBOIMCTB 3j1eKTpojia. Tak, B maHHON
CTAThe METOJOM HPAMOIO IOUCKA HAXOJATCH KOHCTAHTBI ITPUKATO/I-
HBIX CTAUIHBIX JIEKTPOXUMUYECKUX PEAKITUIl IOy YeHHs TOPOIIKa
nuHKa. JIaHHBIN aJIrOpPUTM coeuHsieT MeTo ] Xyka—/[>KuBca u MeTo
Pyure-KyrTor. IIpu sToM peraercs Kak mpsaMast 331248 BbIUYUCICHUS
CUCTEMbI KHHETHYECKUX YPaBHEHU, TaK 1 0OpaTHast JJIst TOMCKA KOH-
CTAHT CKOPOCTEH T'eTePOreHHbIX MporieccoB. Onupasich Ha OIUCAHUE
HE3aBUCHMOIO IIPOTEKAHUST XUMUYECKUX IIPOIECCOB, C IIOMOIIBIO 3TO-
r'0 AJITOPUTMA MOXKHO IPOBECTU PACUEThI HA KAXKJIOM U3 SJIEKTPOJIOB.
AutropuT™M anpobUpOBaH Ha MpUMEpE MMPOIHO3UPOBAHUS BBIIEJIEHUST
[IMHKA [PHU BBIMEJTAYNBAHUN [UHKOBON DY/l JIEKTPOJMTOM Ha, OC-
HoBe ruzpokcna Harpus (20%)[4, 5.

B nannoit pabore mpoBOMTCH UHTErPAIUs aJrOPUTMa, JIJIs Ha-
XOXKJIEHUST KOHCTaHT CKOPOCTEHl MPUIJIEKTPOIHBIX ITPOIECCOB B Ma-
TEMATUYIECKYIO MOJICJIb, ONUCHIBAIONLYIO IIPOCTPAHCTBEHHBIC pacIpe-
JieJIEHUsI BHYTPEHHUX XapaKTEPUCTUK I'eTePOreHHBIX CUCTEM B MEXK-
3JIEKTPOJIHOM ITPOCTPAHCTBE.

HcciienoBanue BBIMOJIHEHO 3a cyeT rpanTa Poccuiickoro HayvHoro oHjia

(mpoekTt Ne 25-21-00453).
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COBpeMeHHbIe MEeTOAbl KOMIIBIOTEPHOI'O MO/I€/IMPDOBaHNA CJIOZK-
HBIX (PUBUIECKUX ITPOIECCOB, TAKUX KAK PACIPOCTPAHEHUE JIA3EPHO-
0 M3JIyYeHUs] B HEJUHEWHBIX CpeJiaX, TPEOYIOT MCIIOJIb30BAHUS KC-
KyCCTBeHHBIX KpaeBbix yciaopuit (MKY) mist orpanndenusi pasmepon
BBIMHUCJIUTENILHON obstactu. 1lpu 3TOM 3TH yc/ioBUsT JOJIYKHBI OBITDH
BBICOKO ITPO3PAYHBIMU (HEOTPAXKAIONIMMU ), HHAUE 00PA3YIOTCsI JIOXK-
HbI€ OTpa2KCHHbI€ BOJIHBI, KOTOPbI€ MOI'yT CYIII€CTBEHHO IIOBJIUATH Ha
TOYHOCTDL pEHICHUA. B JaCTHOCTH, HO,Z[O6HbIe IIPOIECChI OIIMChIBaIOT-
ca ypasuenueM lllpenunarepa, 9ro gemaeT paspaboTKy 3hPEeKTUBHBIX
npo3padnbx UKY nmsa mero aktyanbHON 3amadeil. JlamHBIN TOKIaT
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IIOCBSIIEH Pa3pabOTKe METO/1a IIOCTPOCHUS aIAIITUBHBIX HEOTPAXKAIO-
mux UKY nns 2D nuneitnoro ypasuernusi [IIpeanarepa, omuchbiBaro-
mero Audpaxiyuio onrudeckoro mydka. AganrusHocts UKY gocru-
raeTcs 3a CYeT JIOKAJIbHBIX BOHOBBIX uncen (JIBY), koropbie 3aBu-
CAT OT PEIIeHUs 3aJa49u BOJIU3U UCKYCCTBEHHOWU rpanuiibl. JIms BbI-
qucienus JIBY npumensiercs ux ammpoKCUMAaIus € UCIOJIH30BAHM-
eMm nuBapuanToB ypasuenus [lIpeaunrepa. I1pemioxkennast MeToiuka
1103B0JIsieT 3P DEKTUBHO YIUTHIBATH IBOJIOIHUIO OIMITHIECKOIO U3JTyde-
HUsl, BBI3BAHHYIO €ro Judpakiueii.

Tounocts Boraucienus JIBY cymecrsenno Bimsier na 3ddek-
tuHocTh UKV B ciiyvae mydka MaJjoil aMIUIUTYIbl BOJIM3U HCKYC-
CTBEHHO Trpanutibl. J[jisi MUHUMU3AINN BJIUSHUS CJIYIalHBIX DIIyK-
Tyanuii perreHusi BOJU3U IPAHUIBI [IPe/IaraeTcss BoraucaATs JIBY,
YCPEJIHEHHOE 110 HECKOJIbKUM COCEJIHUM Y3JIaM CeTKU Ha HEKOTOPOM
paccrostauu ot Hee [1].

HeobxoaumocTh yteTa mepeKpecTHOrO BIUSHUAS TPOEKIINi BOJI-
HOBOI'O BEKTOpa sl JOCTU2KeHUs BbICOKOU 3ddextunoctu NKY
ans 2D ypasaernueMm Illpeaunrepa npyu HaJIWIUW HaIlPpaBJIEHUSA JIBU-
JKeHUs] ONTUIECKOro IydKa Oblia mpojeMoHcTpupoBana B [2]. Pa6o-
TocnocobHoCTh peyiokeHHbIX UKY nemoncTpupyercs cpapnenneMm
PE3yJILTATOB KOMITHIOTEPHOI'O MOJIEJIUPOBAHUS C M3BECTHHIMU aHAJIU-
TUYIECKUMU PEIICHUSIMHU, a TaKXKe C pacueTaMu, [POBEJICHHLIMU B
pacIIupeHHo#l 006/1aCTH C HYJIEBBIMUA KPAEBBIMU YCIOBUAMU JJIsI KOM-
IJIEKCHON aMILIATY/IbI ONTUYECKOIO U3JIY YeHUS.

Pabora BeimosiHena npu duHaHCOBOHN momgepxkke PH®, rpant Ne 24-71-
00031.
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Boccranosnenue dusndeckux 1osieit ¥ UX UCTOYHUKOB B Pac-
CMaTpPUBAEMON ITPOCTPAHCTBEHHO-BPEMEHHON ODJIACTU IO PE3yJIbTa-
TaM TPAHUYIHBIX HAOJIIOMEHUN SIBJISIETCSI JIOCTATOYHO aKTyaJbHOI 3a-
nadeii. B gacraocTu, Bompoc 06 mHMOPMATUBHOCTH IPDAHUYHLIX Ha-
6urroziennit usyvascst jis ypapaenust Lesbmronbua [1-4], mepuonnye-
CKUX DellleHuii Jisi cucreMbl ypasaennii Makcsesuta [5] u cucrembt
ypaBHeHuit MakcBe/uia B KBA3UCTAIIMOHAPHOM MATHUTHOM HPUOJIH-
»kenun [6].

B macrosieit pabore st cucteM ypaBHeHuit Makcpesia B
KBAa3UCTAIMOHAPHBIX TIpUOJIKeHnsx [7—15] paccMoTpenbl pasimd-
HbIE [TOCTAHOBKH KPAEBBIX 33/1a4 00 OIPE/IeJICHIH EPUOJUIECKUX 110
BPEMEHHU JIEKTPOMATHUTHBIX TIOJIEH U UX UCTOYHUKOB B IIPOBOJIAIINX
obstactax. g pa3sHbIX BapUAHTOB KPAEBBIX YCJIOBUIl, COOTBETCTBY-
IOMUX 3aJaHUI0 HA TPAHUIE 0DJIACTH KAcATeIbHBIX W HOPMAJIHLHBIX
COCTABJISIONINX JIEKTPUYECKUX U MATHUTHBIX IOJIEll OXapaKTepu30-
BaHbl (DyHKITMOHAbHBIE KJIACCHI OIPEIEJIEHHOCTH TOJIENl U UCTOIHU-
KOB.
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JlocTaTouHble yCJIOBUS TJIO0AJIbHOM
YCTOMYMBOCTU MHOT'OTOKOBBIX MOJeJIeN
CUHXPOHHOI'O 1 ACMHXPOHHOI'O 3JIEKTPOMOTOPA

B. 1. Konocesuu, FO. B. KoHoceBuu

Loneur, Uncmumym npursadHOT MAMEMAMUKY U MELAHUKY
e-mail: konos.donetsk@yandex.ru

1. I'nobanbpHast yCTOWYMBOCTH MHOTOTOKOBOII MoAean
CUHXPOHHOI'O 3JIEKTPOMOTOPA

Onpenenenune 1. Cucrema OOBIKHOBEHHBIX JuddepeHInabHbIX
ypasuenuii (O/1Y) masbiBaercst ¢ha3o60t, ecin UpU 3amucu B HOP-
MaJIbHOM BHJIE €€ IIpaBagd TIaCTb IEPpHUO/NYIHa II0 HEKOTOPBLIM (yF.HO-
BbIl\/I) IIEepEMCEHHDBIM.

st onucanust paboThl CAHXPOHHOTO 9JIEKTPOMOTOPA B JIAHHOM
paboTe UCHOJIL3YETCs ero MH020MoK08aA MOJeAb C OJHON YIJIOBOM
HepeMeHHOH, npeiokennast B [1], no, B ormmaue or [1], moment na-
IPY3KHU HE MPEIIOJAraeTCsl MOCTOSHHBIM, a SBJISIETC HEelPepPhIBHOM
HEYeTHOH MOHOTOHHO yObiBaromeit (gyunkmeii My(¢p) yriaosoit cko-
POCTH ) POTOPA JIEKTPOMOTOPA OTHOCUTEBHO €ro craropa. Takasi
Mozeb npuBoanTcea K cucreme QY

CH = —mAy + AMy(¥) — ajzsiny—

ni
—ag Y ipcos(y — 2;;—1”) — b siny — ¢,
et . (1)
L1t = —Rix + ayysiny,

N ) . T 2mn
Ly(in) = —Raiy + agycos(y — 1 + - ), n=1,2,...,n
1
¢ asoBbIM BEKTOPOM 2z = (7,7, L,01,...,0n,). 30ECb ¥ = @ — wt

— YTOJI PACCOTJIACOBAHUS MATHUTHBIX TIOJICH POTOPA U CTATOPA; (P —
YIoJI TIOBOPOTA POTOpPa OTHOCHUTEJIHLHO cTaropa; w > (0 — IoCcTosH-
Hasl yIVIOBas CKOPOCTL BPAIEHUs] MAIHUTHOIO TI0JISI B CTATOPE; T —
OTKJIOHEHUE TOKAa B OOMOTKE BO30YXKJIEHUsI OT €r0 CTAIMOHAPHOTO
3HAYeHUs; %1,...,%,, — TOKH B JeMiiepHOl O0OMOTKE; 11 — HUUCIO
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crep:kHeil B pemirdgepHoii 0oMoTke; C' — 0CeBOii MOMEHT UHEPIINN
poropa; m, a1, as, by, co, L1, Lo, R1, Ry > 0 — mocTosiHHBIE TTapaMeT-
pot; AMg(y) = Mg(w+ ) — My(w) — npupalnenue JICCUIATHBHOTO
MomenTa Mg(¢p) It CHHXPOHHOT'O 9JIEKTPOMOTODA.

ITpu ycnoBun cg/by < 1 cucrema ypasuennii (1) nmeer jBa
CUETHBIX HADOpPa CTAIMOHAPHBIX pelteHui 215 = (v1s,0,0,0,...,0),
295 = (72s,0,0,0,...,0) (s =0,4+1,£2,...). OHu ONUCHIBAIOT PaGHO-
MEDPHBIE BPAWELHUA POMOPA C YTJIOBOH CKOPOCTHIO W BPAINEHUST Mar-
HUTHOI'O II0JIsI B CTaTOpe. 3J/1eCh CTAIlMOHAPHbIE 3HAYEHUS Y1s,7Y2s
yIjaa -y OonpejesieHbl ypaBHeHueM bgsiny + ¢g = 0 U BbIparKaior-
ca 1o opMmysaMm Y1 = 7(0) + 27s, Y25 = 7(1) + 2ms, Tae 7(0) =
—arcsinco /by € (—7/2,0), vV = =1 =4O € (=7, —7/2).

Onpenenenne 2. Pazosas cucrema OLY HazbiBaercs cucmemot
2paduenmmo2o muna, ecjid Jiroboe pereHne 3Toil CUCTEMBI CTPEMUTCST
C TeYeHHeM BPEMEHU K OJIHOMY U3 ee CTAI[MOHAPHBIX pernenuii [1, 2|.

Onpenenenne 3. Eciu cucrema rpajiteHTHOrO TUIIA UMEET TOJIBKO
OJIHO JIOKAJIBHO ACUMIITOTHIECKH YCTORUNBOE CTAIMOHAPHOE PEIeHNe
(C TOYHOCTBIO JIO C/IBUIOB Ha MEPUOJIBI), TO €€ HA3bIBAIOT 240004610
yemotivueot |1, 2].

C nomornpio Merona ceenenust 1.A. JleoHoBa ¥ npuHIMIIA UH-
BapuanTHocTH Jla-CaJuist mojydeHa ciieyomnasi TeopeMa.

Teopema 1. [Iycmov

1) cywecmsyem nocmosnnas k > 0 maxasn, wmo npupawe-
nue AMg (%) duccunamuerozo momenma yoosAemMEOPAEM AUHETHBLM
oueNKaM

AMa(§) < —ky (¥ 20), AMa(y) = —ky (¥ <0);

2) das amanronnozo ypasnerus CH + agy + bgsiny + co =0, 6
KOMopom

m+ k, 0 <A <29
2\/51)\2()\1 — )\2)/)\1, )\1 > 2)\2;
g1 = (m + k)C, A= (m + k‘)cfl, Ay = min (Rl/Ll,Rg/Lg),

ag =
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BLINOAHENHO Ycaosue 2.400asvH0T yemotinusocmuy D. Tpukomu

ag//boC > ac(c),

2de ac(c) — Kpumuueckoe snauenue 6e3pasmeprozo Kodphuyuenma
duccunayuu a = ag/+/boC, ¢ = ag/by (cm. [2]).

Tozda cucmema ypasnenud (1) enobarvro yemotvusa.

2. YcToiiYnBOCTD B 1I€JIOM peXKMMa PaBHOMEPHOIr'O Bpa-
LIEHUS 15l IBY XTOKOBOM MOZ€JIM ACUHXPOHHOT'O 3JI€KTPOMO-
Topa

ITpu momoru ykasanHoii B [1] 3aMeHBI IIEPEMEHHBIX MHOIOTO-
KOBasl MOJIE/Ib ACUHXPOHHOT'O 3JIEKTPOMOTOPA IIPUBOJIUTCA K JIBYXTO-
KOBOIi, U 0CJIe BBEJIEHHSI BMECTO TOKOB IIEDEMEHHBIX T,y OHA 3alll-
coiBaercs B Buje cucrembl O [2]

CH = —ay+ My(w+7), &=—bx—Fy, y=—-by+5y@x+1) (2)

¢ GazoBbIM BEKTOPOM (¥, x,Yy). 31eChb ¥ = ) — w, ¢ — yIJIOBast CKO-
POCTh POTOPa OTHOCUTEIBHO CTATOPa, w > () — IOCTOSIHHASL YIJIOBAsI
CKOPOCTb BpaIlleHUs] MarHUTHOrO 10jist B crarope, C' — oceBoit Mo-
MEHT MHEpIUU poTopa, a,b > 0 — nocrostaubie, My(w + 5) = My(¢)
~— MOMEHT JIMCCHIIATUBHBIX CUJI OTHOCUTEILHO och poTopa. OyHKimst
My (%) = (ab¥y)/(b* +5?) naspiBaerca cmamureckot Tapaxmepucmu-
Koti aCHHXPOHHON MaIINHBI.

Onpenenenue 4. Pemenne cucremsr OJLY nHazbiBaercs ycmotvu-
6blM 6 UeaoM (B aHIVIOA3BIYHOI JIUTepaType — 240044510 YCmotiuu-
6blM), €CJIN OHO YCTONYMBO M JIOOOE JIPYroe PEeIieHne CTPEMUTCH K
HeMy 1pu t — oo [3].

Teopema 2. Ilycmo 6 caywae w — b > 0 duccunamusnsiii mo-
menm Mg(p), ompuyamesvnvitl Ora 3HAMEHUT @ U3 NPOMENCYMKQ
(0,w — b], ydosaemsopaem na Hem ycaosuto manocmu Mqg(p) >
My(p — w), 2de My(p —w) = My(y) — cmamuueckaa rapaxmepu-
cmuka. Toeda cucmema ypasnenud (2) umeem eduncmeenroe cma-
YUOHAPHOE pewenue

y=4% z=2% y=9°, (3)
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20e mpotixa nocmosmnwix 3°, x°, Y0 asisemcs eduncmeenmvim pewe-
HUEM CUCTNEMbL YPaBHEHUT

—ay’ + Myw+4°) =0, b2’ +4%° =0, —by’ +4°"+1) =0.

B smom pewenuu nocmosnnas 40 evipastcaemea no gopmyae
AV = w? — w, 2de w® € (0,w) — eduncmeentoe pewenue ypasHenua
My(@) = My(¢ — w) ommocumenvio o, 2° = (w — w®)Mg(w)/ab,
0 — Md(wo)/a.

Teopema 3. [Tycmb 6bN0AHEHO YCAOBUE MEOPEMDL 2 U CYULLCTNEYEM
nocmoannaa k > 0 maxas, wmo
1) swnoanaromes nepasercmea

AMd("yl) < —k"yl (’yl > O)u AMd('Yl) > —k:"yl (’Yl < 0),

2de 1 =5 — 4", a AMg(1) = Ma(w® + 51) — Mg(wP);

2) 6LINOAHEHO HEPABEHCTNEO
1
abk — Z[Md(wo)]2 (14 (w —w?)?/6%] > 0.

Tozda pewenue (3) ypasnenud (2) ycmoliuuso 6 yeaoMm.

Pabora BbimoTHEHA TpU dUHAHCOBOM Toep:kKe MuHmUCTEpCTBa HAayKH
¥ BbICIIero obpazoBanusi PP B pamMkax peaju3aliy MIPOrpaMMbl PernOHaJbHO-
ro A30Bo-YepHOMOPCKOro MaTeMaTH4YecKoro reHTpa mno corsaieanio Ne 075-02-

2025-1620.
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HUS JUHAMHYECKUX CUCTEM, ONHUCHLIBAIOIINX CUHXPOHHBIE 3JICKTpUYe-
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MaTremMmaTndeckKoe MoAeJINPOBaHNE NCTEeYUEeHUd
JKMJIKOCTH M3 €MKOCTU C BBICOKUM JIaBJIEHUEM

M. P. KopouJeBa
Hocescx, YomPUI] YpO PAH

e-mail: koroleva@udman.ru

JI. E. ToHkoB
Hocesck, YoI'V

e-mail: letonkov@mail.ru

A. A. Yepuona
Horcescr, Uoicl'TY umernu M.T. Karawnrurosa
e-mail: alicaaa@gmail.com

Pa60Ta IIOCBAIICHa MaTeMaTHYC€CKOMY MOJIC/JIMPOBAaHUIO HCTE-
YeHUS KUJIKOCTH M3 eMKOCTH C BBHICOKUM JIABJICHHEM. AKTYaJIbHOCTH
3a/1a91 OIIPEJIEIISIETCS BO3MOXKHOCTBIO TEOPETUIECKOTO UCCJIEIOBAHUS
PA3JIMYHBIX CIIEHAPHUEB JUHAMUYECKOIO DA3BUTUS aBaAPHUIHBIX CHTY-
aumﬁ Ha TEXHUYIECCKUX COOPY2KEHUAX C KUJIKUMU pa,60‘II/IMI/I TEeJIaMU.
Takue curyaruu, HanpuMep, MOTYT HNPOUCXOJIUTH IPU XPAHEHUU U
TPAHCIHOPTUPOBKE 2KUIKOCTEHl B €MKOCTSX I10JI BBICOKUM JIABJICHH-
eM [1-3|. Yucennble uccie0Banus ABIAIOTCS OE30MACHBIM U JIelIe-
BBIM BAPUAHTOM ITPOBEJIEHUSI BUPTYAJIbHBIX UCIIBITAHUI U TTO3BOJISIOT
OIIEHUTDb Pa3pyUIATEIbHOCTh HPOIECCa U PUCKU HAXOXKJIEHUS JIIOJei
BO/IM3M HcCIeayeMoro oobekra (4, 5.

B pabore paccmaTpuBaeTcsi IpOIECC pa3repMeTH3aln eMKO-
CTHU, 3aII0JIHEHHOW BOJION TI0JT BHICOKUM JlaBjeHneM. Boja naxoaurcs
B IIepETPeTOM COCTOSHUN NoJ AaBienHneM p = 150 MPa, mpu Temmepa-
type T = 150°C BHYTpU IUJIUHIPUIECKON TPYOBI C TOJIIMHON CTEH-
Ki 2 MM. B Haya/bHbIE MOMEHT BPpEMEHH B CTEHKe TPyObI hopMupy-
€TCsl OTBEPCTHE MAaJIOr0 JIMaMeTpa, Yepe3 KOTOPOE BLICOKOHAIIOPHAS
CTPY$ BOJbI HAYMHAET BHITEKATH BO BHEIIHEE 3aTOIJIEHHOE [TPOCTPAH-
cTBO co crangapTabivMu Hapamerpamu (p = 0.1 MPa, T' = 50°C).

B xo/1e BbImIOTHEHNS MCC/I€I0BAHNS OBIIH CJIEJIAHBI CJIE/LYIOITIE
JIONY IIIEHUS:

e 3ajiaua peraercs B IJIOCKON TOCTAHOBKE.
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e JleiicTBUe CUJIBI TSIXKECTH HE yUNTHIBAETCS.

e Teuenne — JraMHUHAPHOE.

e [IlepoxoBaTocTh MaTepuaja HE yINTHIBAETCS.

e [Ipormecchl mmeperadn TeIia He pacCMaTPUBAIOTCS.

e IIporecc napoobpazoBaHus He PACCMATPUBAETCS.

Pemmenne 3amaun Tpedyer yduera CKUMACMOCTU KUIKOCTU 1)
JJIsl YUCJIEHHOTO Pa3pEeIeHus BOJIH, PACIPOCTPAHSIONINECS ¢ KOHEY-
HOI cKOpocThio. B manHOM ciydae sl CBSI3M IJIOTHOCTH P U JIABJIe-
HUSA P CO CKUMAEMOCTBIO CPeJIbl UCIOJIb3yeTcsi 6apOTPOITHOE COOTHO-
IIIeHNe BHUIA

9p
90 _ y. 1
Ly 1)
Teuenne KUIKOCTU MOJCIUPYETCS HA OCHOBE yPaBHEHUIA:
op _
9p 0)=0 2
% - 9(o0) = 0, 2
opU _ _
% +V(pUT) + pAT = 0. 3)

Bapotrpornnoe coorHomenue (1) JimHeapu3yeTcss U IPUBOJUTCSI
K BUIY
p = po+Y(p—po), (4)

e po U po — pedepaTuBHble 3HAYEHUS JABJIEHUS U IIJIOTHOCTH.

B pesysnbrare 9uciieHHOrO MOJIEIMPOBAHUS OBLIH [TOJIY 9€HbI 110~
JIsl paclpeiesIeHAsl CKOPOCTH, TeMIIepPaTyPhl, IJIOTHOCTH U JTABJICHUAS
B paccMaTpuBaeMoii obsiacTu. BoisBiaeHbI, TpOaHATU3UPOBAHBI U OIIU-
CaHbI 3AKOHOMEPHOCTH JIBUKEHUSI BOJH BHYTPU TPYOBI C KU ITKOCTHIO
U BOJIH BO BHelHe#l cpejie. OnieHeHbl n3MEHEHUs JTABJIEHNs] HA BHYT-
peHHell n BHemHe# rpanumax TpyObl. AHAJIN3 BOJHOBBIX MPOIECCOB,
IIPOTEKAIOMNX B PACCMaTPUBACMOM BHEITHEM HW30JMPOBAHHOM IIPO-
CTPAHCTBE II03BOJIMJI OIEHUTb U3MEHEHHE MOJYyJsl T'MJIPOJIMHaMUYe-
CKOW CHJIBI CTPYHU 2KUJIKOCTHU, UCTEKAIOIIEH! U3 OTBEPCTUS MAJIOIO AUa-
MeTpa, JeHCTBYIOIeil Ha BEpXHIOI I'PAHUILy o0JacTu. Tak, BhISBJIE-
HO, 9TO B HaYaJbHBIC MOMEHTHI BpeMenu (t<0.5 ¢) HabIomaeTcst Tu-
PaBJIMYICCKUN yJ1ap CTPY! KUJIKOCTHA B IIOBEPXHOCThb BEpPXHEH rpaHu-
kI BHeMNTHel obJiactu, cuita yaapa coctasisier b0 MH. lanbreiiniee

236



pa3BHTHE HCCIIEJI0BAHUIT MOXKET COCTOATH B OOJIee JAETATIBHOM ydeTe
BO3MOKHBIX (Da30BbIX [IPEBPAIECHN, IPOUCKOJSIIIX B UCTEKAOIIEl
CTpye *KUJIKOCTU (BOJIBI).
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O 4gucjgeHHOM MeToJe IMOoCTpoeHMA
ILJIOTHEMNIIINX YIIaKOBOK reoaesm1eCKmux Kpyros

B chepuiecKuii cerMeHT

A. A. Jlemniept
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HOCTpOGHI/Ie IJIOTHEUTITNX YIIaKOBOK J1JId OPaHUY€HHbIX MHO-

237



JKECTB OTHOCHUTCSI K KJIACCUYECKUM 3ajiadaM BBIYUCJIUTEILHON Teo-
Merpun. Cpejy HUX Hanbojiee U3yJIeHHBIMU SIBJISIIOTCS 3a/1a9M yIIa-
KOBKH PaBHBIX KPYT'OB B KPYT OOJIBIEr0 pa3Mepa, PaBUIbHbIE MHO-
POYTOJIbHUKH, & TaKyKe B IPsIMOYTOJIbHUK. KpurepueM onTuMusaIiim
BBICTYTIAET MAKCUMU3AIUsl JUOO0 KOJMIECTBA YIIAKOBBIBAEMBIX KPY-
roB, JIUOO UX PAJUYCA.

B TpexmepHOM IPOCTPAHCTBE PACCMATPUBAIOTCS 3aJIa4d yIIa-
KOBKH PaBHBIX IIAPOB B IIap U Ky0, a Tak:Ke chepuIecKux CerMeHTOB
B cbepy. Pesysibrarhl 9THX MCC/IeI0BAHAI UMEIOT TPAKTHIECKOE TTPU-
MeHeHUe: OT TIOCTPoeHust chepuaeckux KojoB [1] 10 npoekrupoBanus
HOBEPXHOCTH T'e0JIe3MIeCKNX CIyTHUKOB |2]|. B manmoii pabore pac-
CMATPUBaETCs 3aJla49a ITOCTPOEHUs TJIOTHEHINNX YIIAKOBOK PABHBIX
reoJIe3NIeCKIX KPyroB B cdepudeckuii cerment. [eoie3ndeckuii Kpyr
peJIcTaB/IseT coboi 06J1aCTh Ha IOBEPXHOCTH, OTPAHUYEHHYIO Te0/1e-
3UYECKON OKPYZKHOCTBIO — COBOKYIITHOCTBIO TOYEK, PACIIOIOKEHHbBIX
Ha PABHOM IeOJIE3NYECKOM PACCTOAHUU JI0 3a/JaHHON TOUYKM. YKa3aH-
Has 3aJ/1a9a BO3HUKAET, B YACTHOCTU, B TEXHOJOIUU UQPOBOH CheM-
KU Ha OOJIBINNX PACCTOSTHUSIX, KOTJA MPOEKTUpYyeTcsi chepudeckast
(bokasbHASI IOBEPXHOCTH C 3aJIAHHBIM YTJIOBBIM pa3mepoM [3].

ITocranoBka 3amaum. I[lycrs 3asansr egunndnas cdepa O
¢ nearpoMm (O B Havdaje KOOPJMHAT U CPEpPUIECKUil CermMeHT
S(A,0) C ©, 1ie A — NEHTp CerMeHTa W OJHOBPEMEHHO CEBEePHBbIil
noJtoc cepsl, § — yriosoit pasmep cermenta (0 < 6 < ), 95 — 3a-
MKHyTasi KpuBas Ha cdepe, OrpaHnInBaIoNias MoBepxHOCTh S (A, 0).
Heobxomumo paszmecturs N reojiesmdeckux kpyros C; pajumyca R ¢
nenrpamu O; € S(A,0), 94robbl OHE He NepPeCceKATNCh, HE BBIXOMIIN
3a rpanuny 0S5, u pajguyc R ObL1 MakcuMaJbHBIM. Torja mosydaem
CJIELYIOIIYIO 33184y

R — max, (1)

,O(OZ,P)ZR,VPE&S','L:LN, (3)

0; € S(A,0),i=1,N, (4

rie p(a,b) — reofe3maeckoe pacCTOsTHIE MKy JIByMsi TOYKAMU ¢ U
b Ha cdepe O, .

p(a,b) = arccos (7 - b ) ) (5)
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e @ - = CKaJISIPHOE TIPOU3BEJIEHIE BEKTOPOB @i u (?i

O metone pereHus. Vies npejaraeMoro MeTojia 3aK/Ioa-
€TCsl B TOM, 9TOOBI JIjIsI IOCTPOCHUS YIIAKOBKU Ha cepe MCIO0JIb30-
BaTh ONTUMAJIbHYIO min pekopaayto (best of known) ymakosky pas-
HBIX KPYTOB B Kpyr pajumyca 6. Jljss 5T0ro BHaYaJje BBITOJIHSIETCS
[IPOEKTUPOBaHNE C(HEPUIECKOr0 CerMeHTa Ha IJIOCKOCTh, 3aTeM JIJIst
[IOJIyY€HHOTO Kpyra J0OO BbIOMpPAeTcs ONTHMAaJbHAs yIIaKOBKa 3a-
JIAHHOTO YHUCJIa KPYTOB, €CJIM TaKas U3BECTHA, JIMOO OHA HAXOJUTCS C
HOMOIIIBIO OIITHKO-TeoMeTprudeckoro nojxona [4]. Janee Beimosnsier-
cs1 0OpaTHOE TPOEKTUPOBAHNE W UTEPAIMOHHOE YIyUIlIeHHe ITOCTPO-
CHHON YIIAKOBKMU.

[Iycrs (@, 8) — mosrora u mmpora Touku Ha chepe O, II —
KoopauHaTHast wiockocts z = 0. Orobpaxkenue F: S(A,0) — 11
3aJaJ MM cieayommuM obpasoMm. CupoenupyeM meHTp A cermeHTa B
Hauasio koopuuar O na miockoers 11, Kaxkoii rouke P(pg, fy) €
S(A,0) c reonesndecknm paccrosaueM p(A, P) u yrioMm Bpalnenust

!
o OymeT cooTBETCTBOBATH OJIHA ¥ TOJBKO ofHa Touka P (pg, ap) Ha
IJIOCKOCTH, TJie po = 5 — B, Qo = ©o-

Teopema. Ilycmv mouku By,Cy € S(A,0), npuvem p(A,By) =
p(A,Cy) = p. Touxu By, Cy € 11, npuuem By = F(By),Cy = F(CY).
Tozda p(B1,C1) < ||Ba — Cs||, 20e || - || — esraudosa nopma.

N3 Teopembl ciieyer, 9TO I'e0je3U9ecKOe PACCTOsTHUE MEXKILY
JBYyMsl TOUYKAMHU HAa CErMEHTE HE ITPEBOCXOJUT PACCTOSTHUS MEXKILY
JByMsI UX oOpa3aMu Ha IIOCKOCTH. TakuM 0O6pa30M, Jjist IOCTPOCHUS
YIAKOBKH M€0/Ie3MIECKUX KPYTOB B chepUIeCKUil CErMEHT MOXKHO BbI-
[IOJTHUTh OOpPATHOE MPOEKTUPOBAHUE MEHTPOB KPYT'OB, YIIAKOBAHHBIX
B KPyT pajinyca 6§, u IPUHATH UX 38 [IEHTPbI 3JIEMEHTOB chepuiecKoit
yrakoBku. [Ipu aTom reospe3myeckuil pajguyc yrakoBKu Ha cdhepe He
IIPEBOCXOIUT PAJNYCa IJIOCKON YIIAKOBKU U MOXKET OBITh BBIParkeH
gepe3 nocsaeaauit. [Iporecce yirydiienus: mocTpoeHHON YIIAKOBKH BbI-
[TOJTHSIETCST METOJIOM OMJIbAP/IHOTO MOJIEJIMPOBAHMS.

Pezyaprarsl. [IpoBejieHbl HIIOCTPUPYIOIINE YUCIEHHBIE DAC-
9eThI JIJIst CPEPUIECKUX CETMEHTOB PA3HBIX YTJVIOBBIX PasMepoB § =
w/6u 6 =m7/4

CpaBHeHne ¢ WM3BECTHBIMH pacderamu |5| MOKasblBaer, YTo
IpeJijlaraeMble HAaMU MEeTOJIbl XOTd M He BCErjla AT ONTHUMAJbHbIE
pPe3yJIbTAThl, HO OTKJIOHEHUsI HEBEJUKHU, & PAaCIYeThl BLIMOJHAIOTCH
0YeHb OBICTPO.

239



Tabmuma 1: PesynbraTer pacuera

0=m/6 0 =mr/4

NI R | rE | R | mE | T @
4 0.21586 | 0.21586 0 0.32174 | 0.32175 0 12.7
5 0.19235 | 0.19235 0 0.28557 | 0.28557 0 13.7
6 0.17453 | 0.17453 0 0.26180 | 0.26180 0 15

7 0.17272 | 0.17272 0 0.25549 | 0.25550 0 16.1
8 0.15640 | 0.15640 0 0.23059 | 0.23060 0 19.3
9 0.14274 | 0.14274 0 0.20983 | 0.21112 | -0.00609 || 19.9
10 || 0.13608 | 0.13656 | -0.00352 || 0.19824 | 0.20354 | -0.02607 || 19.8
11 || 0.13117 | 0.13220 | -0.00776 || 0.19234 | 0.19619 | -0.01963 | 21.6
12 || 0.12865 | 0.12956 | -0.00699 || 0.18702 | 0.19234 | -0.02767 | 21.3
13 || 0.12129 | 0.12275 | -0.01187 || 0.17744 | 0.18332 | -0.03209 | 22.3
14 || 0.11864 | 0.12038 | -0.01446 || 0.17346 | 0.17744 | -0.02242 224
15 || 0.11347 | 0.11536 | -0.01638 || 0.16569 | 0.17224 | -0.03801 24
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HccnenoBanme JuHAMUYECKO MOJIeJi PHIHKA

TPpy/ja C POU3BO/ICTBEHHOM dbyukueii
C JIMHEIHOMN 3JIaCTUYHOCThIO 3aMeIlleHUs

E. FO. JIuckuna
Pasanw, Pasanckxutl 2ocydapcmeennbiil YHUGEPCUMEM,
umenu C. A. Ecenuna
e-mail: authorl@email.com, author2@email.edu

B paborax [1, 2| 6bu1a npeioxkena deTbipexdakTopHas JuHa-
MHYecKasl MOJEJIb PhIHKA TPyIa BUIA

K=—uK+1—-a)F(K,L) +1,
L= TLQ<1 — i),
N o
N = N(l— )
" M
( @ =7N+7F(K,L)+ 3P,

B KoTopoit K — xarmrasi; L — Tpya; N — KopeHHoe Hacesenne; L —
pabouas cuna; F(K, L) — npoussojcrsennas dbyHkiwms; [ — 1m0cTo-
SHHbIE BHEIIHWE WHBECTHIMH, P — MHIPAMOHHOE —CaJIbJIo;
(1 —a) € [0;1) — xo3bdunnenT HAKOIIEHHsI OCHOBHOIO KAIIUTAJA,
u € (0;1) — mopma amoprusanuu, My > 0 u M > 0 — emrocTHu pe-
IHOHA [0 KOJMYECTBY PabOUMX MECT U YMCJIEHHOCTU HACEJIEHUsI COOT-
BercrBeHHo, {rr,r} € (—1;1) — koaddunumenTer npupocra pabounx
MECT M HacCeJeHHsl COOTBETCTBEHHO. B ypaBHeHWE JIsi IHCIEHHOCTH
paboueii cuibl 110 aHaaoOruK ¢ 3] BBejieHO BiusHUE TIOTPEOJIeHNs Ha
JuHaMuKyY paboueit cuisl Yo F (K, L), {y1,72} € (—1;1). Murpanuon-
HOe cajibjio P 1pejioniaraeTcst Kak MoJIOXKAUTE/bHOM, Tak M OTPUIA-
TesIbHOl BesmanHoi ); 3 € [0; 1) — xoaddunument npupocra paboueii
cuJtbl 3a cuer murpaiu. B 2] uccnenosasiocs nosejienne TpaeKTopuit
cucremsl (1) mpn npoussoacTsennoit bynkmun F(K, L) = ag K LY
Kak HamboJiee PaCIpOCTPAHEHHOM.

B JaHHOM WCCJ/IEJIOBAaHUN HUCHOJIB3YETCsl [TPOU3BOJICTBEHHAST
dbyHKIUS ¢ JIMHEHHON /1aCTUIHOCTBIO 3aMeleHust (PaKTOpoB 110 AJi-
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neny [4]
F(K,L) = K%a K + asL)". (2)

Oupenenenne. Cocrosinne pasHoBecusi cucteMbl (1) GyaeM Ha3bl-
BaThb NPOOYKMUGHDILM, ECJT €r0 KOOPJANHATHI CTPOrO MOJOKUTETHHDIL.

CraBurces 3aja4a HANTH COCTOsTHUS paBHOBecus cucreMbl (1) ¢
IPOM3BOJICTBEHHON dyHKImeit (2), KoaDdUImeHTHbIE YCIOBUS MPO-
AYKTUBHOCTHU.

Uccneioanne mokasaso, uro cucrema (1) umeer 4 cocrosiust
pPaBHOBECHS, U3 KOTOPBIX TOJIBKO OJIHO MOXKET OBITH IPOJYKTHUBHBIM
[IpU HEKOTOPBIX COOTHOIIEHUsIX KoadduimenTos cucremsl (1). TTory-
4qeHbl KO DUIMEHTHBIE YCJIOBUS MPOJyKTUBHOCTUA YKA3aHHOIO CO-
CTOdAHMNSY PaBHOBECUA U €r'0 yCTOIU/I‘II/IBOCTI/I 110 J—IHHyHOBy C IIOMOIIIBIO
COOTBETCTBYIOIIEH CUCTEMBbI JTUHEHHOTO MPUOJIUZKEHUSI.

1. Jluckuna E.FO. Cocrosinust paBHOBECHsI JTUHAMUIECKON MOJIETH PHIHKA
rpyna // duddepennpaibabie ypaBHEHUsI U MATEMATUIECKUE MOJIE-
JTUpOBaHUE: MEXKBYy3. ¢O. Hayd. Tp. Bom. 2. Pasanb: Pa3. roc. yu-T
umernu C.A. Ecenuna, 2021. C. 36-39.

2. Jluexuna E.IO., Cusanwmuvesa U.A. UccnenoBanue 4eThbipexdakTOPHON
JMHAMUYIECKON MOJIEIN PBIHKA TPYIa C MYJIbTUILINKATUBHON TPOU3BOI-
crBenHoit dynkuueii // Maremaruka u ecrecTBeHHbIe HayKu. Teopust u
IIpaKTUKa: MEXKBY3. ¢0. Hayd. Tp. Brim. 19. Apocnasis: Uza-so AI'TY,
2024. C. 138-144.

3. Abpamos B.B. CranuoHapHble COCTOSIHUSI B MOJIEH OJHOCEKTOPHOM
sxonomuku // Jnddepennuaibubie ypaBHeHAS 1 MATEMATHIECKOE MO~
JeTIpOBaHUE: MEXKBY3. ¢O. Hayd. Tp. Boim. 2. Pazanb: Pa3. roc. yu-T
umenu C. A. Ecenuna, 2021. C. 4-9.

4. Ilpacoaos A.B. MaremaTndeckue METO/bI SKOHOMUYECKON IUHAMUKH.

CII6.: Jlanb, 2015.
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Anroput™M ycKopeHusl pacdeToB IPHU penieHnn

obpaTHOIT KO3 PUImeHTHON 3a1a49m A1
ypPaBHEHMS IIbEe30IIPOBOJIHOCTH

. H. Maiikos, C. C. Makapos

Horcesck, Yomypmeruil edepanrvrniiti uccaedosamenbekuti yenmp
Vpaavckozo omdeaenusa Pocculickoli axademuy nays
e-mail: dimaMS2@email.ru, ssmak15@mail.ru

[Ipu urTepnperanuu pe3yabTATOB THAPOINHAMUIECKUX UCCTIe-
nmosanmii ckpaxkun (IJIVIC) nyis onpeesieHust mapaMeTpoB CHCTEMbI
"cKkBasKMHa-ILIaCT-Ipanuia” perraercs obpaTHast KO3(DpUIMeHTHAs
3a/lada ypaBHEHHUsA IIbE30IIPOBOJHOCTHU C IIPUMEHCHHEM DPa3/IMYHBIX
AJITOPUTMOB ONTUMU3AIMH, CM., Hanpumep, |1]. [Toxxomubt K pemenuto
TAKUX 38189 U3JI02KeHbl B [2|. HucsienHnoe uccseiopanme ajJropurMoB
ONTUMU3AIMH IIPU PeIeHnn 00paTHON KOI(MDPUITMEHTHON 3aa41 IPU
unrepuperanun pesyiabraros IJINC npuseneno B [3].

[Tpu anaMTUYIECKOM DPEIICHUN YPABHEHUS ITHE30ITPOBOIHOCTU
JJIA yqéTa U3MCEHATOIINXCA ,He6I/ITOB IPpUMEHLAETCA IMMPUHIUII CYyIIEePIIO-
suryn [4], 9To 3HAYUTEIHHO yBeJNUnBaeT BPEMs PaCIETOB.

Hens paborsl — pa3paboTKa aJrOpuTMa YCKOPEHUsT PEITeHUsT
obpaTHoit 3ajaun I YpaBHEHUsT THE30TPOBOIHOCTH TIPU TIPOBEIe-
Hun uHTepnperanun pedyabrato [JIC 6e3 morepu TOTHOCTH.

B katuecTBe 11e1eB0#l HYyHKIINKM TPUHUMAETCS B3BEIIICHHAS CYM-
Ma CpeJHEKBaJpPAaTUYIHbIX HEBA30K MEXKIAY paCdeTHbBIMU U Cba,KTI/I—
YECKUMU 3HAYCHUSIMU U3MEPSIEMBIX TI0 CKBayKHHAM TApaMeTpPOB 3a
paccMaTpuBaeMbIit Tepuof, pa3paboTKu MecTopoxjaenus. llemerast
byHKIUS UMeeT BUI:

N
=S [ (p) — xi. 1)

=1

3necb N — o0Iliee 9UCJI0O MOMEHTOB M3MEDEHUsl, ¢ — HWHJIEKC, OTHO-
CATIUINCS K ONPEJIeJIEHHOMY MOMEHTY BpeMeHu uaMmepenust, f u x —
BEKTOP BBLIYHCJIEHHBIX W U3MEPEHHBIX 3HAYEHUN JTUHAMUIECKUX JTaH-
HBIX (3a00iHBIC JaB/IeHUs], JEOUTHI U T.J.); P — BEKTOD HMCKOMBIX
mapaMeTpOB, OIpeesIsieMbIil perteHneM oopaTHON K03 MUIIMEHTHOM
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3a/1a491 YPABHEHUS [IHE30IPOBOIHOCTH (2):
oP k
— =div | —VP . 2
602 ’”<u >+q 2)

31ech ¢ — MOPUCTOCTD ILIACTa, ¢; — Koo duimenT obieil cxumMae-
moctu, P — maBienue, k — TeH30p NMPOHUIIAEMOCTH, [, — BSI3KOCTh
JKHUJIKOCTH, § — UCTOYHHK /CTOK.

[Ipn aHAIUTUYIECKOM PEIIEHNN YPABHEHUsI MHEe30IPOBOIHOC-
T (2) 06BIYHO IApAMETPbI HPUBOJAT K Oe3pasMepHOMY BUJLY ¥ IIPO-
crpaHcTBy uzobpakenuii Jlammaca. Pacuér s3aboitHOoro 1aBieHust
BKJIIOYAET BBIYHC/IEHHE 00e3pa3MepeHHbIX IIapaMeTpoB B obpasax
Jlamiaca, obparaoe npeobpazosanue, nanpumep Merojgom CredecTa,
7 Mepexo/l K Pa3MEpPHBIM BeJMYNHAM C HCIIOJIb30BaHueM Oe3pas3mep-
HBIX [IEPEMEHHBIX, KOTOPBIE B OOJILIITMHCTBE CJIYyYaeB UMEIOT CJIEIyIO-
MU BUT;
B kh N 0.00036kt (3)
T 1841QBu" T P T Tpuen?

Snecs Pp — Ge3pasMmepHoe jasienne; P — nasiienne, arm; () — Je-
6ut, M3 /cyT, i — BABKOCTD KmukocTH, cllz; B — obbemHbIi KO-
burment xuakoctn, M3 /M3; k — mponmumaemocTh miacta, M b —
TOJIIIIAHA TIIACTa, M; tp — Ge3pasMepHoe BpeMms; t — BpeMs, T; ¢ —
HOPHUCTOCTD; ¢; — KOIMDPHUIMEHT OOIIeH CAKIMAEMOCTH, arM 1) 7 —
pPaanyc CKBaXKUHBI, M.

[Tpu perenun obpatHOit KO3 dDUIMEHTHOH 3a1a4u i Olpe-
JleJIEHUsI ITapaMeTPOB CUCTEMBI "CKBasKMHAa-ILIaCT-I'paHuna" OCHOB-
HYTO BBIYUCIUTEILHYIO HATPY3KY CO3/AI0T PACUETHDBIE OMEPAITNH TPU
pEIIeHn yPaBHEHUST MHEe30TPOBOIHOCTH. ECi mapaMeTpbl BIUSIOT
TOJIBKO Ha IIepexo/i K pasMEPHBbIM BeJIMYMHaM, HE U3MEHAd aHaJIn-
TUYIECKOrO PEIICHUsI yPaBHEHUS ITbEe30IIPOBOIHOCTYA B Oe3pa3MepHOit
dopme, 9TO pereHre MOKHO BBIUUCIUTL OJIMH pa3, allPOKCUMUPO-
BaTh U JIAJIee MCMOIB30BATE AMMMTPOKCHMAITIIO BMECTO TIOBTOPHOTO TIe-
pecuéra, ITO CYNIECTBEHHO YCKOPSIET BBIYUCICHUS.

[Tpu moucke mapamMeTpoB ypaBHEHUs THE30IIPOBOIHOCTU BBO-
JAT I'PaHUIBI IIOHUCKA. MCXO,ILE{ n3 9TOTr0 aJIFTOPUTM alllIPOKCHUMAaITUN
JaBJIeHUS B ypaBHEHUU MbE30IIPOBOIHOCTHU CJIEJYIOMIN:

1)omnpenesienne 3HAYCHU MUHUMAJIBHOIO M MaKCHMAJIHLHOTO
6e3pasmepHoro BpeMeHU (tpmin, tDmax) HA OCHOBE I'DAHUIL ITOUCKA
u 6e3pa3sMepHbIX IepeMeHHbIX (3);

Pp
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2) BBOJ, JIMCKPETHOI'O IIPOCTPAHCTBA JIjisi HE3aBUCUMOMN Iepe-
MeHHOIT 6e3paszmepHoro Bpemenu tp B uaTEpBasie 0.9 pmin — 1.1t pmax
¢ JjorapudMUIECKAM IaroM U JUCKPETHOCTHIO 1 TOYeK Ha log-1uK.I,
npu n = 10;

3) pacuer 6e3pa3zMepHOro JasjeHusi Pp B TOUKaX 110JIy Y€HHOIO
MaccuBa 6e3pa3MepHOTO BPEMEHU;

4) annpokcumanusi Ge3pasMepHoro Jasjenusi Pp or 6e3pas-
MEPHOI'O BpeMeHH tp.

YucierHoe mccaeqoBaHue MPEJIAraeMoro aJrOPUTMa IIPOBO-
JIUJIOCH TIPH ITIEPEMEHHOM J1e0nTe U IPHU HMOoCTOsTHHOM febute. IIpume-
HEHHE aJITOPUTMa allliPOKCUMaIIUN JaBJICHUs IIO3BOJINJIO YMEHBIIIUTH
YHCJI0 BBI3OBOB (DYHKITNN aHAJUTHIECKOM Mojesu ¢ 131 1o 1 mpu 1mo-
cTosgHHOM J1ebuTe 1 ¢ 268 10 1 ipu mepementoMm jeburte. Odiree Yucso
pacuéToB Pa3MEepHOro JIABICHUs 0CcTaI0Ch IpexkuanM (131 u 268 coot-
BETCTBEHHO), YTO HOATBEPKIAET BBICOKYIO TOYHOCTD AIIIPOKCHMATIU
U MUHUMAJIbHBIE MTOT'PEITHOCTH, 00ECIICYUB YCKOPEHUE BBITUCICHUIA.

B pabore npejiyioxkeH aaropuTM yCKOPEHHs pacIéToB oOpaTHOit
K03 PUIMEHTHON 3a1a9n /11 YPABHEHUsT THE30IIPOBOJTHOCTH, OCHO-
BAHHBI HA IMPUMEHEHWH AIMIPOKCUMAINN 0e3pa3MepHOrO JIaBJICHUS
B (byHKIIIN Oe3pa3sMepHOro BpeMeHu. AJIropuTM 00eCIednBaeT KpParT-
HO€e yBeJInYeHne CKOPOCTH BBIYUCJIEHU Ipyu MUHUMaJIbHBIX IIOT'DEeNI-
HOCTSX, YTO II03BOJIFACT OIIEPATUBHO MHTEPIIPETUPOBATL PE3YyJIbTATHI

TUTHC.

1.  Kochenderfer M.J., Wheeler T.A. Algorithms for Optimization. The
MIT Press, 2019.

2.  Pomanos B.I. ObpaTHble 3a1aun MmaTemMaTndeckoit pusuku. M.: Hayka,
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3. Maixos JI.H., Maxapos C.C. HuciieHHOE HCCIIEOBAHUE AJTOPATMOB
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YucjieHHoe mnccjegoBaHNe BbIPOXK/IEHHOM
Moaean HeJmHeitHoit nuddy3um co
CJy4YaiHbIM HAYAJIbHBIM yCJIOBUEM

IMToyoarepa—CumopoBa

H. A. Manakosa, H. I HukoJsiaesa
Yennaburck, FOYpl'Y

e-mail: manakovana@susu.ru, nikolaevang@susu.ru

Pacemorpum Q = (2, A,P) — nosmoe BeposiTHOCTHOE MPO-
CTPAHCTBO ¥ MHOXKECTBO JeHCTBUTE/NLHBIX unces R, Hamenennoe 60-
peneBckoit g-anrebpoii. Ilycts D C R™ — orpanumvyenHasi 001acTh C
rpanurnieii kiracca C°. Pacemorpum H-snaunsili dugdepernyupyemoit
cmozacmuveckuti K-npoyecc 1, yIOBIETBOPSIONIHI CTOXACTHIECKON
MOJe I HeJInHedHoi nuddysnn

(A=A) 7 —div(|Vy|P~2Vn) =0, p>2, w € Q, (s,t) € Dx(0,T), (1)

N(w,s,t) =0, we, (s,t) € 09 x [0,T], (2)
¢ nadaabibiM yesosueM [loyosnrepa—Cumoposa
A= A)(n(w,s,0) —no(w,s)) =0, we R, s€D. (3)

31ech 707 — npousBojHas Hesbcona—Imkiamxa ciry4daifHOro mporec-
ca [1]. Maremarndeckas mojess (1), (2) ¢ ycinosuem (3) onucsiBaer
IIPOIECC N3MEHEHNs MOTECHIINAJIa KOHIICHTPAIINT BA3KOYIIPYTOl KU~
KOCTH, (PUJIBTPYIONIEHCsS B MMOPUCTON Cpejie, TIPU YCIOBUU CJIyIaiiHO
3a/IAHHOI0 HAYAJIBHOTO 7)o (w, §) TMOTEHIMAIA KOHIEHTPAIUI YKHIKO-
cru. [Tapamerp A € R xapakTepusyer CBOHCTBA >KUIKOCTH.

PaccmarpuBaeMast MOJETb OTHOCUTCS K KJIACCY MTOJTYJIMHEHHBIX
Mogiesieli cobosIeBCKOro Tura [2|, B KOTOpBIX HeJIMHEHHBIH orepaTop
ABJIACTCS P-KOIPIATABHHBIM U S-MOHOTOHHBIM:

L7 +N(n) =0, ker L £ {0}. (4)

Hauanwsnoe yenosue [loyonrepa—CuopoBa B 00I1IeM ciiydae IPUMeT
B

L(n(0) —no) = 0. (5)

246



Bagauay (1)—(3) 6ymem usydarb HA OCHOBE PazpabOTAHHOIO Me-
TOJA UCCJIEOBAHUS JJIsT aDCTPAKTHOIO CTOXACTHIECKOIO yPABHEHUST
(4) ¢ S-MOHOTOHHBIMHU U P-KOSPIUTHBHBIM oneparopom N. Muoxe-
CTBO I'ayCCOBBLIX CaydaiHbX Beandud, uMeomux EE = 0u DE < +o0o
00pa3yT rIJILOEPTOBO pocTpaHcTBa Lo CO CKAISIPHBIM IIPOU3BEIe-
uueM (£1,&2) = E&1&. BoibepeM MOHOTOHHO yOBIBAOIILYIO YHCIIOBYIO

o0
nocsejosaresnbiocts K = {ug} rakyio, uro Y. ui < +oo. Ilycrs
k=1

0
H = Ly(D), B = Wp1 (D), upocrpancrso juddepeniupyembx K-
«mymon» CH([0,T]; HixLz) cOCTOMT M3 HeNpepHIBHBIX H-3HAYHBIX
CTOXaCTHIECKNX K -TTPOIEcCcOoB, TPAEKTOPUN KOTOPBIX MOYTH HABEP-
HOe HenpepbiBHO judpepentupyembie 1o Henbcormy—Lmukmmxy. 3a-

oo

JaauM 1o = Y, MrNokWk, tie {nox} C Lo — mocsienoBaresibHOCTD
k=1

ciydaiineix BesmanH, {1y} obpasyer 6asuc B npocrpancrse H.

Teopema. [3] IIycmv X\ > —\i, mozda das a0boll nocaedosamenn-
nocmu cayuatnux eesuvun {nok} C Lo, das aobozo T € Ry cywe-
cmeyem pewenue n € CL([0,T); BxLa) sadawu (1)—(3).

IIpuBeieM aJrOPUTM YUCAEHHOIO METO/[A NCCIIEOBAMS 3a1a-
un [Iloyosnrepa—Cugoposa (3) maremarudeckoit mojesnu (1), (2).
1 oaman. Haxoxienue cobCcTBeHHBIX 3HaYeHUi { A\, } 1 coOCTBEH-
HbIX DyHKIW {1} onHOpoaHOIt 3a1aun [Tupuxie st oneparopa L.
2 sman. 3a1aHne MOHOTOHHO yOBIBAIOIIEH YMCJIOBOI ITOCIEI0-
o
Batesboctn K = {u} Takoit, uro > pi < +00, U HaYAIBLHON

k=1
CJAy4YaliHON BeJIMYMHBbI B BUJE

o0
=Y knokk,

k=1

k03 dunmentor {rng;} KOTOPONl HE3aBHCHMbIE TAyCCOBBI CJIyJaiiHbIe
BEJIMYKMHBI, TaKUe 9T0 uX juctepcuu orpannyensl (Do, < C, k € N).
IIpejicTaBienne ICKOMOIO CTOXaCTHYECKOIO IIPOIEcca B BHUJIE raJiep-
KUHCKOU CyMMBI

N
nN(wv S, t) = Z /J*knkwkv
k=1
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rie n = np(w, t), Y = Yr(s), n noacranoka B (4).

3 sman. CkansgpHO yMHOXKUB ypasHeHue (6), Ha coGCTBEH-
uele dyskmun Pi(s), k = 1,..., N, dopmupyem cucremy airebpo-
muddepeHImaabHbIX YPaBHEHMIT

E<L7?/N7¢k>+E<N(nN>7 ¢k>:0, kzlva (7)

4 aman. Ierepalins 110cae10BaTEILHOCTH CJIyYaiiHbIX BEJIUYNH
{nox} C Lo u cocrapienue ciaydaiinoii Besmauubl 7)y. [locTpoenune
naganbHbIx yerosuii [Tloyonrepa—Cumoposa it cucreMbl anreGpo-
s depeHIaibHbIX ypaBaernii (7)

E<L (nN(w>078) - 770((*}78)) ’ ¢k(8)> =0, k=1,...,N. (8)

5 aman. Haxoxienue perenust cucrembl ajaredpo-nuddepen-
IUAJIBHLIX ypaBHeHUil (7) ¢ HAYAJILHBIME yCJIOBHSMH (8) MeTOZO0M
Pyure-Kyrrer 4-5 nopsijika. CocraiieHne TpaeKTOPUHU TPUOIHKEH-
Horo permenust 1k (s,t) sanaqu (4), (5).

6 oman. st CTATUCTUYECKOTO UCCJICIOBAHUS DEICHUS 3318~
au (4), (5) nosTopsieM 3tambl ¢ 4 110 7 M pa3 ¢ reHepanuei pas/d-
HBIX {n(l)k} JUTsT TIOCTPOEHUSI TPAEKTOPUI TPUOJIMIKEHHOIO PEIEHUST
nﬁv, Il =2,...,m, 3amaan (4), (5). Haxoxkmenne BbIOOpOUHOI cpeji-
Heli, BLIDOPOYHOM CpejHeill MUCIepPCHr U CPEIHEro KBaIpaTHIeCKO-
'O OTKJIOHEHUS I10 IMOCTPOEHHO# BBIOOPKE nf,\,,l =1,...,m. Onenka
MIOJIYYeHHBIX TPaeKTOpUil ¢ 3aJaHHON BeposiTHOCTHIO p = 0,997 1o
IpaBuIy 30.

Pabora BbmosiHeHa 1ipu pUHAHCOBOH MojiepkKe Poccuiickoro HayvHoro

donma 24-11-20037, https://rscf.ru/project/24-11-20037/

1. Tukaux FO.E. V3yuenune ypaBHEHUI JICOHTBEBCKOTO THIA € OEIBIM
[IyMOM METOJAMU IPOU3BOAHBLIX B CPEJIHEM CJIYyYANHBIX IIPOIECCOB //
Becrauk FOYpI'Y. Cepusa: Maremarndeckoe MOJIETUPOBAHUE U PO-
rpammuposanue. 2012, Ne 27(286). C. 24-34.

2. Manaxosa H.A., Ceupudiox I'.A. Heritaccudyeckne ypaBHEHUsI MaTeMa-
Tuvaeckoil puznku. Paz0Bble MPOCTPAHCTBA MOTYIHHENHBIX YPaBHEHN
cobosesckoro tuna // Becrnuk FOYpI'Y. Cepus: Maremaruka. Mexa-
nuka. Pusmka. 2016. T. 8, Ne 3. C. 31-51.

3. Manakova N.A., Nikolaeva N.G., Perevozchikova K.V. Investigation
Solvability of the Stochastic Model of Nonlinear Diffusion with Random
Initial Value // Global and Stochastic Analysis. 2024. Vol. 11, no 4.
P. 27-33.
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Metoa BUPTyaJIbHBIX 3JIEMEHTOB JIJIsI PeHIeHusd
MPUKJIAJIHBIX 33/1a9 reopu3nkn

C. . Mapkos
Hosocubupck, Hnemumym nedmezasosoti 2eonozuu u 2eousury
um. A.A. Tpopumyxa CO PAH, Hosocubupcruiti 2ocydapcmeenmvii
METHUECKUT YHUBEPCUMEM,
e-mail: www.sim91Qlist.ru

H.B. Utkuna
Hosocubupck, @edepasvioiii uccaedosamesbekutl uermp
UHPOPMAUUOHHBLT U BBIYUCAUNENDHLL METHON02U,
Hosocubupcruti 2ocydapecmeentviti mernuseckuts YyHUSEPCUMEM,
e-mail: itkina@ami.nstu.ru

HudpoBas Mojieb reoJIOrm4ecKoil MOPOJbl — ITO UJICATU3U-
POBaHHOE TIpeJCTaBJIEHNE O PeaJbHON cpejie, BKJIIOYAIONas B cebs
JUCKPETHOE MHOYKECTBO TOYEK C OIPEMEJICHHONW HA HUX WHIUKATOP-
HOlt DyHKIIMEN TPUHAJJIEKHOCTHA UX IIYCTOTHOMY IPOCTPAHCTBY WJIH
MaTPUIIE TOPOJIbI, & TaKKe (PopMaJIbHOE onucanne U3NIECKUX 1po-
[IECCOB, MIPOTEKAIOIINX B U3yYaeMOM OOBEKTE.

[Iporneypa 9ucaeHHOrO MOJIEINPOBAHUS 3aKJIIOYAeTCs B pea-
JIM3AIUU TPEX OCHOBHBIX INAroB: MOJTOTOBKA JUCKPETHOH reoMeTpu-
YeCKOW MOJE/IN M3y9aeMOro oObeKTa, JMUCKPETU3AIUs MaTeMaThde-
CKUX MoOJIeJieil HabII0IaeMbIX (DU3NTECKUX SBJICHUN U IUCJICHHOE Pe-
IIeHUe JINCKPETHOTO aHAJIOra IIOCTABJIEHHON 3a/1a4u.

OmmauTesbHasi 0CODEHHOCTD MeO0JIOTMIECKUX CPEJ — UX CJIOXK-
HOE NeOMETPUIECKOE CTPOCHME U KOHTPACT (U3UIecCKux CBoicTB. B
obIeM ciiydae BHYTPEHHsIsl TPAHUIa He 00J1a1aeT CBONCTBOM JIUIIIIIN-
1I€BOIi HEIIPEPBIBHOCTU U NIPUHAJICZKUT KJIAcCy ¢. JIumiumesa Hermpe-
PBIBHOCTb — OCHOBOIIOJIATAIOINIEE YCJIOBUE TPUMEHUMOCTH TEOPEM O
Bioxkenuu CobosieBa, 0 npojiokennn GyHKImu u o ciegax. Hapy-
IIIEHUE JIAHHOT'O YCJIOBUSI HE II03BOJISIET JIOKA3aTh COIVIACOBAHHOCTH
CETOYHBIX METOJOB JJIsl PEIICHUsT MPUKIATHBIX 33a4.

AxkryasbpHast pobjieMa: pa3paboTaTh YUCIEHHBI METOJI, pHU-
TOJIHBIN ISl 9UCJIEHHOTO MOJIEJMPOBaHUs (PUBUIECKUX ITPOIECCOB B
3BE314aThIX obsracTsx. CoBpeMeHHbIe KOHEYHO-3JIEMEHTHBIE METOJIbI
JKECTKO aJ[allTUPOBAHBI 0] ONPEJEIEHHBIN KJIACC PEIIaeMbIX 3a/1ad
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U TOJXOJIAT JJisl PerieHust chopMyIUPOBAHHON TPOOJIEMBI.
Bupryasbublii Meroy kKoHedHbIX 3jemerToB (VEM) nosiBusi-
csI CPaBHUTEIHLHO HEJABHO KaK PE3YJIBTAT PA3BUTUS KJIACCHIECKOTO
MK u mimetic finite difference (MFD) [1, 2|. B nannom merose
UCIIOJIB3YIOTCA JIBa beHKLLI/IOHaJH)HbIX IIPOCTPaHCTBa: (bI/ISI/I‘-IeCKOG n
BUpTyaJibHOE. Bu/I criennaibHBIX BCIIOMOTATEIbHBIX (DYHKINH (pu3n-
YEeCKOI'0 IIPOCTPAHCTBA YHUKAJICH JIJIA KarKJ0H MaTeMaTUYeCKON MO-
jesin. B obmem ciydae jlanabie (PyHKIUN HE SBJSIIOTCS ITOJTUHOMA-
mu. BupryasbHoe MpOCTPAHCTBO XapaKTePU3YeTCs TOJbKO CTEIeHS-
MU CBOOOIBI BUPTYAJbHBIX 3JIEMEHTOB (/10Ka3aHo, 9To penienne VEM
CYIIECTBYET M €JMHCTBEHHO Jisi 3BE374arbix obsacreii). [losromy
B OTJIMYHe OT KJjaccuueckoro ompepesernusi O. Chsipjie KOHEUHBII
ssemenT B VEM — 3710 mapa, cocrosmias n3 creneHeit cBOOOIBI U
CXeMbI YUCJICHHOrO0 HHTerpupoBanus. Takke periena mnpobsemMa moJi-
HOTBHI 0Oa3MCHOM CHCTEMBI, CBOMCTBEHHON JJIsI MHOTOMACIIITAOHBIX U
00OOIEHHBIX KOHETHO-3JIEMEHTHBIX ITOIX0M0B. B okIane Ha mpume-
pe 1epBoit Kpaesoii 3agaun s ypaBuenus [lyaccona mokazaHo mpu-
MeHeHNe BUPTYAJIbHOTO METO[a KOHEUHBIX JIEMEHTOB, OIpeesIeHne
JIMCKPETHOI'O aHaJora OMIMHEeHHO# (DOPMBI I TOJUHOMHAJIBHOTO
ba3uca ¢ UCIOJb30BAHUEM TOJILKO crereHeil cBobobl. [losmydennnre
pPe3yabTaTbl MOTYT OBITh MPUMEHEHBI JIJIT YUCJEHHOTO MOJIeJIMPOBa-
HUSI IIPOIECCOB TEILIOMPOBOIHOCTH, (DUIBTPAIMH U JIEKTPOITPOBO/I-
HOCTU IIpU MCIIOJIb3OBaAHUU TpéXlVleprIX JAUCKPETHBIX TeoOMeTpuve-
CKUX MOJiesieil 0Opa3ioB OCAI0OYHBIX IOPOJ, IOJIyUEeHHBIX HEpPaspy-
MTAIONMUMI MeTO/IaMI BU3YaJIN3al UX BHYTPEeHHeHl CTPYKTYPHI.

Pabora BwImosHEHA B paMKaxX TOCYJAapCTBEHHOTO 3aJ[aHUsI, ITPOEKT
Ne FWZZ-2022-0030.

1. Veiga L.B., Brezzi F., Cangiani A., Manzini G., Marini L.D., Russo A.
Basic principles of Virtual Element Methods // Mathematical Models
and Methods in Applied Sciencs. 2013. Vol. 23, no. 01. P. 199-214.

2. Brezzi F., Marini L.D. Virtual Elements on polyhedra with a curved
face // Bulletin of Mathematical Sciences. 2023. Vol. 13, no. 03.
Art. no. 2350005.

250



MaTtemaTndecKoe MoAeJInpOBaHIE
PUBNKO-XUMUIECKINX MaKPOMNPOIECCOB
B JIMCKOHTUHYAJbHOM NPUOJIM>KEHUN

C. . MapTbiHEHKO
Mocxsa, Obsedunénnniii uncmumym svcoxuxr memnepamyp PAH
e-mail: martn _s@mail.ru

MaremaTndeckoe MOJEIUPOBAHNE KAaK METOJI HAyIHOI'O MCCJTIe-
JOBaHUS MMeeT MHOTOYUCJIEHHBIE NIPEUMYINECTBa IIepe] HATyPHBIMU
9KCIIEPUMEHTAMH, OCHOBHBIMHU U3 KOTOPBIX ABJIACTCH BO3MOXKHOCTH
ONTUMU3AIAN YCJIOBUI IPOTEKAHNA N3y 9aeMbIX IIPOIECCOB, U3y YCHUE
SIBJICHUI, HEBOCIIPOU3BOJINMBIX B JIaOOPATOPUSIX, OBICTPOTA W JIEIIe-
BU3HA MMOJIYIEHUsT PE3YIHTATOB MOJIEJIMPOBaHNsA. [JIaBHBIM HEI0CTaT-
KOM SBJISIETCS CJIOXKHOCTH YpPaBHEHUIT MoJesiell, ONMUCHIBAIONIAX CO-
BOKYITHOCTH OJHOBPEMEHHO ITPOTEKAOINX (PUBUKO-XUMUIECKUX PO~
IICCCOB.

Homnroe Bpemst nuddepeHImabHOe 1 HHTErPAILHOE NCIHUCIIe-
HUE FBJISAINUCH €IMTHCTBEHHBIM METOOM PEIEeHNsT OCHOBOIIOJIAraIOIIINX
ypaBHeHnit mojeneii. MaremaTnku 1 (PUBMKHN BBIHYKJIE€HBI U3yJaTh
pas3/IMyHble YacTHBIE CAyYau, yJI0OHBIE JJIT TEOPETUIECKOrO AHAJIU-
3a (HampuMep, Teopus HOTPAHUIHOTO CJIOS B THIPOTA30/[MHAMUKE).
Tonbko TOsIBIIEHNE B CepejInHE MPOIIJION0 BeKa KOMITBIOTEPOB U II0-
CJIEJIyIONee Pa3BUTHE UNCIEHHBIX METOIO0B MTO3BOJIIIO TPUOINKEHHO
pelarh Te HeJIMHelHble (HAaYalbHO-)KpaeBble 3a/1a49i, KOTOPbIe paHee
HE yJaBaJIOCh PeliaTh TOYHBIMUA METOIAMU.

B nmacrosimee Bpemst HabJII01aeTCsI yCTONYMBAs TEHIECHIIAS 10~
cTpoeHnsi BCE 6ojiee CI0KHBIX MATEeMAaTUIeCKUX Mojeseit st 6osee
TOYHOT'O MOJICIMPOBAHNA (PUIUKO-XUMUIECKUX ITPOIECCOB C IEIbIO
cO37aHUsT TN(MPOBBIX TBOMHUKOB — BUPTYAJbHBIX KON TEXHTIECKUX
YCTPOMUCTB WJIM IIPUPOJIHBIX SBJICHUA.

Mo»XHO BBIIEJIUTH JBa TOJIX0JIa K IOCTPOEHUIO MaTeMaThde-
CKIX MOJIeJIENn:

1) muddepennmanpupiii: «13 91010 CIlELyeT, YTO B peATH3yeMoil 11e-
IMOYKe «KOHEUYHBIN 00beM — muddepeHimaibuble ypaBHEHUS — JIAC-
KPETHBI BBIYUCIUTEJIbHBIA aJITOPUTM» €€ IEHTPAJbHBIA 3JI€MEHT —
muddepeHnnalbHble YPaBHEHNS CIYXKUT 3BEHOM IIPHU Iepexojie OT
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OJIHOI'O JINCKPETHOrO ONUCAHUsI K Jpyromy» [1].

2) anrebpamdeckuit: «/IpyrumMu cJIOBaMu, Mbl MOYKEM ITIOJIyUUThH AJl-
redbpandeckyio (popMySIHPOBKY, n3berast J000r0 IPOU3BOJILHOIO IPO-
recca jiuckperndanuu JuddepeHnaibHbX ypaBHeHuii. Jra Gopmy-
JINPOBKA MMeeT OOJIBIIOe TPEUMYIIIECTBO B COXPAHEHUN TECHON CBSI3U
MEXK/Iy MATEMaTUIEeCKUM OINUCAHUEM U OIMUCHIBAEMBIM (PU3UIECKUM
siBIIeHHeM»> [2].

K ocuoBabIM HesrocTaTKaM JinddepeHInaaIbHOro MoaX0/1a Clie-
JIyET OTHECTH CJIEJIYIOIIe O0CTOSITE/ILCTBA:

a) HeU3UIHOCTH ONMUCAHUST MaKporporieccoB. Vcmonap3oBanue mpo-
MU3BOJIHBIX JIJIS MATEMATHIECKOTO OIMUCAHUST MAKPOIIPOIECCOB MOIPa-
3yMEBAET, UTO MaKpOIapaMeTphl OllPeJIeIeHbl B KaXK 10 ToOUKe 0bJra-
ctr, a PYHKIIUN OT HAX JIOJ?KHBI OBITH JOCTATOYHO Iiaakumu. OHa-
KO, COIVIACHO KJIACCUIECKUM (PUBUIECKUM TEOPUSIM MAKPOIapaMeTphbl
SIBJIAIOTCS MEPOil CPEJHUX 3HAYEHUI COOTBETCTBYIOIIMX MUKPOIIApa-
METPOB B HEKOTOPOM KOHTPOJIBLHOM 00'bEME, JIOCTATOTHO OOJIBIITIOM 110
CPABHEHUIO CO CpeJHell JIJTMHON CBOGOIHOrO pobera MOJIeKyJIbl (Ha-
[IpUMep, B MOJIEKYJISIDHO-KUHETUYECKON TEOpUU TEMIIEPaTypy Tra3a
OIIPEJIEJIAIOT KaK CpejlHee 3HaYeHNe KUHETHIEeCKON SHEPIUU Xa0THude-
CKOTI'O JIBU2KEHUSI MOJIEKYJI B 00bEME, COJIEPIKAIIEr0 JTOCTATOTHOE JIJIst
OCpeJIHeHUsI KOm4aecTBO YacTull). [losromy nuddepennuanbHbIil 1o-
XOJI SIBJISIETCSI BEChbMa MPUOJIMKEHHBIM, XOTsI B OTIEIbHBIX CJIYUAIX
Pe3yJIbTATHI MOJIEJINPOBAHUS C JIOCTATOYHON TOYHOCTHIO COBIIAJIAIOT
C 9KCIIEPUMEHTAJIbHBIMU JIAHHBIMHU.

6) TPYIHOCTb TEOPETHYECKOTO aHasm3a Mojeseil. Hemuneiinsre mud-
depeHIuAIbHBIE MOJEJIN IPE3BBIMAiHO CJIOXKHBI JIJIsT TEOPETHIECKOTO
aHaJIM3a: HAI[PUMED, JTOKA3aTeIbCTBO CYIIECTBOBAHUS TVIAJIKIX PeIe-
uuii ypaBHeruit HaBbe — Crokca siBjisieTcsi OIHO#M U3 mpoOJIeM ThICS-
gesierusi (Millennium Prize problem).

B) TPOMO3JIKOCTb MO/Ie/INpOBanust. B HacTOsIIIee BpeMst IIEnoIKa KO-
HeuHblit 00beM — muddepeHIuaIbuble ypaBHEHUs] — JTUCKPETHDIHN
BBIUHUC/IATE/IBHBI AJITOPUTM» TPEJICTABIISETCST M30BITOIHO CJIOXKHOMN
JIJIST IEPCIIEKTUBHBIX KOMILJIEKCOB IIPOI'PaMM, ITOCKOJIBKY nuddepeH-
uajbHble YPaBHEHUsI B Heil HY>KHBI TOJIBKO JIJIsi TOrO, 9TOOBI OBLIO
YTO AlIPOKCUMUPOBATD.

CoBpeMeHHOEe MATEMATHIECKOE MOJIEJTMPOBAHUE I10/Ipa3yMeBa-
eT MIUPOKOE UCIIOJIb30BAHNE MMAKETOB MPUKJIAIHBIX ITPOIPAMM, YIIPO-
MAOIINX KaK ITOCTPOEHNE MOJIEJIN, TAK U BBIYUC/IATEHHOIO aJrOPUT-
ma. OCHOBHO# TPYJIHOCTBIO Pa3BUTHA IIPOIPAMMHOIO ObecIiedeHust
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JJIsT MOJIEJIUPOBAHUS IIHPOKOTO KJiacca (BU3UKO-XUMUIECKUX MaK-
POIIPOIIECCOB SIBJISIETCS JTOCTUYKEHUE KOMIIPOMUCCA, MEXKJY B3aUMO-
UCKJIIOYAIONIMME TPeOOBaHUS ITPOCTOTHI MOJIEJN U AJTOPUTMA, TOY-
HOCTHU OIHUCAHUSI U BbIYUCUTENbHON 3ddexkTuBHoCcTH. [lenbio nan-
HOI pabOTHI SBJISIETCS PA3BUTUE BBIUUCIUTEILHON MAKPOMEXAHUKHU —
aredpamvyeckKoro IMoaxo/ia K IIOCTPOCHUI0 MaKpOMOjeiei (pusnko-
XUMHUYIECKUX ITPOIECCOB.

BorauciinresnbHas MAaKpOMEXaHUKA SIBJISAETCS YaCTbIO MEXaHU-
KU, COJIepKAINell SBHbIE OMPAHUYEHUs 110 MUHUMAJIBLHBIM IIPOCTPAH-
CTBEHHBIM U BPEMEHHBIM MaciiTabaM I UCKJIIOYEHUS PaCcCMOT-
peHHsi MEXKMOJIEKYJISIPHBIX B3auMogeiicTeuil [3, 4]. YersipéxmepHoe
IIPOCTPAHCTBO PAa3IEJIsiOT HA KOHEYHbIE MAKPOOOHEMBI, BCE MAKPOTIa-
paMeTphl SBJISIOTCH MOCTOSHHBIM Ha OTKPBLITBIX 00bEMaxX U Pas3pbiB-
oM Ha rpaHsx. CjejcTBueM KOPPEKTHOI'O OIIPEJIeJIEHUsS MaKpO-
[1apaMeTpoB SABJISETCH JIOKAJbHOE TEPMOJIMHAMUYECKOE DPaBHOBECHE
B KaXKJIOM O0BbEMe. 3aKOHBI COXPAHEHUs] COBMECTHO C (PeHOMEHOJIO-
TUYECKUMU 3aKOHAMU TIO3BOJIAIOT OCTPOUTHh MaTEMATHICCKUE MO/Ie-
Jin PUBNKO-XUMUYECKUX MaKPOIIPOIECCOB BHYTPH KaXKJI0I0 00bEMA.
DaKTUYECKN, MOJIEJIHIO B BHIYUCUTEIBHON MAKPOMEXAHUKE SIBJISIET-
sl CHCTeMa HEeJIMHEIHBIX ajaredbpanvdecKux ypaBHEHHI (T.e. pasHOCT-
Hasl CXeMa B TPAIUIUOHHON TEPMUHOJIOTUH). JIydImuM aJropurMom
Jutsi (HapaJIeIbHOIO) PEIeHNs! JIAHHON CUCTeMBI sIBJIsieTCsi Y HUBEp-
caysibHast Muorocerounasi TeXHOIOTUs, OCHOBAHHAS HA arjOMepaliuu
KOHEYHBIX 00bEMOB [5].

Samena quddepeHIuaibHON 38/[a4M1 Ha Talle [IOCTPOEHUST MO-
JeU Ha aJredpamdecKyio CyIIeCTBEHHO VIIPOIIAET TEOPETUICCKUi
aHaJIN3 OCHOBOIIOJIATAIONINX YPABHEHUI W BBITUCIUTEJILHOTO AJIIO-
purMa. B npoTuBomnoiozkHOCTE nuddepeHInabHOMY TOIX0LY, TOY-
Has 3ajlaqa sIBJIETCS JUCKPETHOH, a MpuOImKkEeHHas — quddepen-
IUAJIbHOM.

[TpuBeén puMep MOICTUPOBAHUS MEJJIEHHOTO BA3KOT'O TEUe-
HUsi Ha OCcHOBe ypaBHeHuit CTOKCa B KaBepHE C JIBUXKYIIENHCST KPBIII-
KO JIJIsT MILTIOCTPAITNN U30BITOYHOMN TUIAIKOCTH pelnteHuit quddepen-
IUAJIbHBIX MOOEJIEM.

Pabora nomuepxkana Poccuiickum dongom dyH1aMeHTATBHBIX HCCIIEI0-
BaHui, mpoekT Ne 23-19-00734.
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O06 omHOM pe3ysbTaTe KOJIJIEKTUBHOIM
JAUHAMWUKY CHUCTEMbI BPAIIAIOMINXCA YACTHI]

C. . Maptsinos, JI. FO. Tkag

Cypaym, Cypeymcruti 20cydapcmeertvitl YHUGEPCUEM,
e-mail: martynovsi@mail.ru, leonilla7777@Qmail.ru

I/I3yquI/Ie JMHAMUKN HepaBHOBeCHOfI CUCTEMBI aKTUBHBIX 4Ya-
CTHUII, KaK pe3yJ/IbTaT KOJIJIECKTUBHOI'O JABHUXKEHUA €€ COCTaBJIAIONINX,
AKTUBUPYEMbIX BHEIIHEM IOJIeM, MPEJCTABISACT NPAKTHYCCKUIT MH-
Tepec s YIPaB/ISEMOro TeIIo-MacColepeHoca Ha MUKPO- U HaHO-
yposre. Crofia MOXKHO OTHECTH TaKue pas3Hble, Ha INEepBbIi B3I/,
IIPOBO/IUMbBIE IIPpUKJIaJIHbIC MCCJ/ICJOBaHUA, KaK IIPDUMEHEHNEe MalHUT-
HBIX HAHOYACTUIL JJIsi yBesndeHns: Hedreoraun miacra [1| u Tepa-
HEeBTUYECKasl JIOCTABKA B KJIETKY IIPH MOMOIIM CHEIHATBHO CKOHCTPY-
MPOBAHHBIX MUKPOMOTOPOB [2]. TIpu 3TOM B pe3ysibTare KOJIIEKTHB-
HOTO B3aUMOJICHCTBUS 9ACTUI JUHAMUKA TAKUX CHCTEM HPUBOIAT K
(dOPMUPOBAHUIO HEPABHOBECHBIX CTPYKTYP, BIAULAIONINX HA MPOIECCHI
TerIo-Macconeperoca B cucreme. B pabore [3] npejyioxken rugposu-
HaMUYeCKUil MexaHu3M (pOPMUPOBAHUS HEPABHOBECHOW CTPYKTYPHI
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JUIIOJIBHBIX YaCTUIl U3 PAaBHOBECHOI'O COCTOAHHA B OJHOPOIHOM IIe-
PEMEHHOM MarHUTHOM IIOJIE. B JaCTHOCTU ITIOKa3aHO, YTO paBHOBEC-
HBbIE CTPYKTYPbI B BIJIE TJIOCKOTO IIPABUJILHOIO MHOTOYTOJILHUKA ITPU
BpAICHUN YaCTUIl, BXOJAAIIUX B 3Ty CTPYKTYPY, HAUMHACT BpaIlaTh-
csI ¢ HEKOTOPO# YIJIOBOI CKOPOCTBIO, CcOXpaHsisa cBoi dopmy. Bpa-
ATe/ILHOE JIBUXKEHUE YaCTUIl COXPaHsaeT (POPMY CTPYKTYPhI JTazKe
IIpY HAJIMYUU CUJIBI, JefcTByIomell na dactuipbl. Kak ObL1o mokasa-
HO B pabore [4], obsako u3 wacTur moj JefcTBUEM IIPUJIOKEHHOM
CHJIBI TIEPEMEIUBACTCA TaK, Y9TO YaCTUIBI Ha Kpalo 0OJIaKa JBHUra-
I0TCA MeJJICHHee, 9eM YaCTHUIbl B cepeuHe o0JIaKa. JTO IMPUBOIMT,
HallpuMep, K HEepUuoJNIEeCKOMY NU3MCHEHUIO ITOJIOZKEHUA YaCTHUIL, I1epP-
BOHaYaJIbHO PACIIOJIO2KEHHBIX B BHUJIC IPaBUJIBHOI'O IIJIOCKOT'O Y€TbI-
pexyroybHuKa. Hajmame BpalleHus 9acTHIL IPUBOIUT K TOMY, HUTO
HepBOHAYAIbHAA CTPYKTypa B BHJE IPABUJILHOIO MHOIOYTOJbLHUKA,
BpalaeTcs Kak [Iesioe I OJHOBPEMEHHO MOCTYIIATEILHO ITePeMeIaeT-
csl, COXpaHslsl CBOIO ePBOHAYAILHYIO POPMY.

B nacrosimeit pabore npuBeIeHbl PE3YJIHTATHI MOJICIUPOBAHUS
KOJUICKTUBHOI IMHAMUKHA HECKOJLKUX CHCTEM Bpamiaromuxcs cde-
pudecknx dactull,. IlepBas cumcreMa COCTONT U3 YETHIPEX YaCTHUIL pa-
JIIyCa @, PACHOJOKEHHBIX B YIVIaX IIPABHJILHOIO ILIOCKOTO YeThIPeX-
YIOJIbHUKA cO cTopoHamu 4a. Eie geThIpe CHUCTEMBI TIPEICTABIISIIOT
co00i1 TTPOCTPAHCTBEHHYIO PEIIETKY U3 JIBYX, TPEX, YeThIPEX U ISITH
YeThIPEXYTOJbHUKOB, COOTBETCTBYIOIINX IIEPBOM CTPYKTYPE U IIePUO-
JIMYECKH PACIIOJIOKEHHBIX BJIOJIb OHON ocn ¢ marom 4a. Camraercs,
YTO YACTHILI HOMEIEHbI B HECKUMAEMYIO KUJIKOCTb BSI3KOCTH 1) U
O6ﬂaﬂa}OT MAarouTHbIM MOMEHTOM IN. HpHJIO)KeHHoe BHelIHee OJHO-
POJHOE IIepeMeHHOe MAarHUTHOE 110JIe C BEeKTOPOM HAIPAYKeHHOCTH

H = {0; —H cos(Qt); H sin(2t) }

€O3/1aeT OJWHAKOBBI MOMEHT CHJIBI, BPAIAIONINI TaCTUIIHI B OTHOM
HaIlpaBJieHnH. /[BU>KeHMe YacTHUIl TPUBOJIUT K BOZHUKHOBEHUIO Tede-
HUS BA3SKOH KUJIKOCTH W (POPMUPOBAHUIO TUIPOIMHAMUIIECKUX CHJI
U MOMEHTOB, JefCTBYIOIINX Ha JACTHUIILI. Y PABHEHUs JTBUXKEHUS Ta-
CTUII YIYUTBIBAIOTCSI BHYTPEHHUE CUJIbI, BHEIITHUE CUJIbI U CUJIBI TUJIPO-
JANHAMUYECKOTO B3aMMOJIEMCTBUS, a TaKyKe MOMEHTBI CWJI, JelCTBY-
omux Ha JacTuipl. CucreMa ypaBHEHNH IUHAMUKH JaCTHI] 3aIACHI-
BaeTCsl B BUJE:

(@), plo gt _ (i) | ple)  p®) _
F+FY 4 F =0, TV + 1 + T =0.
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(h) )

3necy F;7 — cuibl, ngh — MOMEHTBI CHJI CO CTOPOHBI >KHJIKOCTH,
F,(:), T,(:) — CHUJIBI I MOMEHTBI CHJI CO CTOPOHBI BHEIITHEr'O TI0JI¢, F,(CZ),
T,(;) — CWJIBI I MOMEHTBI JIUTIOb-TUTIOJILHOTO B3anMOIeCTBYA, Ieii-
CTBYIOIE€ HA YACTHUILy C HOMEPOM k CO CTOPOHBI JPYTUX YaCTHIIL.
[TockoabKy paccMaTpuBaeTCs Cayvail MaJIbIX dnces PeitHoIbICA TSt
IIOCTYTIATEILHOTO ¥ BPAIATEILHOTO JIBMKEHUsT JaCTHUIl B KUJIKOCTH,
TO CHUJIbI MHEPIINU B yPaABHEHUSIX JIBUMKEHUs] YACTUI] HE YIUTHIBAIOT-
ca. st mepeMeHHOro moJisg 6epeTcss HHTePBajl YacTOT MPU KOTOPBIX
CUJIBI WHEPIIUM MOYKHO HE YUYUTBHIBATH. Y YeT BHYTPEHHHUX CUJI B3aM-
MOJIECTBUsI IIPOBOJIUTCSI HA OCHOBE IMApPHBIX B3ammojeiicTeuit. st

HaXOXK/IEHUS TH/IPOJTMHAMUYECKAX CHJI Fgﬂh) U MOMEHTOB Tgﬂh), nefi-
CTBYIOIIUX Ha YacCTHUIbI, PelllaeTcsl cucTeMa YPaBHEHUIT I'MIPOJVHA-
vukn. B ciyuae masbix dnces Peftnosibjica cucreMa ypaBHEHUH Jist
CKOPOCTHU U U JIABJIEHUS P KUJKOCTU UMeeT BUJ;

Vu=0, —Vp+nAu=0.

Ha nosepxHOCTH 9acTHUIBI C HOMEPOM K JIOJI?KHBI BBITIOJTHATHCS
YCJIOBUA:

k k .k k k

Brecs VF — BekTop abCOMIOTHON JMHEHHON CKOPOCTH, Qf] — TeH-

30p yriIoBoi ckopocTn, XF — BEKTOD IOIOKEHNS] TOUKH YKHJKOCTH
OTHOCHTE/ILHO TIEHTPA YACTHILI ¢ HOMEPOM k 1 pajumycoMm aF.
Jlaexo OoT JacTHIl JOJZKHBI BBITTOTHATHCS YCIOBUSI:

u; =0, p—po, ecmu|X |—= oo.

3/ech pg — HEBO3MYIIECHHOE JIABJICHUE B KUJIKOCTU. Bostee nerasnb-
HO IIOCTAHOBKA 33/1a91 U IIPUHSATHIE JIOIYIIEHUS C UX 0OOCHOBaHUEM
IPUBEJIEHB! B [3].

Bce pacuers n Busyasmsanys JUHAMUKHA CUCTEM [TPOBOJIMJINCE
C UCIIOJIb30BAHUEM IPOIPAMMHOIO KOMILIekca «Turtles, mpegnazna-
YEHHOI'O /[IJIsT MO/JIEJIMPOBAHUS TeYEHUs BA3KOM KMJIKOCTH C 0O0JIb-
HIAM 9HCJIOM B3aUMOJIEHCTBYOMUX YacTull (CBUIETEIHCTBO O PEeru-
crpaiuu Ne 2016610634 or 15.01.2016). PesysbraTsl Mo/empoBaHust
npeJictaBjienbl B Tabsuie. Eciin 0603HaYUTh yIVIOBYIO CKOPOCTD TIEP-
BOI CTPYKTYPbI U3 YETBIPEX BPAIIAIONIUXCH YaCTHUIl W, TO, KAK BHUJI-
HO M3 PE3yJIbTaTOB MOJIEJMPOBAHNU, yIVIOBAas CKOPOCTH BpAIIEHUs

256



CTPYKTYD YBEJIHMUYHUBAETCsI C POCTOM HYHCJIa CEKIUil ITPOCTPaHCTBEH-
HO#t pererku. OJHAKO KaxKJI0e IMOCJIEYIONee YBeJMIeHne YIIOoBOM
CKOPOCTH BpAaIlleHUA HOBOI CTPYKTYPbI MEHBIIE, 9YeM y TPEeAbLIYINEeH.
[Tpu sToM opma KarxkI0#l CTPYKTYpPbI IIPA BPAIEHUN HE MEHSIETCH.
Taxoit pe3y/bTaT KOJJIEKTUBHOTO TIOBEICHUS IIPOCTPAHCTBEHHOMN CH-
CTEMbI BPAIIAIOIIUXCS TaCTUIl 00YCJIOBJICH TUJIPOTUHAMUICCKUM B3a-
UMOJICHCTBIEM BCEX YaCTHUIL MEXKTY COOOii.

Crpykrypa 1 | Crpykrypa 2 | Crpykrypa 3 | Crpykrypa 4 | Crpykrypa 5
w 1.397w 1.514w 1.56w 1.581w

Pabora Boinosinena B paMkax npoekTa «MojiesmupoBanue T IpoInHAMUIe-
CKUX IPOIECCOB C HAHOYACTHUIIAMU JIJIsl PEIIeHHs 33/1a9K IOBbIIIeHns] HedTeoT-
Ja4u mJacTay, GPUHAHCUPYEMBIM JelapTaMeHToOM obpasoBanus n Hayku XMAO-
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MaTtemaTndecKoe MoAeJInpOBaHIE

B3aMMOCBSA3aHHOI Kpocc-auddy3nn cojmm n
BJIaru B IIOYBEHHON cpejie

C. IO. MymuHOB
Xuea, Ynusepcumem Mamyna
e-mail: sokhibjan.muminov@mamunedu.uz

Murparust BJIaru U PacTBOPEHHBIX COJIEll B MOYBEHHON cpe-
Jie TIPEJCTABJISIET CODOM CJIOKHBII TPOCTPAHCTBEHHO-BPEMEHHOH TPO-
IECC, BKJIIOYAIONTUI HEJTMHEHHYIO B3aNMO3aBUCUMOCTDh KOMIIOHEHTOB,
b Py3uio, COPOIUMOHHBIE U IPaaueHTHBIE 3P dEKTH. AKTYaIbHOCTD
MOJIEJINPOBAHUS TAKUX IPOIECCOB CBs3aHa ¢ HEOOXOUMOCTBIO IIPO-
THO3MPOBAHMS 3aCOJIEHUs], aHAJIN3a BOJIHO-COJIEBOI'O PEXKMMa U OIl-
TUMU3allUU MEJIMOPATUBHBIX pe]lIeHI/Iﬁ B peaJIbHBIX aIr'pO3KOJIoru4e-
CKUX ycyioBusix. B Hacrosiieir pabore mpeiozKeHa JIBYyXKOMIIOHEHT-
Has Kpocc-anuddy3noHHasT MOAEIb C YIETOM HenHelHoi muddy3un
U PEaKIMOHHBIX IM0TEPh. PaccMarpuBaeMast cucremMa ypaBHEHU HMe-
eT BU/I;

—2

86;11' = V(D1u72m_1‘Vu]1€‘p Vur) — viug [V [P,
—2

88112' = V(DzuTrl‘Vug‘p Vua) — vauy? | Vuo |2,

rie ui(x,t) u ug(z,t) — KoHIeHTpanuu Bjaaru u coau, D; > 0 — Ko-
s dunmentor auddysnn, mapaMerp XapaKTepu3yeT CTEINeHb HeJIN-
netitnoctu nuddysuonnoro omneparopa tuna p-Jlammaca. BesumauHb
m;, P, k, Bi,pi — OTPaXKatoT 4yBCTBUTEJILHOCTH IIOTOKOB U PEAKIIH-
OHHBIX IOTEPh K KOHIIEHTPAIUSIM U I'pajIieHTaM KOMIIOHeHTOB. llep-
Bas YaCTb KaKJIOH CTPOKHU OIHMCHIBAET KPOCC-AudDy3noHHBII 3¢h-
dekT, B TO BpeMsi KaK BTOpas 4aCTh YUUTHIBAET PEAKIIMOHHbBIE TIOTE-
pH, 3aBUCSIIME OT TPAUEHTOB U KOHIIEHTPAIHI.

Onpenenenune. llon B3anMocBsizaHHO# Kpocc-jnddysueii moHnMa-
€TCdA CUCTeMa HEeJMHENHDBIX yPaBHEHUHI, B KOTOPOH IIOTOK OJHOI'O KOM-
[IOHEHTA, 3aBUCUT KaK OT COOCTBEHHOIO I'DAJIUEHTA, TAK U OT KOHIIEH-
Tpalluy JPYyTroro KOMIIOHEHTA, BKJIIOYad I'DaIUEHTHO-3aBUCHMBIE Pe-
aKIIMOHHBIE YJIEHBI.
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Teopema (0 CyllecTBOBAaHUM W €JMHCTBEHHOCTH). [Iycms 3adarwvl
2000KUE HAYANDHDLE U 2DAHUNHDLE YCAOBUS 6 02PAHUMEeHHOT 00AaCTU
Q C R". Ilpu ycaosuax m; > 0, p > 1, B; =2 0, p; = 0, dannan
cucmema donyckaem, no Kpatineti mepe, 00HO cAABOE PEULEHUE 6 TPO-
empancmee L*(0,T; WHP(Q)), eduncmeennoe 6 xaacce 0606wénmis
pewenuts u YoosAeMBOPAIOULLE ANPUOPHDBIM IHEPLEMUMECKUM OUEH-
KaMm.

B nanbueiiniem rranupyercs pa3paboTKa yCTONIUBON YHCICH-
HOI cXeMBbl Ha OCHOBE BapHUAIMOHHOI'O II0JIXOJIA, ITPOBEIECHNE BBIUUC-
JINTEJIbHBIX 9KCIIEPUMEHTOB € HCIIOIb30BAHUEM PEAJIHLHBIX TOUBEHHBIX
apaMeTpoB, a TaKKe KaJubpOBKa MOJIEJIN Ha OCHOBE JJAHHBIX MOHH-
topunra. Ocoboe BHUMAHUE OYICT YIeI€HO TPUMEHEHUIO MOJICJIN JTJIst
IIPOT'HO3a BTOPHUYHOI'O 3aCOJIEHUS U HAYYHOIO OOOCHOBAHUSI MEJIHOPa-
TUBHBIX MEPOIPUATHUIA.

[IpetoxkerHast MOJIEb MOXKET HCIIOJIB30BATHCA JIJIs AHAJM3A
U [POTHO3a JINHAMUKH BJIAI0-COJIEBOTO DajiaHCa B MOYBEHHBIX IOPH-
30HTAX, OICHKU ITIOCJIEJICTBUN UPPUTAIIUU U JAPEHAXKA, a TaKXKe I
MIOJICP2KKHU PEIEHU B arpOdKOJIOTMIECKUX U THIPOJIOTUIECKUX CU-
creMax ynpasjennsi. OHa MOXKeT ObITH aJAllTUPOBAHA M0/l KOHKPET-
HbIE TIOYBEHHO-KJINMATAYECKHUE YCJIOBUS U MHTEIPUPOBAHA B CUCTEMbI
MOHUTOPHUHIA 3€MEJIbHBIX PECYPCOB.
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Bio4unbIii KOHBeliepHBIid aJITOPUTM METOa
COIIPA2KEHHBIX I'PAIMEHTOB
C MePEKPhIBAIINMUCI KOMMYHUKAIUAMA

H. C. Hegoxxoruu
Hocesck, YoI'V

e-mail: Nedozhogin@inbox.ru

B zaatax MaTeMaTHIeckoro MoIeTMPOBAHUST TIIMPOKO MCTIO -
3YIOTCsT BBIYUCJIEHUsT OOIEro Ha3HAYEHUS Ha TPapUIECKUX MPOIECc-
copax (GPGPU) mas cokpamienust Bpemenu Berauciaenuii. OqaumM u3
HEJIOCTATKOB MCIOJIb30Banus rpaduueckux yckopureneir (GPU) B
BBIUUCJIEHUSIX SBJISIETCsI TIPOCTOli 1eHTpasibHoro mporeccopa (CPU).
JL1s1 TIOBBITIIEHNST TPOU3BOUTEIBHOCTH TPUMEHSIIOTCSI T€TepPOreHHbIE
AJITOPUTMBI, UCTIOIB3YIONIHE PECYPCHI MHOTOSIIEPHBIX TIPOTIECCOPOB 1
rpadudecKux yckopuTeseil, HaupuMep B 3aJad9ax SHeProddQeKTrB-
nocr [1].

Kak wsBecTHO, pellleHre cucTeM JIMHEHHBIX ajredpamiecKux
ypaBHenuii mioxo macrrrabupyercs #Ha multi-CPU /multi-GPU cucre-
MBIl [l mocTmykennst MakCUMAaIbHON 3 (MEKTUBHOCTH MTPOTrPAMM-
HOW pean3anun HeoOX0IUMO:

1. OnruMusnpoBaTh 3arpy3Ky BBIYHCIUTEILHBIX PECYPCOB: yUU-
ThiBaTh pacupereienue 3aiuad Mexjy CPU u GPU u obec-
IriedmuBaThb 6aﬂaHCI/IpOBKy Harpy3Ku Me>KJ1y BbIYHNCJ/INTE/JIbHBIMU
yCTpOIU/ICTBaMI/I (HO,ZL BbIUYNCJ/IUTEJIbHBIM yCTpOﬁCTBONI IIOHMa-
ercst ubo GPU, ymbo rpymmna napasuienbibix morokos CPU,
06pabaTHIBAIOINIIX BBIJCICHHBIN OGJIOK 3a/atn).
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2. CokparuTb 00bEM TEepe/IaBAEMBIX JAHHBIX: HEOOXOIUMO MUHU-
MHU3UPOBATH HE TOJBKO 00INee KOJUIECTBO JAHHBIX, HO U UUC-
JIO TIepe/iad MEeK/Iy BBIUYUCIUTE/HLHBIME YCTPOUCTBAME, YTOOBI
YMEHBIIUTH HaKJ/Ia/Hble PacXo/bl, CBA3aHHbIE C MEKIIPOIEeCC-
HBIM B3aMMOJIEHiCTBUEM U 3aJepPKKaMU Iepegadi.

3. Ob6ecrieunTth 3¢pdeKTUBHOE yIIPABIEHIE TAMSATHIO: CHUXKATH Ya-
CTOTY ObOpaleHuil K TI06aTHHON TaMSITH U MAKCUMAaJHHO HC-
IIOJIb30BaTh KI3MINPOBaHUE JaHHBIX JJId YMEHBIICHNY BPEMEHUN
JIOCTYTIA.

[Tpennaraembrit mapaJuie/IbHBINR aJrOPUTM TOCTPOEH Ha, OCHO-
Be KOHBEHEpHOro aJropuTMa METOJ/A CONPSIZKEHHBIX TPaJIMEHTOB [2],
KOTOPBII MaTeMaTUYeCKH SKBUBAJIEHTEH OPUTUHAJIHLHOMY METOJLY CO-
MPSIKEHHBIX TPAJUEHTOB, HO IO3BOJISIET COKPATUTH KOJIUIECTBO TO-
YeK CHHXPOHU3AIUU JI0 OjHOM. Jlyist MuHIMU3aImu ObIIEero KoJmdae-
CTBa JAHHBIX [IpU OOMEHE MEXKJIy BBIYUCIUTEbHBIMUA YCTPONCTBAME
UCIOJIb30BAJIOCH pa3buenne Marpuilbl Ha 6s1oku [3|. Mexonmas mar-
puna A genurcs Ha d 6JI0KOB, e d — KOJHUYECTBO IOCTYIIHBIX BbI-
YUCJIATEIbHBIX yeTpoiicTs. Kaxk bl 610k A, k =1, ..., d, ncxomHoii
MaTPUIBI COAEPIKAT B cebe CIIeIyIOIue MO MATPHUIIBL: Agk’zk], Agjk’bk],
Aggbk ’““}, Agfk’bl}. DTO npeJICTaBIeHIEe MATPUIIBI TIO3BOJISIET MATPUIHO-
BEKTOPHOE IIPOU3BEJICHIE PA3JIEJUTh HA JIBE COCTABJIAIOININE:

1<d
i ) i AN) byt i bi,b,
ni;:A;[jklk}mZ;‘i‘Agk k]n27 nz:ALka]mi;'i'ZALk l]m?’
=1

e A C HU2KHUMU U BEPXHUMU UHJICKCAMN — 6.)'IOKI/I MaTpHUIlbl, a N 1
M — BEKTOpA.
[Ipu sTOM, YACTH BBIYHCIIEHUN, KOTOPbIE COOTBETCTBYIOT TOJI-
g ig,b bi,i br,b
MaTpHIaM AL’“ k], A,E:’“’ ’“}, AL’“ k}, AL’“ k| MOHO BBITONHETS He3a-
BUCUMO B Ka)K,ZLOfI HO,ZLO6.)'I&CTI/I7 a BbIYUCJICHUA Ha I'PaHUYIHBIX IIO/I-
bg,b,
MaTpuIax AL]“ l], k # | ma CPU, ucnonssyss OpenMP.
['ubkocThb ympaBjieHusl BBIYUCIUTEIHLHBIMA PECYPCAMU JTOCTH-
raercd 3a CYET COBMECTHOI'O WHCIOJIb30oBaHust TexHoJsioruii MPI,
OpenMP u CUDA na pasHbIX ypOBHSIX BBIYUCIUTEIHHOTO TTPOIIECCa.

e texnosioruss MPI wmcronbsyerca st oOMeHa MeKIy y3amMu
KJIacTePa,
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o rexuojoruss OpenMP — B BblumcIeHUSIX Ha sSIApPax EeHTPaIbHO-
IO IIPOIECCOpa B PAMKAX OJIHOT'O BBIYUCUTEIHLHOIO Y314,

e CUDA — myis BeraucjieHuii Ha rpadpuiaecKux YCKOPUTEISIX.

PaccvorpuM  opraHMsariuio HapaJijiesIbHbIX BBIYUCJIEHUN, Ha
IpuMepe KJacTepa, B COCTaBe KOTOPOI'O0 MMEETCs [J[Ba BBIYUCIUTE b~
ueix y3na (8 smep CPU u 2 GPU ma xaxmom yaze). Kaxmgomy
BBIUHUC/INTEIBHOMY V3JIy CTABUTCSI B COOTBETCTBUE ITapaslIeIbHbIN
nporecc MPI. B mapaJiienpHOM IIporiecce MOPOXKIAETCA 8 ITOTOKOB
OpenMP. Ileperie noroku OpenMP, 1o umcity gocTymHbix rpadude-
CKUX yCKOPUTEJIEH, CBA3BIBAIOTCS C OJIHUM U3 JOCTYIHBIX YCTPOUCTB
n orBevaioT 3a acuaxponubie Bb30oBbI gaep CUDA (kernel), mepe-
cbuikn ganubix Mexky GPU-CPU (Bbi3oBbl (byHKIMI aCHHXPOHHOTO
KOIIUPOBAHMUSI) U BBIUUCJIEHUST BMECTE C OCTABIIMMUCS [TOTOKAMU KAK
OT/IeJIHOE BBIUUCIUTE/IBHOE YCTPONCTBO It CBOETO OJIOKA MATPHUIIBL.

[opsijiok jieficTBUil B MATPUIHO-BEKTOPHOM ITPOU3BEICHUN, B
3aBUCUMOCTH OT HOMEPa HUTH, BBIIVISIUT CJIEIyIONM obpa3om. st
nepBbIxX HUTEH, cBsg3aHubix ¢ GPU:

e BhI30B aCHHXPOHHOI'O KONMPOBAHUS YACTH BEKTOPA, OTBEUAIO-
mero 3a rparudabie y3jbl, Ha CPU.

e BLI30B sipa MaTpUYHO-BEKTOPHOTO MPOU3BEICHUS, OINTUMU3U-
POBAHHOTO TIOJl APXUTEKTYPY I'PAMUICCKOrO YCKOPUTES, st

MATPHIL A%k’ik] u A%k’bk].

e BLI30B sjipa MaTPHYHO-BEKTOPHOI'O IPOU3BEJICHUS, OIITIMUI3H-
POBAHHOTO IO/l APXUTEKTYPY I'padIIecKoro yCKOPUTes, JJIa
by i br,b
MAaTPHIL AL’“ Ky AL’“ Kl
Jns Bcex mapasiIeIbHBIX HHATeI:

e Borumciienne MaTpuYHO-BEKTOPHOIO TPOU3BEIECHHsI, PACIIapaJl-
Y -
siesieroe ¢ nomonibio OpenMP, s maTpuy AIEWM u AZ’“’ ],
e Borumciienne MaTpuYHO-BEKTOPHOIO MPOU3BEIECHHs], PACIIapaJl-
b3 bk,b
siesieroe ¢ nomonibio OpenMP, st maTpuiy AL’“’Z’“} u AL’“’ ],
S b, b
e Brruncsienne nponsseieHuii Y AL my.
1=1
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Taxoil moaxom MOYXKET COKPATUTDH BPEMsI PEIIEHUE CUCTEMBbI JIU-
HEWHBIX aJreOpanvyecKux ypaBHEHU 3a CUET MUHUMU3AINNA KOJIUIe-
CTBa INePEChIACMBIX JIAHHBIX U NEPECHIIOK MEXK/Y BBIYUCINTEIbHbI-
MU y3namu. 1Ipn 3ToM, KOHBellepHBIi TOIXO, TO3BOJISIET COBMECTUTH
KOMMYHUKAITUN U BBIYUC/EHUS. DJIOYHBIN KOHBEHEPHBIH aJIropuT™M
METO/1a, CONPSKEHHBIX TPAJIMEHTOB MOYXKET OBbITh ITOJIE3CH JIJIsd IIPUMe-
HEHM Ha I'eTEPOreHHBbIX CUCTEMax WJIM CUCTEeMaXx C MEJIJICHHON CeThIO
MEKJIy BBIYUCIATECIbHBIMI Y3JIaMHU.

1. Mittal S., Vetter J.S. A survey of cpu-gpu heterogeneous computing
techniques // ACM Computing Surveys. 2015. Vol. 47, no. 4.
Art. no. 69.

2. Cools S., Cornelis J., Vanroose W. Numerically Stable Recurrence
Relations for the Communication Hiding Pipelined Conjugate Gradient
Method // IEEE Transactions on Parallel and Distributed Systems.
2019. Vol. 30, no. 11. P. 2507-2522.

3. Kopysov S., Kuzmin I., Nedozhogin N., Novikov A., Sagdeeva Y.
Scalable hybrid implementation of the Schur complement method for
multi-GPU systems // The Journal of Supercomputing. 2014. Vol. 69.
P. 81-88.

ITapasiesbHBIE «O€3MAaTPUYIHBIE» AJITOPATMBI
MK npu pemmeHnn 3a71a9 TEOPUHW YNPYTOCTH

A.K. HoBukos
Hoicesck, Yomypmerui 20cydapcmeenhvili ynusepcumenm
e-mail: sc_ work@mail.ru

IIpnmenenne Merona KoHedHBIX syementos (MKD) mpm mo-
JIJIMPOBAHUK TIPOIECCOB JIePOPMUPOBAHUS KOHCTPYKIIUN CJIOXKHON
dopMBI TpebyeT pereHust OOJIBIITNX CUCTEM AJITeOPAnIecKnX ypaBHe-
HUM

Ku=f, (1)

JIJIsl KOTOPOI'O UCIOJIL3YIOTCs apaJliebHble Bblaucaenus [1].
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OcoGeHHOCTBIO KOHEYHO-3JIEMEHTHON cucreMbl (1) siBJisteTcst
criocob ee popMUPOBAHUST:

M M
K=> K., f=) /[ (2)
e=1 e=1

e snementsl Marpur, K, € RY*N 11 BexkTopos f. BBIYHCISIOTCS 1P
MHTErPUPOBAHUK 110 KOHEIHBIM 3JIEMEHTaM, 3/1eCh M — 1ncjI0 KoHed-
HBIX JIEMEHTOB B ceTke, N — 4HCJIO0 HeM3BeCTHLIX B cucreme (1).

K «6e3amMaTpuaHbIM» MOXKHO OTHECTH BBIYUCIUTEILHBIE AJITO0-
PUTMBI, B KOTOPBIX MaTpuila K He XpaHUTCsI, & BLIYUCISCTCA IaCTH -
HO: cytaraemble CTpoK [2] mim crpoku marpurst [3]. [Tepseie anropur-
MbI — no3jieMedTHbIe (element-by-element) npumensitorcs B urepa-
[IMOHHBIX METOJIaX, BTOpble — «(DPOHTAJIbHbIE» IPUMEHSIIOTCS B MPSsi-
MBIX METOJ[aX, HO TaK K€ MOTYT IPUMEHATHCS B UTEPAIMOHHBIX. B
UTEPAIMOHHBIX METO/IaX, UCHOIb3YIONNX Ha KasKI0i HTepamnun mpo-
u3Be/leHre MaTpulbl K Ha HEKOTOPBIA BEKTOP P, MIPOU3BEJICHUE IIe-
PEHOCUTCS Ha yPOBEHD 3JIEMEHTHBIX MATPUIL:

M M M
Kp= Z(Ke ) = Z(CZ(Keﬁe)) = Z(CeT Je) (3)
e=1 e=1 e=1
saech K, = CgkeCe, pe = C.p, e K, € R™™ — jjokajbhas MaT-

puna kecrroctu, marpuna C, € Z™N 3amaeT cOOTBETCTBHE MEXKILY
HyMepalieil Hen3BeCTHBIX B KOHEYHOM 3jieMeHTe e u cucreme (1).

B paccmarpuBaembix ciayuasx lg N > 5, nmostomy n < N. IIpo-
uzBejienne Ha MaTpuisl Cp u C, BT B (3) 3aMeHsIeTCst IIPpU IPOrPAMMHOM
pean3anun I1epexooM II0 MHJIEKCaM IIPU U3BJICYECHUU U CJIOKEeHUN
KOMIIOHEHT BEKTOPOB.

[TapaJuiesibHOE BBIMHCIEHIE BEKTOPOB (e MOYKET OCYIIECTBIIATE-
Cs1 HE3ABUCHMO, B TOM YHCJIe, BKJIIOUAs BbrMUCIeHNe K. YMHOKeHHE
na CI u ciorkenue 1o BceM KOHEYHBIM 3JIeMEHTaM 3aBUCHT OT HyMe-
paluy y3JI0B PACUETHOI CETKU U HACJE/yeT ee JeKOMIO3UIUIO [4].

HpI/I II03JIEMEHTHOM JEKOMIIO3UIINN CETKU CTPEMATCA MUHUMU-
3UPOBATH UHUCJIO0 ODIUX Y3JI0B MEXKIY MMOI00JIACTAMU CETKH IIPHU MIPHU-
MEPHOM PABEHCTBE YMCJIa KOHEUHBIX 3JIEMEHTOB B momobJactax. 11pu
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MOY3JI0BOM JIEKOMIIOZUINA CTPEMSITCA JIOCTUYb IIPUMEPHOIO DaBEH-
CTBA YHCJIa Y3JI0B B 0J00acTIX ceTKu. [Ijisi reTeporeHHbIX BhITUC-
JINTETLHBIX CUCTEM DPAa3fe/leHhe CEeTKH MPOBOJSIT MPOMOPITHOHATBLHO
MTPOU3BOIUTETHHOCTH BBIYUCIATEILHBIX MOJTY/TEH.

[Tpu Berauciaennn (3) B «6e3MATPUIHOM» BHJE MATPHIIBI K.
He XPaHATCs, & BBIYUCTAIOTCS. [Ipn 9TOM, JOCTATOYHO XPAHUTDL OI-
Hy MATPHILy N X N, YIUTbIBasi cUMMeTputo marpursl — n(n + 1)/2
9JIEMEHTOB, JJIsi BCEX KOHEYHBIX 3JIEMEHTOB CETKU. B ciydae mapadi-
JIETTHHBIX BBIYUCICHW OJTHA MATPHUIA N X 1 CO3TACTCS W XPAHUTCS B
KayKJIOM TTOTOKE WJIM MTPOIECCe, 9TO MPUMEHNMO, KaK JIJIsT BBIUUCIE-
HUIT Ha NEeHTpaIbHbIX [4], Tak u rpadudeckux mponeccopax [5].

IIpu pacnapautenuBanun  «(POHTAILHBIX>  AJTOPUTMOB,
B KaxKJIOM TIPOIIECCE UJIH MOTOKE BBHIYUCIISIIOTCA CTPOKU BCEX MaTPHIL
K., COOTBETCTBYIOIIME KOHEUHbIM 3JIMEHTAM, UMEIOIIHX HEKOTOPBIIt
obmumit y3en. Yucno takux marpui, m < M. g «dpoHTaIbHBIX»
AJITOPUTMOB TIPUMEHSIETCST TTOY3JI0Bast JIEKOMIIO3UITNS CETKHU, & KayK-
JIOMY Y371y CeTKH (10[00/1acTh CETKM) CTABUTCS B COOTBETCTBHE MHO-
JKECTBO KOHEYHBIX 3IJIEMEHTOB, KOTOPBLIM MPUHAJJIEXKUT ITOT Y3€Jl.
B srom ciy4ae, momo61aCTH CETKH TTEPECEKAIOTCS 110 OOIITUM KOHE'-
HBIM JIEMEHTAM, Y3JIbI KOTOPBIX IPUHAJJIEXKAT PA3HBIM T10/1001aCTIM
CEeTKH.

OcHOBHBIE 3aTpaThl HA XPAHEHHE TMEPEHOCITCS HA PACIETHYIO
CEeTKY, KOTOPBIE MOT'YT OBITH TaK K€ yMEHBIIIEHBI IIPU TTOMOIIN XpPa-
HeHus rpyOoii CeTKU U BHIYUCJIEHUS HOBBIX Y3JI0B U f49eeK 110 TrabJio-
HaM IepecTpoeHus. Borumcienne marpun K, IPHBOAAT K yBeJIHte-
HUIO apudMETHIECKOH MHTEHCUBHOCTU AJTOPUTMOB U JIOKAJIU3AIIAN
JIOCTYTIA K TTAMSITH.

B nmammoit pabore mepedncieHHbIe TOAXOMBI K TEKOMITO3UIIH
CEeTOYHBIX JTAHHDLIX W PACTAPAIIETHBAHUIO BBIYUCTEHNN TIPUMEHSTIOT-
csl B PEIIEHNU 33J1a4 TEOPUU yIPYyrocTh. [IpUBOAATCS Pe3ysibrarTh
BBIYUCJIUTEBHBIX 3KCIIEPUMEHTOB, MTOJIYYEHHBIE 3HAYEHUST YCKOPEHUSI
1 3 EKTUBHOCTH TAPAJJIEIHHBIX BLIYACICHANA.

1. Barragy E., Carey G.F., Vandegeijn R. Performance and Scalability of
Finite Element Analysis for Distributed Parallel Computation // J. of
Parallel and Distributed Computing. 1994. Vol. 21, no. 2. P. 202-212.

2. Fried I. More on gradient iterative methods in finite-element analysis //
ATAA Journal. 1969. Vol. 7, no. 3. P. 565-567.
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3. Irons B.M. A frontal solution program for finite element analysis //
Int. J. for Numerical Methods in Engineering. 1970. Vol. 2. P. 5-32.

4. Konwicos C.II., Hosuxos A.K. MeToa NeKOMIO3UIMH JIJIsT TAPAJIIC b=
HOT'O JIAIITUBHOTO KOHEYHO-3JIEMEHTHOrO ajropurMa // Becrauk Y-
MypTckoro yumBepcutera. Maremaruka. Mexannka. KommbioTepubre

maykn. 2010. Ne 3. C. 141-154.

5. Konwicos C.II., Kysvmun H.M., Hedoowcoeun H.C., Hosuxos A.K.,
Puiuxos B.H., Cazdeesa FO.A., Tonxos JI.E. TlapasiensHas peajin3a-
1S KOHETHO-3JIEMEHTHBIX AJITOPUTMOB Ha IpadUIecKUX YCKOPUTEISIX
B nporpammuoMm komiuiekce FEStudio // Komubioreprbie ucciemosa-
nusa u mogeauposanue. 2014. T. 6, Ne 1. C. 79-97.

ITpumenenue Teopun HaKpPbHIBAIOMINX
oTOOparkKeHnii K MCCJIeTOBAHIIO
MaTeMaTUu4YeCKuX MojeJsieii pbIHKa

H.T. IlaBaoBa
Mocxea, Mockosckuti gpusuro-mexnuveckuts unemumym (HHUY)
Mocxsa, Poccutickutl ynusepcumem dpyoicoovr 1apodos
umeny [lampuca JIymymoo
Tambos, Tambosckuill 2ocydapcmeentvill YHUBEPCUTNEM,
umeny I P. Jlepotcasunra
e-mail: pavlova.ng@phystech.edu

[Tonoxxenne SKOHOMUYIECKOTO PABHOBECHUS SIBJISETCS IEHTPAJb-
HBIM OOBEKTOM HUCCJIEJIOBAHUS COBPEMeHHO# skoHoMuKH. [lom moJro-
JKEeHHEeM 9KOHOMHUYIECKOTO PABHOBECHST TIOHUMAETCS CUTYAIIHST, TTPU KO-
TOPOII TOBAapbI, KOTOPbIe ObLIN JOCTABJIEHBI HA PBIHOK, IPOJAHBI B
[IOJTHOM OO'bEME, M IIPU 3TOM CIIPOC Ha TU TOBAPBI IIOJTHOCTHIO YJI0-
BJIETBOPEH.

Unest nostoxkenust papHoBecust npunmcbiBaercst A. Cumury [1]. C
XVII Beka BOIPOCOM CYIIIECTBOBAHUS ITOJIOXKEHUSI PABHOBECHST 3aHU-
MaJjuch MHorue yuenble, B ToM uncje 2K.-B. Csit, JI. Banbpac u jp.
OniHako MaTeMaTHYeCKHil armapar He ObLI JIOCTATOYHO PA3BUT JIJIsd
[IOJIyY€HUs] COJEPKATEJILHBIX PE3yJIbTaToB B 910l obsractu. [TosiBie-
Hue Teopembl Kakyranu nosposimio K. Dppoy u 2K. ebpe B 1954
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oAy IIOJIYYUTDH II€pBble JOCTaTOYHbBIE YCJIOBUA CYIIIECTBOBaAHUA 1010~
JKeHUs] PABHOBECHsI B MaTeMaTHIecKoil Mojiesn pbiHKa [2]. Passurne
TEOPHU HAKPBIBAIOIIMX OTOOpaskenuil (cM., Hamp., [3]) moszsosmiio mo-
JIYYUTH yCJIOBHsl CYIIECTBOBAHUSA II0JIOYKEHUS] SKOHOMUYIECKOI'O PaB-
HOBECHsl U UCCJIe/IOBATh €ro CBOHCTBA B HEJUHEHHBIX MOJe/IX, bosee
TOYHO OIINCBIBAIOIUX peaJIbHble IKOHOMNYECKUE IIPOIECChl PbIHKA. B
YaCTHOCTH, UCCJIeI0BAHA CJIeIyIOmas MOJIe/Ib PhIHKA.

Ha poiake npencrasnenst n € N Bujgos ToBapos. V3BecTHBI
9JIEMEHTBI MATPUI] SJTACTHIHOCTEH CLPOCA U IIPEJIOKEHHST 110 [ICHAM
Ha 311 ToBapel & = (Ejj) & = (Eij)i j—1m» Eij, Eij € R,
i,7 = 1,n, Bekropbl ¢ = (C11,...,C1n), C2 = (Co1,...,Con) € RT,
0 < c1; < ¢, @ = 1,n, Bekrop nen p* = (pi,...,pk) € R, rakoit
w10 ¢y < pf < e, i = T, u nexropet D" = (D, D5).§* =
(S1,...,S;) € R Kpome Toro, m3secten BeKTOp @ = (a1,...,a0,) €

"V, OIpeIeNISIONTIiT 00BEMBI IMIIOPTA TOBAPOB Ha PBIHOK, TAKO 4TO

’i,j=1,_n’

cymectByeT ¢ = 1,1 : a; > 0.
Moesibio phIHKa 0 HA30BEM HAOOp ITapaMeTpoB

0= (gvgab*v‘g*)ﬁ*aélaé%a)'

DJeMeHTbl MATPHUILI £ SBJIAIOTCH KOIPDUIMEHTAMU JIACTHY-
HOCTH CIIpOCa TI0 T[eHaM Ha, TOBAPDI, TPEICTABICHHBIE Ha PHIHKE:

oD; p; . . —
= = 1,7 =1,n. 1
3/eck p; — TeHa eAuHUIBL ToBapa ¢ HoMepoM i, Dy = Dji(p1,...,pp)

— CIIpOC Ha TOBap ¢ HOMEpOM i, I;; — Koaddunment saacTudano-
CTH CIIpOCa Ha TOBap ¢ HOMEPOM ¢ IIO IleHe Ha TOBap ¢ HOMEpPOM j,
1,7 = 1,n. DaemerTbl MaTPUIlhl £ SBJISIOTCS KOI(DMDUIUEHTAMY /18-
CTUYIHOCTH TPEJJIOZKEHUSI 110 IICHAM:

- 0S; i _
Eijj=——"2i,j=1n. 2
() ap] SZ’ ?.] 9 ( )
Baecw S; = S;(p1,.-.,Pn) — HUPEIJIOKEHHE TOBAPA ¢ HOMEPOM 1, Eij

— KO3 DUITUEHT 3JIACTUIHOCTH IPEJJIOKEHNST Ha TOBApP C HOMEPOM
1 IO TIeHe Ha, TOBap ¢ HOMepoM j, ¢,7 = 1, n.
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KoMmIioHeHTbI BEKTOPOB €; W Cy OIPEIESISIIOT €CTeCTBEHHBIE
OrpaHUYeHUs] Ha IeHbL: C1; < p; < Co;,1 = 1,n. VI3BecTHBI 00BEMBI

CIIpoCca 1 IpeJIOKeHnst Ipn Iienax p* = (p},...,pk):
D* = D(p},...,pL), (3)
S = S(pi...pL). ()

Habop napamerpos (£,€,D*, S* p*, &1, (3) OIHO3HAUHO OIpe-
JIeJIsieT OTODpaXkKeHne CIpoca
D :[cii5c01] X ... X [cip; con] = RY,
-D(plu cee 7pn) - (Dl(plu cee 7pn)7 cee 7Dn(p17° .. 7pn))

1 OTOOparkeHue IMpeTOXKeHUsT

S :eireat] X .. X [ein; c2n) — RY,
S(P1y---y0n) = (S1(P1, -+ 3sDn)s - Sn(D1y -+, Pn))-
Pemas cucremy nuddepeHnualbHbIX yPaBHEHUI B YaCTHBIX

npon3BojHbIX (1) ¢ ycsoBueM (3), mosydaeM siBHBIH BHJL 0TOOpazke-
HHUSI CIPOCA:

n

_E.. Ei;

Di(py,--,pn) = Df [ [ (0}) "5 ™.
j=1

Amnastornuno, permast cucreMy JuddepeHnnanbHbIX ypaBHeHnt
B YACTHBIX IPOU3BOJHBIX (2) ¢ yciaoBueM (4), mosydaeM siBHBIH BHT
OTOOpaYKEeHUsT TIPeTOXKEHUSI:

n

_F.. Ei
S’i(pla s 7pn) = S: H(p;) Empj 7.
7j=1

Onpepenienne. Bekrop p € [c11, 1] X ... X [C1n, C2n] Ha3BIBaETCS
6EKMOPOM PAGHOBECHBIT UEH (NONOHCEHUEM PAGHOGECUA) B MOJIEIN T,
ecsn

D(p) = 5(p) +a.
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Ucnonb3ys pe3yibTarbl TEOPUN HAKPBIBAIOIIUX OTOOPAXKEHUH,
a MMEHHO TeOpeMbI O TOYKAX COBIAJICHUsI JIBYX OTOOparKeHuit, Jjeii-
CTBYIOIIAX B METPUYECKUX MPOCTPAHCTBAX, JIJIsi OIMUCAHHOW MOJIEIN
[TOJIy9€HbI YCJIOBUS CYIIECTBOBAHUS MIOJIO2KEHUS PABHOBECUS U U3y Ue-
HBI €0 CBOICTBA. AHa.HOFI/I‘—IHI)Ie pPeE3yJabTaThI ITOJIYyYI€HBI JIJId Moﬂeﬂeﬁ
PBIHKA, B KOTOPBIX OTOOPAXKEHUsl CIIPOCA U IMPEIJIOYKEHUS II0JIyUe-
HBI KaK peIleHusl 3a/7a9 Ha YCIOBHBIN SKCTpeMyM (YHKIIMH I0JIe3-
HOCTH U (PYHKITMHU MPUOBLIN COOTBETCTBEHHO. Pe3ymbrarsl 0000IEeHbI
Ha CJIydail IUHAMUYECKUX MOJeJel, B KOTOPBIX OTOOPayKeHUs CIIPO-
ca ¥ HPEJJIOYKEHNs] 3aBUCIT HE TOJILKO OT IIeH Ha TOBapbl, HO U OT
CKOPOCTEl U3MEHEHUs I1EH.

Pabora mommepxkana Poccuiickum nHayunsim dongom, mpoekt Ne 23-11—
20020, https://rscf.ru/project/23-11-20020/ B TT'Y um. I'. P. [Tepxasuna.

1. Smith A. An Inquiry into the Nature and Causes of the Wealth of
Nations. London: William Strahan and Thomas Cadell, 1776.

2. Arrow K.J., Debreu G. Existence of an equilibrium for a competitive
economy // Econometrica. 1954. 22(3). P. 265-290.

3. Arutyunov A., Avakov E., Gel’man B., Dmitruk A., Obukhovskii V.
Locally covering maps in metric spaces and coincidence points //
J. Fixed Points Theory and Applications. 2009. Vol. 5,no. 1. P. 5-16.

MeTtoa nmepeMeHHBIX HaOpaBJIEHUI OJIs

HeJIMHeITHOTO A PYy3MOHHOTO ypaBHEHUS
C 3ara3/bIBAHEM

B.T. ITumenon
Examepunbype, Yp@Y
e-mail: v.g.pimenov@urfu.ru

Nzyuaemas 3aa9a mpejcraBiisieT cobON YIIPOIEHHYIO MOJIE/Ib
faKkTepuaIbLHOrO POCTa Ha HHUTaTeJdbHbIX cpenax [1]. Heemorps na
3HAYUTE/ILHBIC YIIPOIIEHUs, PAaCCMATPUBaeMas MaTeMaTHdIecKas 3a-
Jada CoXpaHsieT TJiaBHbIe 3(D@PEKTH: 3aBUCUMOCTH KOI(MDDUIUEHTA
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nuddy3un oT uckoMoit byHKIUU, IBE ITPOCTPAHCTBEHHBIC IIEPEMEH-
Hble U Haju4ue 3anas3/biBanud. MeTos mepeMeHHbIX HalpaBJICHUN,
Bocxomamuit K paboram . ITmcmena, X. Pexdopma u 1. Hyriaca,
ObLI HCCIIe0BaH JJisl ypaBHEeHUsI ¢ 3alas3jblBanneM B pabore [2] B
caIydae MOCTOSTHHOTO Koddduiinenta auddy3un. HucieHHbIE aro-
PUTMBI 115t pertiennst TudOy3UOHHOTO YPABHEHUSI C 3aI1a3/[bIBAHIEM,
B KOTOpOM KO3 durment quddy3un 3aBUCUT OT UCKOMOHN (PyHKITIH
ObLIM PacCMOTPEHBI B psijie paboT, HanpumMep, B [3], HO B ciaydae of1-
HOM IIPOCTPAHCTBEHHON IIePEeMEHHOI.

Paccvorpum nesmneitnoe ypasuenue nudy3uoHHOTO THUIA C
JBYMsI IPOCTPAHCTBEHHBIMY [IEPEMEHHBIMU U HECKOJIBKUMU [I€PEMEH-
HBIMU 3aIa3bIBAHUSIMU

= dlu )<8w 2) (1)
+f($7?/7tau(t—ﬁ( )y u(t = TN (1)),

rme 0 <t<T, - X <zr< X, —X €y <X — HesaBucumble 1e-
pemennble; u = u(x,y,t) — uckomas OYHKIUS PEIIEHUST; BETHINHbI
3ama3/plBaHus yI0BIeTBOPAOT orpanudenusM 0 < 7,(t) < 7 st
Beexn=1,...,Nutel0,T]
Baanbl PyHKIMOHAILHBIE HAYaIbHbIC YCIOBUS
u(z,y,s) = p(z,y,s),
_X<I<X7 _X<y<X7 _T<8<07

1 HYyJIEBbIEe I'DaHUYIHBIC YyCJIOBUA

U(ﬂfayat)‘F:Q 0<t<T, (3)

(2)

e I' — rpanuna obsactu —X <z < X, —X <y < X.

Bynem npeamonarars, aro perenue u(zx,y,t) 3amaun (1), (2),
(3) cymecrByer u eguHCTBeHHO. KpoMme TOro, IpHM MHCCIIEI0BAHUN
CXOJIMMOCTH YHUCJIEHHBIX METOJIOB OyJjieM IpejosaraTh HeobXo/m-
MYIO TJIQJIKOCTD PEIeHUsl u(:c, y,t). Takzxke GyJieM IpeIIoaraTh, 9To
byuxiusa f(z,y, t,ul,w?, ..., u) mmmmmnesa no u¥, kosdbdunuent
nuddysun d(u) TUIIIIEB ¢ KOHCTAHTON JINIIIIHTIA Ld " JIJ15 BCex U
ppmosasiercsa 0 < d < d(u) < d.

Beesem mar no spemenun A = 7/Ky, tae Ky — HaTypasabHoe
u nycrb K = [T'/A]. Beenem touku (y3mbl o Bpemenn) t = kA,
k=-Kgy,...,K
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Hpn6nm1<eﬂme BeJIMYUHBL U(Z4, Yj, ) B y3imax OymeMm 0003Ha-
qarh uepes uf .. Ilpn Beskux duxcnposannbix i, € {0,1,...,J}
BBEJIEM ,ILI/ICerTHYIO IPEeJBICTOPUIO K MOMeHTy tr, k = 0,1,. K :
{ué,j}k = {uaj,k: — Ky < I < k}. Oneparopom I/IHTepHO.}IHHI/II/I—
SKCTPAIOJISANUK JINCKPETHON HPEJBICTOPUN HA30BEM OTOOPAsKEHHE
I: {ui]}k — u; () € Clty, — 7.t + %] B nasibneiimem Gygem uc-
HOJIb30BaTh KyCOYHO-TMHEHHYI0 MHTEPHOJIAINMIO ¢ 3KCTpaoJIAImeil

IIPOJIOJIZKEHUEM.
1

. . . t3
Bsesem 1npomeKyTouHbIil BpeMeHHO# c1oft — u, j 2. Pacemor-
k2
PUM JUCKPETHYIO CUCTEMY HA IIEPBOM IIOJIyIIAre

1 S o k:+— tu k:-i——
k+5 k:+— +1, ,
(ug; * —ui;)/(A/2) = d(a;; ?) Sl 5 — 4
k
el W 2uf by el
+d(; ; *) 2d h2 2l +fi; % hi=1...,J-1 (4)

3nech u; i(t) — pesyabTaT KyCOYHO-JIMHEHHON MHTEPIIOIAINNA C IKC-
1,

TPAIIOJIAIMEN TPOJOJI>KEHIEM ﬂk+% = Syuk . — Lyl

P 1T, PO » U 57 = QUi 5 — U5 s

~k+1

fij?

Cucrema JOITIOJIHAETCA COOTBETCTBYIOIMUMHA HaYaJIbHBIMU U I'DAHUYI-
HBIMHA YCJIOBUAMMU.

=f @iy byt wig (et =71(t )5t (t =T (8 41))-

Ha BTOpoMm mostyrare pemaercst CucTeMa OTHOCUTEIBHO uf;rl
1 1
k+1 k?+§ k‘+— k?+— k‘+§
U iy _ d(&kJr%) z+17] - 2u tu z—l,j+
A/Q 2y h2
w1 k+1 k+1
R A e A U i S U I S S
—i—d(ui7j2) % +fi; % hi=1...,J -1 (5)

Teopema 1. Cucmemvi (4) u (5) 0dnosnauno paspewumos u mo2ym
b6vimo aexmucto peutervt MEmModJom NpPo2oHKL.

Bsesiem pazmocTHBIE OlIEpaTOPDI

k
Rkl Ui~ — 2uk +u 1,
Aolufy) = iy *) ==,
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k k k
i1 = 2yt Ui
h? ’
Oupejiesum norpemntaocTs Meroza (4), (5)

_k+1
Ay[“?,j] = d(“z?)

'ﬁj = u(xlayjatk) - uﬁj)

i=1,...,J—1,j=1,....,.0-1, k=0,...,K.

e

s kaxkmoro BpemeHHoro cjos ¢ momepom k = 0,1,..., M BBe-
- E_ .k k. _k
JIeM BEKTOP MOC/IOiHOl norpenmocTn & = (11,6100 " v €7 1.7-1)
¢ HOPMOIi
J-1J-1

bl = > ni(er;)”.

i=1 j=1

Omnpenenenne 1. Byjiem roBoputb, 910 METOJ, CXOJIUTCS C TOPSII-
koM h? + A% ecim cymiecrByer KoHcTanTa C, He 3aBHUCsIast OT h U
A, Takas, uro ||e¥| < O(h? + AY) most Beex k= 1,..., K.

Onpenenenue 2. Byaem roBopuTh, 9TO BBINOJHSIIOTCS YCIOBHS
YCTOHYUBOCTH, eci omnepaTopsl A, n A, oTpunaresbHO Onpe/eneH-
HBIE.

3ameyanwue 1. YcjioBus yCTONINBOCTH 3aB€/IOMO BBIIOJIHAIOTCS JIJIst
ypaBHeHuii ¢ nocrostHHbIM Kodddurmentom nmuddysun d(u)=d>0.

3ameyanue 2. YcjoBUs yCTONYUBOCTHU JIJIsi ypaBHeHHi ¢ Ko3bhu-
nueHToM I Py3nun, 3aBUCAIINM OT HUCKOMOH (YHKIINN, MOTYT HE
BBITIOJTHSITHCSI.

Bameuanwne 3. Ecin 3aBucumocts d(u) JauHeiiHast, IPUIEM U HEOT-
punarejibHasi BesndnHa (Kak B MojenbHOi 3amade A.I. Macios-
ckoii [1]), To yciI0BUSI YCTORYIMBOCTH BBIIOJIHSIIOTCS.

Teopema 2. Ilycmb 6uinOAHANOMCA YCAOBUSA YCMOTUHUBOCTNU, MO20G
d (4 5 0 0 h? + A?
MEMOo U cxodumcsa ¢ nopadkom he + A~.

1. Maslovskaya A., Kuttler Ch., Shevkun I., Chebotarev A., Kovtanyuk A.
Quorum sensing model for nutrient-dependent evolution of cultured
bacteria: theoretical framework and in silico study // Nonlinear
Dynamics. 2025. Vol. 113. P. 7519-7534.
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2. Huwmenos B.I'., Jlexomuee A.B. CXOQUMOCTh METO/Ia TEPEMEHHBIX Ha-
[IPaBJIEHUI YMCJIEHHOTO PEeIlleHUsl yPABHEHNs TEILIOIPOBOIHOCTH C 38~
nazapianueM // Tpyner UMM VpO PAH. 2010. T. 16, Ne 1. C. 102—
118.

3. Jlexomuyes A.B. CxomuMoCTh YUCJIEHHOTO METOJ[a PEIeHUs] KBa3HWJIN-
HEIHOro ypaBHEHHs TEIIOIPOBOIHOCTH ¢ 3ala3abiBanneM // Becrauk
Bamkupckoro yausepcurera. 2022. T. 27, Ne 3. C. 508-513.

MaremaTudeckoe MOAeJINPOBAHNE BJINSAHUS

TeMIIepaTyphbl HA PACIPOCTPaHEHUE
BUPYCHOI MH@EKInn

K. A. Promuna
Mocxksa, Poccutickuti Ynusepcumem pyowcoor. Hapodos
um. lampuca JTymymoo
Mocxsa, Hayuro-uccaedosamenvbekutds urncmumym medutyutos mpyoa
umenu axademura H.D. Usmeposa
e-mail: ryumina-ka@pfur.ru

DKCIIEPUMEHTAJIBHO ObLIO TIOKA3aHO, YTO PACIPOCTPAHEHUE Pe-
CIIUPATOPHOM BUPYCHON NHMEKITUN MOXKHO OIUCATL YPpaBHEHUEM Tud-
dys3un [1]. B nannoit pabore paccMarpuBaercst MaTeMaTHIeCKas MO-
JIeTTb, YUUTHIBAIONIAsT POJIh TEMIIEPATYPHI B TPOIECCE PACITPOCTPA-
nenus nHpekmyuu. OTMETUM, 9TO paHee ObLIA ITPOBEIEHDBI HCCJIE0-
BaHUsl JIJI yIPOIIEHHOW MOJeJU W Jisi MMMyHHOrO oTBera [2, 3.
PaccmarpuBaemast cucreMa OMUCBIBAETCS CJIETYFOIITIM 0Opa30M:

%_g — (YUY,

% — o(T)UV — fI,

O I it —r) - o(T)V,
% = ar(Tx(V) - T),
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rine V' — kounenTpainus Bupyca, I — KOHIeHTpalys UHMUITUPOBAH-
HBIX KJIETOK, U — KOHIleHTPallusd HEMH(PUITUPOBAHHBIX KJIETOK, T —
Temieparypa Tejia. 1Ty — 3HadeHne “HOPMAJILHON TeMIepaTyphl Te-
JIa.

OrnpeiesiIionuMu XapaKTePUCTUKAMIA MOJIeJIell TAKOro THIIa,
UMEIOMUMA (DUZUOTOTHIECKOE 3HAUCHUE, SIBJISIIOTCS CKOPOCTH DPac-
IPOCTPAHEHUsI BOJIHBI (BUPYJEHTHOCTh YEJIOBEKA) U IOJIHAsI BUPYC-
Hast HArpy3ka (TsKecThb 3abosieBanusi). B pabore oreHUBAIOTCS 9TH
XapaKTEPUCTUKHU U UCCEIYETCS UX 3aBUCUMOCTD OT IIaPAMETPOB TeM-
[I€PATYPHI.

1. Peacock P., et al. The SARS-CoV-2 variant, Omicron, shows rapid
replication in human primary nasal epithelial cultures and efficiently
uses the endosomal route of entry // bioRxiv. 2022.

2. Ait Mahiout L., Mozokhina A., Tokarev A., Volpert V. Virus
replication and cimpetition in a cell cculture: Application to
the SASRS-CoV-2 variants // Applied Mathematics Letters. 2022.
Art. no. 133.

3. Mosoxuna A.C., Promuna K.A. MuoromacnrrabHasi MaTeMaTUICCKAsT
MOJIEJTb PACIIPOCTPAHEHNUST PECTIMPATOPHON HHMEKIAY C YIETOM UMMY H-

uoro orsera // CM®H. 2024. C. 654-668

O nmocTraHOBKe TPAHUYHBIX YCJIOBHIA
B JIMHAMUWYECKUX 33a/la4aX TEOPUU yIIPYroCTu

A.B. Cenesnena
Hoceser, Yomypmerut 20cydapcmeennbili ynusepcumen
e-mail: zukoval6@mail.ru

Juuamudeckue 3a/ia9u TE€OPUH yIPYTOCTH SBJISTFOTCS BAasKHOM
COCTABJISIIONIEH MeXaHUKH JiechbOPMUPYEMOro TBEPJOrO Tejla U HAXO-
JIAT MIMPOKOe NPUMEHEHUE IPH MOJEJUPOBAHUU KOHCTPYKIUE, MO/
BEPYKEHHBIX BPEMEHHBbIM Harpys3kam. PelieHue 3ajad JaHHOIO THIA
BO3MOXKHO Pa3/IMIHBIME METOJIAMU, B TOM YUCJIE€ M METOJOM KOHEY-
HbIX ssemenToB (MKD).
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OHUM U3 KJIIOUEBBIX ACIIEKTOB IIPU PEIIEHNN TAKUX 33149 STB-
JISIeTCST KOPPEKTHasI [TOCTAHOBKA I'PDAHUIHBIX yCaoBuil. B 3aBucumo-
CTU OT OCODEHHOCTEH MOJIEJN U XapaKTepa 3a/lauu, TPAHIIHbIE YCJI0-
BUsI MOTYT 3a/[aBAThCsI KK B TPAJIUIIMOHHOI (CHIBHO), TAK U B «CJIa-
6oit» dopme (TepmuH «ciaabasi» 3/€Ch OTHOCUTCST UCKIIIOYUTEIBHO K
criocodby 3aJaHus TPAHUYHBIX YCJIOBUM, a HE K POPMYJIUPOBKE 3aJia-
).

HaJsoxkeHme rpaHn9HBIX yCJIOBHI B TPaIUIUOHHON dopme (T.e.
nyTeM MOJIMUKAIIME COOTBETCTBYIONIMX CTPOK U CTOJIOIOB MaTpH-
I[bl CHCTEMBI U TIPABON YaCTH yPABHEHWIT) He BBI3bIBACT TPYIHOCTE
Ha BHeIrHell rpanutie obactu. OJIHAKO, TTOCKOJbKY IPAHUIHBIE YCJIO-
BHUSI B TPAJMIIMOHHON (OpMe MPUBOAAT K U3MEHEHWIO Pa3MEPHOCTH
MAaTPUIILI CUCTEMBI U MOJUMDUKAIINNA €€ IJEMEHTOB, BO3MOXKHO BO3-
HUKHOBEHUE CJIO2KHOCTEI B PEIIEHNH CUCTEMbI, CBA3AHHBIX C ee 00y-
CJIOBJIEHHOCTBIO.

B comnpsikeHHBIX 3a/1a1aX, B 3aJla9aX C U3MEHSIFOIUMUCS T'Pa-
HUIIAMHU WCIIOJIb30BAHNE CJIa0BIX METOJIOB, TaKUX Kak MeTo] Hut-
me [1], craHoBUTCS aKTyaJbHBIM. DTOT METOJ| OCHOBaH Ha J00GaB-
JIEHUU JIOTIOJIHUTEJILHBIX CJIaraeMbIX B BapUAIMOHHYIO (OPMY, UTO
[TO3BOJISIET YYECTh I'DAHUYHBbIE YCJIOBHSA 0€3 M3MEHEHUs! CTPYKTYPbI
maTpuiibl. HecMoTpst Ha HEOOXOAUMOCTD MOAOOpA ITapaMeTpoB U I0-
BBINNIEHHBIE BBIYHUC/IATE/IBHBIE 3aTPATHI, METOJ JIEMOHCTPUPYET XOPO-
Y0 CXOJIUMOCTb M TOYHOCT.

[Ipumenenne cjaabbIX IPAHUYHBIX YCJIOBHI CYIIECTBEHHO Dac-
mupsier Kpyr permraembix 3asa4d. Meron Hutiie mossosisier sddek-
TUBHO YYUTBHIBATH KaK PABEHCTBA (HAIPUMED, YCJOBUS MJIEAJBHOIO
KOHTAKTa), TaK U HEPABEHCTBA (yCJIOBHs OJHOCTOPOHHETO KOHTAK-
Ta WM TpeHusi) Ha uHTepdeiicHbx rpanumax. Kpome Toro, mero
HaXOJIUT IIUPOKOE IMPUMEHEHWE B 3aJ/ladaX CO CJIOXKHON reomeTrpueit
Gs1arojiaps peasim3aliuu IO/IX0/a [MOTPYKEHUs BBIYUCIUTEHHON 00-
Jlactt B (POHOBYIO CETKY, UYTO OCODEHHO aKTYyaJbHO IIPU MOJIETUPOBA-
HUU HECTAHJIAPTHBIX I'PAHUI] U MHOIOCBSI3HBIX objiacTeil. B moces-
HUe TOJbl MeTos Hurime moyyvans 3HAIUTE/IbHOE PACIIPOCTPAHEHUE
B CJIy4asXx, KOIJIa TPAJUIIMOHHBIE MOAXOJbl K 338/J@HUI0 IPAHMIHBIX
yCJIOBUN OKa3bIBAIOTCH HEI(MDMEKTUBHBIMYU WM TPYIHOPEATUIYEMbI-
MH.

CoBpemMenHbIe OUOJIMOTEKU JIjIsT KOHETHO-3/IEMEHTHOI'O AHAJIU-
3a, Takue Kak Gridap [2] u FEniCS [3|, upejaraor BbICOKOypOBHE-
Boie unTepdeiicsl Ha s3bikax Julia u Python [4] coorsercrsento. Dtu
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UHCTPYMEHTHI [MO3BOJISIIOT (DOPMYJIMPOBATEL 3a/1a49u B caaboit hopme,
HCIIOJIb3Yd CUHTaKCUC, 6.HI/ISKI/II'71 K MaTeMaTHU4eCcKOit HOTaluu, 9TO Cy-
IIECTBEHHO YIIPOINAET IIPOIECC YUCIICHHOIO MOJICJIUPOBAHUS.

B pamkax wuccie/ioBaHusi BBIIIOJIHEH CPABHUTEIbHBIN AHAJIU3
TPAJIUIMOHHOIO (CHJIBHOIO) CII0CODA HAJIOMKEHUs] I'PDAHMYHBIX YCJIO-
BUI U CJIAOBIX METOJIOB. MCIeHHOe pellleHre TUHAMUIECKON 3a/1a4n
TEOPUHU YIIPYTOCTH B TPEXMEPHOH MOCTAHOBKE PACCMOTPEHO C UCIIOJb-
30BaHMEM ODOHMX IIOJIXOJIOB HA PA3JIMYHBIX TUIAX PACYETHBIX CETOK:
KaK Ha CTAHJIAPTHBIX CETKaX, TOYHO AIPOKCUMUPYIONUX [EOMET-
puio rpaHuily obsiacTu, Tak U Ha (DOHOBBIX CETKAX C IMOTPYKEHHOMN
rpaHulleil.

B mammnoii pabore Bce BBIYUCIUTEIbHBIE SKCIEPUMEHTHI ObLIN
peaJin30BaHbl ¢ UCHoIb3oBaHueM nakera Gridap Ha si3bIKe IpOrpam-
vupoBanust Julia, koropsiii obecrieunBaer 3pdEKTUBHBIE CPEJICTBA
Jtst GOPMYJIMPOBKU U PEIIEHUs] BAPUAIIMOHHBIX 3aJia4, B TOM YHCJIE
u Ha POHOBBIX ceTKax. [y Bepudukanmu pe3yabTaToB ObLIa IIPOBe-
JIeHa, Cepusi CPABHUTEJILHBIX PACIETOB C TAJOHHBIMU perieHusiMu [5],
nostyaennbiMu B rtakere FEniCS. Ocoboe BHUMAaHME yI€/I517I0CH KOP-
PEKTHOCTHU peasin3anuy cJaabblX I'PAHUYHBIX YCa0BHi MeTojgom Hur-
e, Pe3ysbrarsl 4ncjaeHHOro MOJIEJTMPOBAHUS TTIOKA3AJIM, YTO Caabble
METO/IbI HaJIO2KCHHU A I'PAHUIHBIX yCJ—IOBI/II'?'I7 B 9aCTHOCTH METO/ HI/ITH_IG
u metog, CutFEM (6], obecrieanBalor TOYHOCTD U yCTONYHBOCTD, COLO-
CTaBUMBIE C TPAJUNMOHHBIME TToaxogamMu. [Ipn sToM oHE 00/1a/1a10T
OoJIbITIEll YHUBEPCAIBLHOCTHIO TP paboTe CO CJIOXKHOM reoMeTpuei.

1. Nitsche J. Uber ein Variationsprinzip zur Losung von Dirichlet-
Problemen bei Verwendung von TeilrAumen, die keinen
Randbedingungen unterworfen sind // Abhandlungen aus dem
Mathematischen Seminar der Universitat Hamburg. 1971. No. 36 (1).
S. 9-15.

2. Verdugo F., Badia S. The software design of Gridap: A Finite
Element package based on the Julia JIT compiler // Computer Physics
Communications. 2022. Vol. 276. Art. no. 10834.

3. Logg A., Wells G.N. Automated Solution of Differential Equations by
the Finite Element Method // Springer. 2011. Vol. 84.

4. Cenesnesa A.B., Konvicos C.II. ABToOMaTH3aIMsT KOHEYHO-3JIEMEHTHBIX
BBIUUCJICHU{ DU PEIeHUY [IPUKJIaAHbIX 3a1a4 // Teopus yupasienus
U MaTeMaTH9ecKoe MOeJIMPOBaHue: Te3UCH JOKJI. Beepoc. KoHD., 13—
17 wons 2022 1. UxeBck: 3naTenbckuil IEHTP « YIMYPTCKU YHUBED-
curers, 2022. C. 359-362.
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5.  Erlicher S., Bonaventura L., Bursi O. The analysis of the Generalized-
«a method for non-linear dynamic problems // Computational
Mechanics. 2002. Vol. 28, no. 1. P. 83-104.

6. Burman E., Hansbo P. Fictitious domain finite element methods using
cut elements: II. A stabilized Nitsche method // Applied Numerical
Mathematics. 2012. Vol. 62, no. 4. P. 328-341.

MogaenupoBaHnie COPTUPOBOIHBIX
TPAHCHOPTHBIX CHUCTEM CEThIO MaCCOBOTO

o0CTy>KBaHUS

H. B. Cepreesa, /. 1. IIlabanosa, U. E. Tananko

Capamos, Capamosckutl HaUUuoHaAbHOIT UCCAeJ08AMEALCKUT
2ocydapcmeennoili yrusepcumem umeny H.I. Yeprouuesckozo
e-mail: sergeevanv@info.sgu.ru, shabanovadaria04@gmail.com,
tanankoie.sgu@gmail.com

Permenne 3ayia1 anaimnsa, IpoeKTUPOBAHUS U ONTUMU3AIUN CHU-
cTeM yIpaBJieHUs! IPOU3BOJACTBOM [1], cucrem stoructuku [2], Tpamnc-
HOPTHBIX cucTeM [3| Bee 1alie CBA3aHO ¢ CO3/[aHUEM U UCIIOJIb30BAHA-
eM ceTeil MaccoBOro obciy uBanust [4] B kKauecTBe MaTeMaTHIECKHIX
MoOJiejaeil TAaKUX CHUCTEM.

B naunnoit pabore mocTpoeHa MaTeMaTUIECKAs MOJIE/b YKEJIe3-
HOJIOPO?KHO! COPTUPOBOYHON CTAHIIUU OTKPBITON CETBIO MaCcCOBOI'O
00C/Ty >KUBAHUS.

TI/IHOBI)IG COPTUPOBOYHBIC CTaHIIUM BBIIIOJIHAIOT CJICAYyIoNue
,ZLefICTBI/IHZ IpueM 11oe310B B IapK IIpI/I6bITI/ISI7 oTHelieHnue JIOKOMOTH-
Ba, pacOPMHUPOBAHUE COCTABA HA COPTUPOBOYHON TOpKe, HAKOILIC-
HU€ BarOHOB B COPTUPOBOYHOM IAPKE, BLICTABJIEHUE COCTABA B IAPK
OTIPABJICHUS, IIOJIKJIIOYEHNE JIOKOMOTHBA, OTIIPABJIEHUE TOE€37a CO
CTaHITNU.

MaremaTtuveckasi Mmojiesib. [Ipuem 1moe3n0B B mapk mnpudbI-
THsI, OTIICIUICHIE JIOKOMOTHBA U PACGOPMUPOBAHUE COCTaBA Ha COP-
THUPOBOYHOU TOPKe 0TOOPA3UM B MOJIEJU CUCTEMOI MacCOBOTO 00OCJTy-
JKMBaHUs C TPYIIIOBBIM ITOCTYIIeHneM TpeboBanuii. [Iporecc nakor-
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JICHU Bar'OHOB B COPTUPOBOYHOM ITapKe IIpeJCTaBUM B MOJAEJIN CUCTE-
MOI 00CJTyKUBAHUS C OPAUHAPHBIM ITOTOKOM U I'PYIIIIOBBIM OOCTY KU~
BanuneM TpeboBanuit. 1 makomer, mpocreiirieii cucremoit obCIyKuBa-
HUsT OTOOPA3NUM TTPOIECCHI: BBICTABJIEHUE COCTABA B MapK OTIIPABJIE-
HUA, ITOAKJ/IIIOYEeHE JIOKOMOTHBa U OTIIpAaBJICHUE I10€3/1a CO CTaHIIUU.

Takum obpazoM, ceTb MaccOBOr0o OOCyKUBAHUS COCTOUT W3
L cucrem maccosoro obciyxusanust (CMO) tpex Tumos.

Cucrema S7 mupejcrapisier co0Ol HAYAJILHYIO CUCTEMY THUIIA
MP/M/1, B KOTOpYIO U3 MCTOYHHKA IOCTYIAET IPYIIOBOIl Iyacco-
HOBCKWII MOTOK TPeOOBaHUI ¢ MHTEHCUBHOCTDHIO A\g. B Kaxkmoit rpytme
MIPUXOUT CIIy9IaiiHOE TUCTIO TPeOOBAHUM, PABHOMEDPHO PACIIPE/ICICH-
Hoe Ha oTpe3ke [, 3]. TpeboBanust 06ciTyKuUBatOTCs 110 oHOMY. Jljn-
TEJILHOCTH OOCTyKUBAHUS TPEOOBAHUI HE3aBUCUMBI 1 UMEIOT KCITO-
HEHITMAIHFHOE PACIpee/IeHne ¢ TTapaMeTpPOM fi1. | pyTITIBI 3asIBOK 00-
CITY>KUBAIOTCST B MOPSJIKE WX TMOCTYTIJIEHUsI. B crucTeMe MMeeTcst OJTiH
00CITy2KUBAIOITUN TTPUOOD.

[Tocyie obcirykuBanust B cucreme S7 TpebOBaHUE MMEPEXOJUT B

cucremy S;, 1 = 2,...,L — 1, corytacHO BeposATHOCTSAM mepexona 61;,
L-1

npudeM . 601; = 1. Cucremsr S; IpeCTaBISIOT COOON CHCTEMbI TH-
=2

na M/M bi/ 1 ¢ rpynnoBeiM obciy:KuBanreM TpeboBanmeMm. Paszmep
TPYIIIBI ONIPEAEIIeTCs I KaxK 101 CUCTEMBI JUCKPETHOU paBHOMEP-
HO paclpe/ieJIeHHON Ha oTpeske [«, 3] ciydaiinoii Besmanuoit. Jljm-
TEJILHOCTH ODCJIy?KUBAHUS I'PYIIIT 3aBOK UMEIOT SKCIOHEHIUAJILHOE
paciipe/jiejieHue ¢ mapamMeTpoM ;. 1locse 3aBepiienus: 00CyKUBAHUSA
B cucreme S;, ¢ = 2,...,L — 1, rpy1ia 3asiBOK IePEXOJUT C BEPOSIT-
vocteio 0;;, = 1 B cucremy Sp. Cucrema Sy upejicrasisier coboit
CUCTEMY C I'DYHIIIOBBIM BXOIAIUM ITOTOKOM 3asIBOK U I'DYIIIIOBBIM 06-
cayxkupanneMm. OJIHAKO JJIsl YIIPOIIEHUsI MOJe/n cucrema Sy Oyier
peJICTaBIATh coboii cucremy tuma M /M /1.

Cucrembl S1 u Sy, 0T0OpaXKAIOT B MOJIEJIA TPUEMO-OTIIPABOY-
HBIE TAPKHU, CUCTeMbI S;, © = 2, ..., L—1 orobparkaroT cCOpTUPOBOIHO-
OTIIPaBOYHBINA ITapK.

[Tockosibky Bce TpeboBaHUsI TOCTYIAIOT B IEPBYIO CUCTEMY JIJIsT
pachopMUPOBAHUS IPYIIIBLI, 32TEM 10 OJITHOMY PACIIPEJIEIISTIOTCS MEXK-
jy cucremamu So, ..., Sp_1 1ig GOPMUPOBAHUS HOBBIX I'DYIIIL, & 3a-
TeM IPOXOJISAT Yepes cucreMy Sp B COCTaBe HOBOI I'DYIIIBI U TTOKUIA~
IOT C€Thb, TO JaHHYIO CE€Tb MOXKHO pacCMaTpuBaTb KaK CE€Tb ﬂ)KeKCO—
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Ha. B 9TOM CJiy4dae, JIJisd BBIYUCJICHUA TCOPETUICCKUX XapPaKTEPUCTUK
CUCTEM CETU MOXKHO PACCMaTPUBATDL CUCTEMbBI OOC/IY2KUBAHUS C TPYII-
ITOBBIM BXOJISAIIIAM IIOTOKOM, TPYIIOBBIM obcTyKuBanueM. OCHOBHOM
XapaKTEPUCTUKON CETH MaCCOBOIO OOC/IY KUBAHUS SIBJISIETCS MaTeMa-
THUYIEeCKOe OXK1JaHne JJIUTEJILHOCTU Hpe6bIBaHI/Iﬂ Tpe6OBaHI/II71 B ceTu.
s Hateit Moziesin TaHHAs XapaKTEPUCTUKA MOYXKET ObITh BBIUUCIIC-
Ha 110 popmyie

L-1
T=u+ Y b + g,
i=2
e ; — MaTreMaTHJYecKoe OXKUJAaHUEe JJINTEbHOCTH NPeOhIBaHUS
TpeboBanuit ¢ cucreme S;, i =1,..., L.

XapaKTepUCTUKH U; BBIMUCIAIOTCA IO PA3IMIHBIM (DOpMyIaM
B 3aBUCHMOCTH OT THIa cuctembl. Jjisr cucremsr Tuma M°/M /1 [5]:

. 1@ 41 o
Yol T

[e.°]

riae | = > klp — MareMaruueckoe OXKujaHUe 4HUCIa TpeOOBaHU B
k=1

rpynme, [, — BEPOSTHOCTH NMOCTYIUIEHNS] B CUCTEMY I'DYIIIBI PasMepa

[e.e]
k, 12 = 3" k2l — BTOpOIT HAYAIBHBIN MOMEHT YHC/Ta TPeOOBAHMIT B
rpyIIIe. k=
Jst cucremsr tana M /MY /1 [6]:
_ b —1 n 1
U =
2N M=)

rine M — KopeHb ypaBHEHUS:

Mbitl (N + Mi)Mbi + )\?ui =0,

IIPUHA/JJIeXKAIN THTEPBaJLy

bi(Ai + i) (N + ui)bi'*‘l _ /\?iui

bi+1 (A + i)
Hnst cucrempr Tuna M /M /1 [4]:
_ 1 1 Ao
ur = — y PL = —-
prl—opr KL
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HO.Hy‘IeHHbIe BbIpa2KC€HU A ObL/IIM KCIIOJIb30BAHbI JJId BbIIHUCJIe-

HUS XapaKTePUCTUK (PYHKITMOHUPOBAHUS KEJIEIHOIOPOXKHON COPTHU-
posounoii crannuu (2KCC) Anncoska Duresnbcckoro paiiona Capa-
TOBCKOI obtactu. MojiesibHast ceTh MacCOBOIO 0OCIYKUBAHUS COCTO-
uT u3 26 cucrem obciyxupaHusi. st moaTBepKIeHUST TeopeTmye-
CKHX Pe3y/IbTaToOB ObLIa CO3JaHa MMUTAIMOHHAS MOJEb (PyHKIO-
HupoBanus paccmorpenHoit 2KCC.

1.

Hparevweusu H.B., Ambapuyman A.A. Ocuosbl nocrpoenus ACY
CJIO’KHBIMH TEXHOJIOTHYECKUME TIporieccaMn. MocKBa: DHEproaToMm3-
aat, 1994.

I Ianupo Jowc. Monemnposanwue nemnu mocraBok. Cankr-Ilerepbypr: ITu-
Tep, 2006.

Topes A.9., Bémmeep K., Ilpoxopos A.B., I'usamyaaun P.P. OcHo-
BBl TPAHCIOPTHOTO MojieupoBanus: [IpakTudeckoe mocobue. CaHKT-
ITerepoypr: KOCTA, 2015.

Mumpogaros FO.U. Anamuz cereit maccoBoro obciyskupanmsi. Capa-
toB: Hayunas kuura, 2005.

Bouapos ILII., Ievwenxun A.B. Teopusi mMaccoBOro o0CIIyKUBAHUSI.
Mocksa: PY/IH, 1995.

Stankevich E., Tananko I., Pagano M. Optimization of Open Queuing
Networks with Batch Services // Mathematics. 2022. Vol. 10, no. 16.
Art. no. 3027.
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Jloruko-ceMaHTHYECKUE MOJIE/IN sIBJICHUN OKPY2KAIOIIEr0 MUPA
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BbIpazKaloT UX IIPUYIUHHO-CJICICTBEHHbIC CBA3U.

B pabore paccmaTpuBaioTCs NPUKJIAIHBIE ACIEKTHI UCIOIb30-
BaHUs MOCTPOEHHBIX JIOTHKO-CEMAHTUIECKUX MOJIeJIeHl JJIsd pelleHust
CJIEIYTONINX 3a/1a4.

Banaua 1. Jlanbr noceuiku Py, Py, ..., Py , 1oKa3ark, 9T0 U3
HUX JIOTUYECKH B CEMAHTUIECKOM CMBbICJIE CJIeJIyeT Z:

P &Py ... &P = Z.

Banaua 2. [lan cimcok noceuiok Pp, P, ..., P,. BeiBectn un-
TepecHble, C NPUKJIAIHON TOUKNA 3PEHUs, CJICJCTBU U3 HUX.

Sanaya 3. Kak HY»KHO U3MEHUTD ITOCBLIKH, YTOOBI [TOJIYIUTH
U3 HUX TpebyeMoe CJieICTBUE.

Sajaan 1-3 pemarTcss HAMHU IMOCPEJICTBOM aJrOPUTMIIECKON
IIPOBEPKU JIOTUYECKOT'O CJICIOBAHUS B CEMAHTUYIECKOM CMBICJIE.

CpaBHUM pa3/IMIHbIE MOJIEJIU, UCIIOIb3YEeMBbIE JIJIsT TTOCTPOEHUST
JIOTHK, IIPUTOJIHBIX JIJIsi PEIIEHUs 9TUX 3a/1a4. ByJieBa JIornka BbICKa-
3BIBAHUIT TIOCTPOEHA B paMKax ajrebpamdeckoii cucreMbl (AC):

A= <w(3~cn)>{ ot ! }? {Q}),w = {1}> x; C {1}> i:1,—n. (1)

Omnoproe MHOXKeCTBO wW(ZTp) = {1} aABIsieTcs OJHOSIEMEHTHBIM 1
MOKET OBbITb COCTABJIEHO KaK OObEJMHEHUE IOJIHBIX KOHBIOHKITUIT
(KOHCTUTYEHT) MOJIeJIbHBIX MHOXKecTB (BysieBbIX nepeMeHHBIX ;).
OrmmanresbHO depToii joruku Byiist siBjisieTcst BBIPOXK/ICHHOCTD €€
Bysieoit anrebpbl, B pe3ysbraTe Hero ONUCAHUE B Hel MPUIUHHO-
CJIEJICTBEHHBIX CBsI3€il CBA3AHO C TapaJIOKCaMi MaTepHUabHONW MM-
IJIMKAIUY, BbIparkaeMoil B HEell PaBHOCUJIBHOCTBIO

X=Y=X"+YV.
Jloruka Apucrorens (cuiiorncruka) nocrpoena Ha ocHose AC:
A= QM) { - +, 7 }H{ChH. (2)
JlocTonHCTBOM SIBJIsIETCSI BO3MOZKHOCTD HENapaJ0KCAIbHOIO OTPaKe-

HUsI TPUYIUHHO-CJIE/ICTBEHHBIX CBsI3€it, BBIIEIEHNE CTPYKTYPBI aTo-
MapHbIX CyxKJeHuii (cyobekT, npeaukar). O6aacTb HHTEPIPETAINT
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dopMysT 3TOI CUJIIOTUCTUKK OOJIee ColepsKaTe/IbHa W HAIJISIHO BbI-
paxkaercst B hopMe MOJIebHBIX cxeM (juarpamy Benna [1]), 6unap-
Hble JIOTUYIeCKNe OTHOIEeHusT cMOoTpHu Ha, puc. 1. Hemocratok — MHO-
FOCMBICTIOBOCTh ATOMAPHBIX (KATErOPUYECKUX CYKJICHH) — obIre-
YTBEP/IUTEIHHOTO, OOIEOTPUIATEIBHOIO, YACTHO-YTBEPUTETHHOTO
u gacTHO-oTpunarespaoro AXY  EXY IXY, OXY, a Takxe CJI0XK-
HOCTH, CBSI3aHHBIE C KOMIIBIOTEPHOI 00pabOTKOI U BHU3yasu3alueit
TPaUIMOHHBIX JuarpaMM BeHna Jijist ducia MOJETbHBIX MHOMKECTB
6osbiie 20. Hampumep, cMbIcioBoe cojieprKanue OOIIEeY TBEPIUTEb-
HOTO U €ro OTPUIAHWS YaCTHO-OTPHUIATETHLHOTO CYKICHUN BBIpa-
JKAETCsl B TPAJIMIIUOHHON CHJIJIOTUCTUKE APHUCTOTENA JBYMS W IIs-
Tei0 2KeprousosoiMu oTHomeHussMu AXY = Gg @ Gi3; OXY =
G ® G7 ® G11 ® G14 ® G5 (em. puc. 1).
Pacemorpum AC:

[ A Gy G, Gs s Gho Gz

G | G Go Gn | Gis | G | Gis |

Puc. 1: Ilaraaamnars 6uaapabix 2KeproHHOBBIX JIOTHYECKUX OTHOIIIEHU

(B(X,), Wp, Wg), (3)

e Wr = {+,-/}, Wg = {=,C}, X; € {0,1,...,2" =1} = U",
B(X,) C UY i = 1,n. Beipaalontyio 3Ty aare6pamdecKyio CHCTe-
My MOIEJbHYIO cxeMy A ¢ maHHoil Hymeparmeii X; OylaeM Ha3LIBATDH
JMCKPETHOI JuarpaMmoii Benna nian A-oHToJI0rM€N]:

A=(U,X1,Xs,.... X)), X;=(X1,Xs,...,X,),U = B(Xp,).
[Tocrpoennyio B pamkax AC (3) yHHBEpCATBHYIO CULIOTHCTUKY

Ls, MOXXHO Ha3BaTh HEBLIPOXKJIEHHON Bysesoit sorukoii [2, 3]. Mo-
JleJTb TIpeJIMeTHOI obacTn gesrenbHocTn B Lg, npescrasiser coboit
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npaBuwibHO nocrpoernyo dpopmyiy (IIIID). Aromaphblie cyxieHust
(5) B Lg, BBIpazKaoT 06beMHBIE OTHOIIEHUSI MOJIETIBHBIX MHOXKECTB.
CemanTuka Jana pasHocmibHoctsMu (6)—(8).

NOBs = (A(X,Y), Eq(X,Y),I0(X.Y), X =U,X CU), (5)

S1 So Ss3 Sy Ss

Gis: AX,)Y)=(XCY)
(XcU)-(X'cU)-(YcCcU)-(Y'cU),
Gy:Eq(X,Y)=(X=Y)- (X CU)-
(X'cU)-(YCU)- (Y cU),
Gi5: I0(X,)Y)= (XY #0)-
(XY £0)- (X' -Y£0)- (X - Y #£0).

Bee III®D nensites va nBa kinacca: kKonboakTusHbe (KIITID) n
HekonblioHKTHBHBIE (HKIITI®). Pasnnune mMexry HIMM 3aK/IH0UaeT-
Cs B TOM, 9TO IIE€PBbIE ABJIAIOTCA OJHOCMbBICIOBBIMHA (O,ZLHOBH&‘—IHBIMI/I),
a BTOPpbI€ MHOI'OCMBICJIOBBIMH (MHOFOSH&‘IHI)IMI/I). PaC‘—IeTbI u IIpuHA-
THe perreHnit (BBIBOABI) B paMKax JOruku Lg, CBOAATCS K BBIYUC-
JleHnio u aHayim3y cemanTudeckux suadenuit [IT1D. CemanTuueckum
suadennem KIITID gpisercs MHOXKECTBO HEOTPUIATEIBHBIX IEIBIX
quces1 (KOHCTUTYEHTHOE MHOXKECTBO), KOTOPOE OIPEJIETISAeT JTUCKPET-
Hyto quarpammy Benna [3|. Cemantnueckum 3nauennem HKITTI® sp-
JISIETCS CeMEeNCTBO KOHCTUTYEHTHBIX MHOYKECTB.

B [2, 3] nokazano, 4To BepuduKanus JOruIecKoro cJe0BaHust
ME2K/1y IOCBLIKOW ¥ CJIEJICTBUEM OCYIIECTBJIAETCH AJITOPUTMUYECKHU.
AutropuTM BbIYUCIeHN ceManTudeckoro 3uadenusi 111D peanuzopan
IIPOrPaMMHO U HUCIOJIb3yeTcs B yuedbuoMm mporiecce. Jloruka obiiagaer
CBOMCTBOM IIOJTHOTBI, TO €CTh HUMEETCS aJIOPUTM IPOBEPKH CyIIie-
CTBOBAHUSI JIOTHIECKOTO CJICAOBAHMS MEXKy AByMs JiroObivu 111D,

(6)

(7)

(8)

IIpumep. Moayc AAI (Bramantip) gerseproit dburyps

APM - AMS = ISP.
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B Lgs on Boipaxkaerca HKIITI® Buma

Eq(P,M)-Eq(M,S)+ A(P,M)-Eq(M,S)+ Eq(P,M)-A(M,S)+

).
1A(P, M) -A(M,S) )ZQEq(S, P)+ A(S, P')—?i)-
—_—

4 1 2,3,4
+ A(S',P) + A(S,P) + IO(S, P).

impossibly

Pazbop ciygaeB 1-4 ¢ IOMOINBIO AJTOPUTMA  BBITUCIEHUS
CeMaHTUYECKOrO 3HAYEHUs II0KasbiBaer, 4to cuaejacreus A(S') P),
A(S,P), I0(S, P) ne umeror mecro. Ilomyteno cymecrsentoe yTod-
HEHHEe MOJIyca, KOTOPOe HEBO3MOXKHO CJIeJIaTh B CHJIJIOTHCTHKE Apn-
CTUTEJISL.

[IpenmyiiecTBO MOJIEIUPOBAHUST C UCIOJIH30BAHUEM JIOTHKH
Lg, nmocTpupyeTcsa B JI0KJa/ie IPUMEPaAMU PeIeHu 33129 1-3.

1. Kysuues A.C. duarpammer Berna. Mocksa: Hayka, 1968.

2. Cmemanun FO.M. Bepudukaiiusi JOrHIecKOro CJIeIOBAHUS B HEKJIAC-
cHYeCKOl MHOro3Ha4uHOii joruke // Ussectust Mucturyra MaTeMaTuku

u nadopmarukn Yal'y. 2017. T. 50. C. 62-82.

3. Cmemarun FO.M. Vcnosib30BaHne pacipeie/IeHHbIX BBIYUCIEHAN TTPU
MOJIEJINPOBAHUN MIPEIMETHON 00JIACTH B YHUBEPCAJIBHON CUJIJIOTUCTU-
ke // Ilporpammubie cucrembl: Teopust u npuioxkenus. 2024. T. 15,

Ne 2. C. 87-112.
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MopaenupoBaHue IIPOIECCOB B MIEJIOUHBIX
3JIEKTPOJINTAX IPU JIEKTPOJIN3€E

B. FO. YebakoBa
Kasanv, Kaszanckut gedeparvrnud yrnusepcumem
Kasanw, Axademus nayx Pecnybaurxu Tamapeman, Hnemumym
NPUKAGOHBIE uccaedosarutt Axademuu Hayx Pecnybauru
Tamapcman,
e-mail: vchebakova@mail.ru

OcHoBHOII 3ajiaueil JTaHHON pPabOThl SIBJISIETCS MCCJIEI0BAHNE
IIPOTIECCOB B MIEJIOYHBIX JIEKTPOJUTAX U MOCTPOEHUE MaTeMaThde-
CKOT'0 allltapara Jijisd HaXO0XKJIEHUA KOHCTAHT CKOPOCTEN IIPUJIEKTPO/I-
HBIX IPOIECCOB U WX MHTErpPalys B MATEMaTUIECKYI0 MOJEJb, OIIH-
CBHIBAIOIILYIO IIPOCTPAHCTBEHHBIE PACIpEeIeHns] BHYTPEHHUX XapaK-
TEPUCTUK T'e€TEPOI'€HHBLIX CHUCTEM B MEXKIJICKTPOIHOM IIPOCTPaHCTBE.
[Ipu mMomemmpoBaHUU TPOIECCA JIEKTPOJIU3a B DJIEKTPOJIATE MEXK-
Ay IIJIOCKO-IIapaJlIeJIbHBIMHA SJIEKTPOJaMM ITPEIIIOJIO2KUM ITOTCHIIN-
AJILHOCTH 3JIEKTPUYECKOIO IOJIsA, TOIJIa MaTeMaThYecKas OCTAHOB-
Ka OYJIET COCTOSATH M3 CUCTEMBI yPABHEHUH, cofiepzKalieil cieayonme
Ha4daJIbHO-KpaeBbI€, KpaeBbI€ 3a/lavd1:

1) HauajbHO-KpaeBble 3aJauu JjIs KOHIEHTPANUil 3apszkKeH-
HBIX HOHOB (ypaBHeHusl uddy3Un—KOHBEKIINY ¢ HAYAIbHBIMU U I'Pa-
HUYHBIME yesoBusiMn). OOIee X KOJIMIeCTBO OYIeT 3aBUCETH OT CO-
CTaBa JIEKTPOJIUTA.

2) Kpaesasi 3agada I8 HOTEHIHAIA SIEKTPUYIECKOTO OISt
(ypaBrenue ITyaccona ¢ rpaHUYHBIME YCJIOBUSIMU).

Sajiavu, BXOAAIINE B MATEMATUIECKYIO MOJIE/h, 00JIaAl0T Psi-
JIOM OCODEHHOCTEM, YCIOKHSIONIUX PeIleHue:

a) BosbInne rpaineHThl KOHIEHTPAINH B IPUIJIEKTPOHBIX 00-
JIACTSAX HPUBOJAT K BBIYUCJIUTEILHON OITMOKE MPU YUCJIEHHOM BbI-
YUCJIEHUU IIOTOKa YaCTHUIL B IIPUDJICKTPOJIHBIX O6.HaCTHX.

6) Obusactb ¢ mnpeobsiajanueM cBszaHHON quddy3uu B 1eH-
Tpe MEXK3JIEKTPOJHOI'O IIPOMEZXKYTKA COCEJICTBYET C IIPUIJIEKTPOJIHbI-
Mu 00JIACTSIMHU, TJIe JOMUHUDYET KOHBeKIus. Takas cMena mpeobJia-
JIAIONIUX IIPOIECCOB IPHUBOJIUT K CMEHE THIIA YPABHEHUH, UTO JAeT
OorpaHrnvieHune Ha UCIIOJIb3YyeMbI€ METO/bI PDEIlleHUAd.
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B) Haymmune cujibHOrO rpajineHTa 3JIeKTPUIECKOTO TI0JIsl B IIPU-
3JIEKTPOJIHBIX 00JIACTAX TPUBOIUT K IIPEOOJIAIAHUIO ITPOIECcCa KOH-
Beknuu. TakuMm 006pa3oM, BOZHUKAET IIPODJIeMa AIIPOKCUMAIUHI T1PO-
M3BOJTHON TIEPBOTO MTOPSIIKA TTPU UCTOIB30BAHIY HESBHBIX cXeM. ATi-
IIPOKCUMAIINS [IEHTPAJbHON PA3HOCTHON NPOU3BOJHON, MOXKET IIPU-
BECTU K HAPYIIEHUIO JUATrOHAJBLHOIO MIPeodIaJlaHus U, CJIe/I0BATE b
HO, K HEyCTONYNBOCTH BBIYUCJICHUN [P PEIIEHUN CUCTEMBI ajaredbpau-
4ecKuX ypaBHeHwuil. B cirydae ke UCIIOJIb30BAHUS HAIIPABJIEHHBIX Pa3-
HOCTEH NIPM aNNPOKCUMAaIlMA YMEHBIIACTCA IMOPAJIOK TOYHOCTH BbI-
YUCICHUA.

B nmannoit pabore pazpaboTaH UMCIEHHBIN aJTOPUTM PEITeHUs
OHOMEPHOM 3aJIa9¥, KOTOPBIH COAEpKUT B cebe BO3MOXKHOCTH pe-
MIeHAA KMHETHYCCKON 3aJlaul Ha IOBEPXHOCTH pazjiesia MeTaJlInde-
CKUM 3JIEKTPOJT, — YKUJIKUAU 3JEKTPOIUT. JJaHHBIA aJrTOPUTM COCTOUT
3 1ByX 0J10KOB. IlepBblit OJIOK SBJISIETCST CAMOCTOSITEILHOMN 3a1adeit
10 TIOUCKY KOHCTAHT CKOPOCTEIl IIPOIeCCOB U IPEeICTABIsAET pellleHne
«0»-mepnoit 3agaun. Ilyrem perrenus oOpaTHON KUHETUYECKON 3a-
JIad MOJMDUITUTPOBAHHBIM METOJIOM IPSIMOIO ITOUCKA BBIYUCIIAIOTCH
CKOPOCTH KOHCTAHT CTaJINUHBIX peakiuil. /lajee 3Tu JaHHBIE MOXKHO
HCIIOJIB30BaTh JIMOO [IJIsi PeIlleHnsi 3aJ[a4i [TPOTHO3UPOBAHUS BBIXO-
Ja IyTeM HIPsIMOr'o peIleHUsl CUCTeM KHMHEeTUYeCKUX ypaBHEHUU Me-
TojoMm Pyure-Kyrra, ibo pacuera mpoCcTpaHCTBEHHBIX XapaKTepHU-
CTHUK BO BTOpOM 0OJi0Ke ajiropuTtMma. Kunerndeckue 3aa4u MO3BOJISIIOT
OICHUTDH BKJI&Ibl IIPU3JIEKTPOJIHBIX IPOIECCOB M IIOCTPOUTHL IIEPBO-
HaYaJIbHBIN MTPOTHO3 BBIAEJEHUs ra3a. MeTom, mpuMeHsIeMblil B mep-
BOM 6JI0Ke, onmcan n Bepudunuposas B paborax [1-4]. Bropoit 610k
IIpeJicTaB/IsgeT cODOIl peleHrne HaYaIbHO-KPAEBbIX U KPACBBIX 33124 B
«OTHOMEPHOM» HPUOJINKEHUU. Pa3HOCTHBIE CXEMbI PEIICHUS JAHHBIX
3aJ1a9 CTPOWJIUCH UHTErPO-UHTEPIIOIAIIMOHHBIM criocoboM. Pacuersr,
[IPOBOJIUMBIE [1J1s1 BepUMUITMPOBAHUS AJITOPUTMA, 10 KOJUIECTBY BbI-
JIeJIEHHOI'O ra3a IoKa3aJld XOopolllee CXOXK/leHre, KaK Ha KaTojle, Tak
U Ha aHojie. Pacuer mpoCTPaHCTBEHHBIX XaPAKTEPUCTUK MOKA3AJ Xa-
PaKTepHbIE I'PA/IMEHTHI, T. €. XOpOoIllee Ka4eCTBEHHOE CXOXKJIeHHe.

Pa6ora BumosiHeHa 3a cder rpanTa Akagemun Hayk Pecny6suku Tarap-
CTaH, IPeJOCTaBJIEHHOI'O MOJIOJBIM KaH/IW1aTaM HayK (HOCT,HOKTOpaHTaM) C 11e-
JIBIO 3aIlUThI ,I[OKTOpCKOI‘/JI JAUCcepTallii, BBIIIOJIHEHUA Hay4YHO-UCC/IeI0BATEC/Ib-
CKUX paboT, a TaK>Ke BBINOJHEHUS TPYJAOBBIX (DYHKIUNH B HAYYHBIX U 0Opa3o-
BaTEJIbHBIX OpraHU3aluAX PeCHy6.HI/IKI/I TaTa.pCTaH B paMKaX FOCy,ZLa,pCTBeHHOI;'I
nporpamMbl Peciybsiuku Tarapcran «Hayuno-texnosiornaeckoe passurue Pec-
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my6auku Tarapcrans.

1. Kawanos JI.H., Kydpaewti A.J., Yebarosa B.FO., Kopmywun K.B
Buusinue BblzeIeHHsI BOZOPOZA Ha HPOILECCHl OCAXKIEHHsI IUHKA //
Nudopmanunonno—rexunosorudeckuit Becrank. 2023. T. 4, Ne 38. C. 143—
162.

2. Kawanos JI.H., Kawanos H.®@., Yebarosa B.FO. MaTremMaTu4eckoe Mo-
Jle/IIPOBAHNE KATOHBIX IIPOIECCOB IIPH MOy YeHnu Bojopoa // Becr-
uuk Texnonormaeckoro yampepcurera. 2023. T. 26, Ne 1. C. 99-105.

3. Kawanos P.H., Kawanos JI.H., Kawanos H.®., Yebarxosa B.FO. Ku-
HETUKA ABYX(A3HBIX TA30KUIKOCTHBIX CPEJT B IIPOTECCAX JIEKTPOJIU-
3a // Temwrodusuka Boicokux Temieparyp. 2021. T. 59, Ne 6. C. 869—
876.

4. Kawanos H.®@., Yebaxosa B.FO., Yebarosa E.B., Kopmywun K.B. An-
TOPUTM YHCJIEHHOTO MCCJIEIOBAHUS IPUKATOMHBIX TTPOIECCOB JIEKTPO-
Boiiesienns uaKa // Bectauk FOropekoro rocymapcrseHHoro ynusep-
curera. 2024. T. 20, Ne 1. C. 11-18.

Metosa fosm cMelieHus AJisd pacdeTa ToOpeHus
MMOJIMMEPHBIX MAaTEPUAJIOB

A. A. lITakaenn, A. . Kapmios, I. Mopap

Horcesck, Yomypmeruti dedeparvhoiti uccaedosamenrvberuti uenmp
VpO PAH

e-mail: shaklein@udman.ru, karpov@Qudman.ru, morargal 9@gmail.com

Pabora mocssiiiiena MCC/I€IOBAHUIO TOPEHUs TOJTUMEPHBIX Ma-
TepuayioB. [opeHre B raze 9acTo OMUCHIBACTCS OJHOM HEOOpATHMON
peakImeif, 9T0 OOBIYHO MO3BOJISIET AJIEKBATHO OIEHUTH TEILTOBBIJIEe-
JieHne B pe3ysibrare cropanus. OHAKO 1pU HEOOXOJUMOCTHU OIEH-
KU KOJIMYeCTBa O0pa3yIoNIUXCsd IPU T'OPEHUU U BBLIOPACHLIBAEMBIX B
OKPYKAIOIILYIO CPE/Iy BPEIHBIX BEIECTB TPEOYETCs UCIOJIb30BATD JIe-
TaJIbHbIE KIHETNYECKUE MEXAHNU3MBbI. MI/IHyC TaKOI'O IIOAXO/Ja 3aKJIIO-
YAeTCs TOM, 9TO MOJIYIAIOIIAsICS CUCTEMa yPaBHEHUI, BKIIOIAOIIAS
XUMHUIECKYIO KHHETUKY, CTAHOBUTCS YKECTKOM, ITO 00YCTOBJIEHO TITH-
POKUM CIIEKTPOM XapaKTEPHLIX BPEMEH IIPOTEKAHUA PEaKIIU.
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B cayvae nnddy3noHHOrNO TOpeHust ra30BbIX CMeceil /It CHU-
2KEeHU A BBIYUC/JIUTE/IBHBIX 3aTpaT UCIIOJIb3YETCdA METO/IUKa 3aMEHbI OC-
HOBHOTO TJITAMEHN HabOPOM OfHOMepHBIX TiaMmen (flamelet meTosm st
pacyueToB mapaMeTpoB TypOyJieHTHOro ropenusi). B pabore mpesra-
raeTcd aJallTallisd JaHHOT'O MeETOda K HCCJACJOBaHUIO T'OPpEHUA I10JIN-
MepHBIX MaTepuayioB. OCHOBHBIME OCOOEHHOCTSIMU 3J1€Ch, KOTOPbBIE
CJIeIlyeT YUeCTb U Pa3pPEIlUTh, SBJIAIOTCS HEIOCTOSHHBIE 10 0bJia-
CTH Ta30IPUX0JIa ¢ MeKdA3HOI MOBEPXHOCTH ([OBEPXHOCTH TOPEHNS )
TeMIIepaTypa IMOBEPXHOCTH W MaccOBast CKOPOCTD ra3u(UKaIIUH.

Cucrema ypasrenuii dbopmynupyercss B ciejyiomemM Bue [1]

Op | Opu; 0
8t 8%1 -
Ouj Ou _ Op O O .
P TP = oz + 52" oz, + (P = Pa) 95
0z 0z
'OE + Puia—m = 8—J:ipD8—xi’ (1)
07, 0Zy 0 0Zy,
P +Puza—xi = 8—%? £ (2)
T’ o1’ o o1’
Per ¢ + puicpa—xi = O—:CZ-)\O—:BZ-’ (3)
p = pRT.

Ypasuenue (1) onmucsiBaer mepeHoc Z — 0N CMEIIeHnsT. TOT
napaMeTp HpPEeJCTaB/IsSeT cOOOH HOBYIO OJHOMEDHYIO CHCTEMY KOOP-
JIUHAT, KOTOpas 3aMeHsieT OCHOBHYIO CHCTeMY ;. Takoe mpeobpazo-
BaHUE CIIPABEJINBO BOJU3M CTEXMOMETPUUIECKON MOBEPXHOCTU TOpe-
HUs, TJle Z HAIPaBJIeHa [0 HOpMAaJIu K 5To# moBepxHoctu. OIHAKO B
JIAHHOI paboTe 3TO yCI0BUE NpeHeOperaeTcs, n IMPOBOIUTCS OIECHKA
BO3MOXKHOCTH OIMCAHUS BCEH 00JIACTH ITAMEHH.

Ypasrenue (2) UCIONb3YEeTCsT JJIsl yIeTa PACIOIOKEHUS TLTaMe-
HM OTHOCHUTEJIbHO ITOBEPXHOCTHU TI'OPEHMS, OIIEHKHN TEIIJIOBOI'O IIOTOKa
B TBEP/IbIli MaTepUaJl U CKOPOCTU Tra3uPUKAINI TOPIOYETO.

Jlisi onmcaHusl HEPABHOMEDHON TeMIEepaTypbl TOpsIeil Io-
BEPXHOCTH (COOTBETCTBEHHO, W TeMIepPATYPbl I'OPIOYEro Ha TpaHU-
e Ta30MPUX0/Ia) B CHCTEMY ypaBHEHHII BXOJAUT ypasHenue (3), Ko-
TOPOE TIOJIy9aeTCsl Pa3/IeJIeHUEeM UCXOJHOTO YPABHEHUsI COXPAHEHHsI
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SHEPIUH HA J[Be YacTH: COOCTBEHHO ypaBHeHue (3) u ajmabarudeckast
JaCThb, KOTOpas paCCYUTbhIBACTCA J1JisI OJHOMEPHDBIX IIJIaMEH. B cJIy4dae
pacueToB rOPEHHsl KUJIKIUX FOPIOYNX MaTepHasoB (paciaBoB MMOJIH-
MEpOB), TeMIlepaTypa IMOBEPXHOCTH paBHA TeMIepaType KHIIEeHHs,
KOJIMYECTBO ITapaMeTpPOB MOJICJ/IN CHUZKaCTCA Ha €IUHUILY, YPaBHCHHUE
(3) omyckaercs.

[TapameTpbl pearupymoriero rasa (remieparypa, KOHIEHTDa-
I KOMITOHEHTOB) OIPEJETIAIOTCS CepHeil OJHOMEPHBIX PacueToB
JuPY3UOHHOTO JIAMEHH B IIPOTHBOTOKE U WHTEPIIOJIUPYIOTCS HA
ocuosHyI0 obsacte B Bune 1T = fr (T, Z, Zy).

[TpoBenennr pacuersl pacupocrpanenus audPy3nOHHOTO ILIa-
MEHN BHU3I IIO BepTI/IKaJH)HOﬁ IIOBEPXHOCTHU INOJIMMETUIMETaKpuIaTa
(IIMMA) ¢ ucrosb30BaHeM CKEJIETHOIO KMHETHIECKOTO MEXAHIM3Ma
Ha 29 KOMIIOHEHTOB U 33 peaKIny TOpeHusI MeTuIMeTakpuiaTa. Pac-
YeThl MOKA3BIBAIOT, YTO IIpeJijlaraeMast METO/IMKA ITIOKA3bIBAET CYIIe-
CTBEHHOE 3aBBIINEHNE CKOPOCTU PACIIPOCTPAHEHUs IIJIAMEHH 110 CPaB-
HEeHUIO ¢ m3MepeHusiMu. Takxke HaOIIOMAETCS 3aMETHOE OTIUYNE W3-
MEpEeHHOI U pacueTHO TeMIepaTypbl Bo ¢ppoHTe iaMmenn. Jlamabrit
3¢ deKkT 00bICHIETCS TeM, UTO IPU T'OPEHWH TBEPJOr0 MaTepuasa
IJIaMst PacIojiaraeTcs JOCTATOYHO OJIM3KO K TBEPJOMY MaTepualy, u
B obJstacTu (ppOHTA ILJTAMEHHN 00Pa3yeTcst 30Ha, KOTOPYI HEBO3MOXKHO
omnrcaTh KOMOMHAIEH OJTHOMEPHBIX ILJIaMEH.

Pabora nomepxkana Poccuiickum HaydHbIM DOHIOM, ITpoekT Ne 22-79—
10066.

1. Shaklein A., Karpov A., Trubachev S., Morar G., Balobanov N.,

Mitriukova E. A mixture fraction approach to predict polymer
burning // Polymers. 2024. Vol. 16. Art. no. 3313.
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XapakTepUCTUKN NPAKTUIECKON CXOIUMOCTH
MeTO/Ja KOHEUYHbIX Pa3HOCTell AJsd HeJUHENHO
3a/la9M TUNA «peaknusi-auddy3usay» mpu
MO/IeJINPOBAHNN OAKTEepUaJIbHOTO POCTa

. A. IlleBkyH, A.I'. MacinoBckas

Hrnonoauc, Yrnusepcumem Hnnonoauc
e-mail: shevkun.i.a@gmail.com, a.maslovskaya@innopolis.ru

B nacrosiee BpeMst MUKPOOPTaHU3MBI SIBJSIOTCS 3HATUMbBIMU
o0beKTaMU MEXKIUCITUIIINHAPHBIX HayK. OJHUM U3 pacipoCTpaHeH-
HBIX METOJOB MUKPOOMOJIOIMYCCKON NMATHOCTUKU SIBJISETCS BbIIE-
JIEHUE YUCTBIX KYJIbTYD U UX BBIPAIUBAHUE B JIADOPATOPHBIX YCJIO-
BUSX HA IUTATEIbHBIX cpefax [1]. B macrosieii pabore ucciemyer-
cs W PA3BUBACTCA MOIE/Ib ODAKTEPUABLHON IMOIMYJIAITMOHHON TIHAMU-
Ki, KOTopas (popMau3yercs ¢ IMOMOIIbIO HAYaJIbHO-KPAeBO 3a1adu
JJ1sl HEJIMHEWHOM CUCTEMBI yPaBHEHN B YACTHBIX ITPOU3BOJIHBIX THUIIA
peaknus-nuddysus [2| (B HOpMUPOBAHHOM HPE/ICTABIEHNN ):

on
Fri D, An — nb,
% = V(DyVb) + nb, (1)

—L<z<L—-L<y<lL

rie n(x,y,t) — KOHIEHTpaIys nuTaTeapHoro cyberpara; b(x,y,t) —
KOHIIEHTpaI|si GaKTEepHil; 0 — mapaMeTp MOJIE/IN, XapaKTepU3y IOIHi
KOHIECHTPAIIUIO ITUTaTEe/JIbHOI'O BeEIlleCTBa.

Ha‘{aﬂbeIe 1 KpaeBbIe YCJIOBUs OIIPEJC/IAIOTCA B BHUJIE!

n(x,y,0) = ng = const, b(z,y,0) =by(z,y), —L<z,y<L, (2)

on ob
—! =0 —1| =0, 0<t<T 3
onlr " fnlr ’ <t=4 (3)

e By = Burexp(—(z% +y?)/C?); By n C — mapamerpnt Mosesm; I
— IpaHMIa pacUYeTHON 06IacTH; N — BEeKTOD BHeIIHeil Hopmasm K L.
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st perenust 3anaun (1)—(3) ucnonb30BaH METOJ| KOHEYHBIX
pasHOCTell ¢ NPUMEHEHHeM II0/X0Ja JPOOHBIX Iaros [3|, Berdmc-
JHUTesIbHAS cxeMa 10pobHo onucana B [4]. Hacrosimee uccienosa-
nue cpOKyCHpPOBAHO Ha YCTAHOBJICHHN XapaKTEPUCTUK IIPAKTUICCKOI
CXOMMOCTH KOHEYHO-Pa3HOCTHOI cxeMbl. C 3TOil 1e/IbI0 IPUMEHEHO
npaBmwiIo PyHre co cxemoil ABOHHOIO IepecdeTa U OJIHOBPEMEHHBIM
U3MEHEHUeM I1apaMeTPOB CEeTKH 110 IPOCTPAHCTBEHHBIM IIePeMEeHHbBIM
n Bpemenu. OIeHKa OTHOCHUTEIBHOI IIOTPEITHOCTH BBLIIOJIHSAIACDH C
ITOMOIIIBIO [9-HOPMBI:

du = U= U|/|[T]]

rge U — «ucieHHOe pelleHue npyu 1uc/e pasOueHuii 1mo npocrpas-
CTBEHHBIM mepeMeHHbiM — N u 1o Bpemenu — K; U — uyucjennoe
pelleHne Ipu yaBoeHHOM uncie pasouenuit 2N u 2K.

Pe3ybraTsl OIIEHKM OTHOCUTEIBLHO ITOI'PENTHOCTH KOHIIEHTPa-
it 6uomaccet b(x, y,t) u nuranus n(x,y,t) npeJcTaBaeHbl B TabIw-
e 1.

Tabnuna 1: 3aBucumocts napamerpos K, o, u 0y, or N

2000 4000 8000 | 16000 | 32000
K | 10000 | 20000 | 40000 | 80000 | 160000
dp | 0.0811 | 0.0389 | 0.0148 | 0.0106 | 0.0083
op, | 0.0418 | 0.0158 | 0.0093 | 0.0071 | 0.0064

Takum obpazom, TpPUMEHEHUE CKOHCTPYUPOBAHHON BBIMHUC/IH-
TEJILHOM CXeMBI TP YMEHDBIIIEHUN T1ara CeTKN pas30MeHus TPUBOIUT
K CHWZKEHWIO OTHOCUTETHLHON MOTPEITHOCTH PEIIeHUs] B OJTHUX U TEX
JKe y3J1aX, 9TO TIO3BOJISIET HAM TOBOPUTD O MTPAKTUIECKON CXOUMOCTH
9TOU CXEMBbI. Ba}KHbIIVI ACIIEKTOM IIPUMEHCHHNA HACTOAIIETO Pe3yJib-
TaTa fABJIACTCA BO3SMOXKHOCTH YUCJIEHHOI'O MO/IE/IMPpOBaHUA JUHAMHA-
K1 6&KTepHaﬂbHOﬁ TIOITYJIAIIMHA IIPU ydeTe IIPOIEeCCOB KOMMYHUKaIIUN
MHUKPOOHOIO co0BIIecTBa [5] U B yCJIOBUSIX BHEITHErO HHIMOUPOBAHUS
aHTUOAKTEPUATLHBIMU Mpenaparamu [6].

1. Matsushita M., Wakita J., Itoh H., Rafols 1., Matsuyama T.,
Sakaguchi H., Mimura M. Interface growth and pattern formation in
bacterial colonies // Physica A. 1998. Vol. 249. P. 517-527.
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2. Kawasaki K., Mochizuki A., Matsushita M., Umeda T., Shigesada N.
Modeling spatio-temporal patterns generated by Bacillus subtilis //
Journal of Theoretical Biology. 1997. Vol. 188. P. 177-185.

3. AHnenxo H.H. Meron npoOHBIX MIATOB PEIIEHUs] MHOTOMEDPHBIX 3314
MmaremaTnydeckoit pusuku. Hosocubupcek: Hayka, 1967.

4. Illeskyn HU.A., Macaosckas A.I. Bapuanus mojesei JIeHIPUTOIO-
JI06HOI MopdoJIoruu OaKTEPUAJIBHBIX KYyJIBTYDP: JHCJIEHHAS peajin3a-
M5l B PAMKaX peakIMOHHO-1uddy3nonHoro npubiamxenus // Becruuk
Awmypckoro rocymapcersennoro yuusepcurera. Cepust: EcrecTBennbie n
skoHOMm4eckne Hayku. 2023. Ne 101. C. 30-39.

5. Maslovskaya A., Kuttler Ch., Shevkun I., Chebotarev A., Kovtanyuk A.
Quorum sensing model for nutrient-dependent evolution of cultured
bacteria: theoretical framework and in silico study // Nonlinear
Dynamics. 2025. No. 113. P. 7519-7534.

6. Maslovskaya A.G., Shevkun I.A., Kuttler Ch. The evolution model
of cultured bacteria with external growth inhibition: computational
techniques and in silico studies // EPiC Series in Computing:
Proceedings of 3rd International Workshop on Mathematical Modeling
and Scientific Computing. 2024. Vol. 104. P. 209-220.

JByX3TaIrHbIiT MeTO/I MapaMeTPuIeCcKoil

nAeHTUUKAINN AJIsS JUCKPETHBIX MoJeJsieil
Xa0TUYECKUX ITPOIECCOB

A. C. lllenyapko
Yeanbunck, Foicno-Yparvcruti 2ocydapemeennvili yrusepcumenm
e-mail: sheludkoas@susu.ru

PaccMmarpuBaercs Kjacc JUCKPETHBIX MOZeell XaOoTHYeCKUX
nporieccos |1, 3a1aHHBIX B BHJIE OJIHOMEPHBIX OTOOpasKeHUil BUIa

rp = f(zR-1,A), (1)

riae T — IepeMeHHasl COCTOSHUs, A — IapaMeTp Mojeian, k — Ho-
Mep BPEMEHHOTO Tiara. B 3a1ade mapaMeTpuaecKkoit uIeHTHQUKAIIT
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HeOOXOMMMO HANTH OIEHKU HAYAJBHOTO YCJIOBUS T U IMapamMerpa A
10 I0CJIEJI0BATEIbHOCTH 3alllyMJIEHHBIX U3MepEeHUi

Yy =Tk +vi, k=1,2,..., N, (2)

rie v — omubku mamepenuit, N — uncsao usdmepennit. s mannoi
ITOCTAHOBKY METOJIBI TapaAMeTPUIECKON MJIeHTU(DUKAIINN, KAK [TPABU-
JIO, OCHOBBIBAIOTCSI HA PEIeHUN 38J[a i MUHUMUABAIIN

nciiren 70 )
rie F' — 1eneBast DyHKIWS, KOTOpasi OHpeJessieT Mepy OJu30cTu
peasmsaruy Mozesnn (1) k usmepenusim (2) |2, 3|. OcHoBHAs CI0K-
HOCTBH NIPU TAKOM IOJIXOJIE COCTOUT B TOM, UTO IiejieBasi (DYHKIIHST
F sBisiercst MHOroOSKcTpeMasIbHoi [3, 4], npu sT0M 1pn HEGOJIBITOM
qucje naMepenuii N 3HadeHUs 1eJIeBOil (PYHKIUU B TOYKAX JIOKAJIb-
HOT'O 9KCTPEMyMa MOTYT OTJIMYATLCsI HE3HAUUTEIBHO [5]. D10 npuso-
JIUT K HEOOXOIMMOCTH IIPUMEHEHNUs! aJITOPUTMOB TVI00AJILHON OIITHMU-
3amnuu Jyisi perienus 3ajadn Munumusanuu (3). Takxke craHOBUTCSI
MIEPCIIEKTUBHOI Pa3paboTKa METOJOB IMPEIBAPUTETHLHON 00pabOTKN
u3MepeHuii (2), KOTopble MO3BOJISIOT YMEHBIIUTH MHOKECTBO MTOUCKA
P = Xy x A nepemennbix nesesoit pyukmun F.

B nannoit pabore jist pereHnst pacCMOTPEHHON 3a1a49u Ipel-
JlaraeTcsi JIByXITAIHBI METOJ| TapaMeTPUYECKOl uIeHTHUMOUKAINN.
Ha mepBoMm srarie MCIONB3YeTCS ajJrOpUTM TapaHTHPOBAHHOIO OIle-
HUBaHWs [6], KOTOPBIl [O3BOJISIET YTOYHUTH MHOXKECTBO HOHCKa P.
AJropuT™M rapaHTHPOBAHHOTO OIEHUBAHMS OCHOBAH Ha MHOYKECTBEH-
HOM (MHTEPBAILHOM) [IPE/ICTABJICHUN HEOIPEIEIEHHOCTH O HEM3BECT-
HBIX TIEPEMEHHBIX |7, 8] 1 npejicraBiisier coboil peKypPEeHTHYIO IPOIIe-
JIypy TTOCTPOEHUsI MHOYKECTBEHHBIX OIEHOK MEPEMEHON COCTOSTHUST T
u mapamerpa A orobpaxkenus (1). Januas mporeaypa MoOxKeT ObITh
peajin30BaHa B IPSAMOM M ODPATHOM BPEMEHU, YTO IO3BOJISET B Pe-
3yJIbTaTe IOJIyYNTh yTOUHEHHbIE MHOYKECTBA BO3MOMKHBIX 3HAUCHMI
Xo n A HAUATILHOTO YCJIOBUS T( U TapaMeTpa A COOTBETCTBEHHO. [1pn
9TOM IIPU KOPPEKTHBIX AIPHOPHBIX HPEINOJIOKEHUAX TapaHTHPyeT-
cs1, ITO HAllJIEHHbIE MHOXKECTBEHHbIE OlleHKN X, A cojeprkar uCTUH-
Hbl€ 3HAYEHNUs HEM3BECTHBIX IIepEeMEHHbIX. TaKiM 00pa3oM, pe3ybra-
TOM IIEPBOTI'O dTalla ABJIAETCsS yTOYHEeHHOe MHOXKeCTBO noucka P C P,
rme P = Xg x A. Takas npeasapureabHass o0pabOTKa ITOC/IEI0BA-
TeJIbHOCTH u3MepeHuii (2) Ha mepBOM dTalle MO3BOJISAET yMEHBIIUTh
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YUCJIO JIOKAJBHBIX 9KCTPEMYMOB IiejieBoit dyukiuu F' u B manbHei-
nieM COKpPaTUThb BpeMd BBIYUCJICHU Ipu IIpuMEHEeHUN aJI'OPpUuTMOB
rJ100aIBHO ONTHMU3AIINN.

Ha BropoMm 3rarie UCHOJIb3yeTcsi aJlrOPUTM post dacTull [5] jist
HaXO2KJ/I€eHNU TOYCYHBIX OIECHOK Ha4YaJIbHOT'O YCJIOBUA T U IIapaMeT-
pa A\ B pesyJjbrare perieHus 3ajadn MuHEMu3anuu (3). Asropurm
POsA 9aCTUll ABJIdeTCA OJHHUM M3 PAaCIIPOCTPaHEHHBIX 3IBPUCTUYICCKUX
AJTOPUTMOB IVIO0ATLHOI ONTHMU3AIMN, KOTOPbIE MPUMEHSIOTCS PH
napaMeTpHYecKoil mIeHTH(UKAIMA MOl XaOTHYECKUX IIPOIEC-
coB [9, 10]. Asropur™M OCHOBaH Ha PACCMOTPEHUM MHOXKECTBa da-
CTHUII, KOTOPbIE IIepeMeIlaloTCd 10 MHAUBUAYaAJIbHBIM TPAaCKTOPUAM
B IIPOCTPAHCTBE MEPEMEHHBIX IiejieBoit dyukimu. Kaxkmas gacTuma
XPaHUT KH(POPMAIIUIO O CBOEM HAMJIYHINEM IIOJIOKEHUH — TOYKE Tpa-
eKTOPHH, B KOTOPOil 3HAYeHHE IIeIeBOil (DyHKIMHM ObLIO MUHAMAJIb-
HBIM. MexKly 9acTHIaMu TaKzKe MPoucxXoauT obMeH nHdopMalmeii o
HanJIy4dIneM II0JIO2KEeHU!M CPeIr BCEeX YaCTHUILl — TOYKEe, KOTOPasd IIPUHN-
MaeTCd 3a HpI/I6JII/DKeHI/Ie K TO4YKe FJIO6a.HbHOFO MHUHUMYMa. OCHOBHI)I—
MU JJOCTOMHCTBAMHE AJTOPHUTMA POSI 9aCTHIL ABJISIOTCS OTHOCUTEILHO
HEeBOIBIIOE YUCJIO HapaMeTPOB U BO3MOYKHOCTH HapaJslie/bHON pea-
muzanuu. Kpome TOro, ajJropuTM MOXKHO MOAM(HUINPOBATH JJIA pe-
IIeHUdA 3aa491 I/I,HeHTI/I(i)I/IKaJ_H/H/I B peaJIbHOM BpEeMEHU. HpI/I oJsry4de-
HUM HOBOI'O M3MEPEeHHUs] OTHOCUTE/ILHOE PACIIOIOXKEHHE SKCTPEMyMOB
HeﬂeBOﬁ (byHKHI/II/I MEHAEeTCdA HE3HAYUTEJIbHO, IMO3TOMY IIOJIHBIN IIe-
pe3allyCK BLIMUCJICHUIT He TpebyeTcs: Ha HOBOM UTepaluu aJropuTMa
UCIIOJIL3YIOTCS y7Ke HailJeHHbIC HAMIYYIIe TTOJOKCHUS JACTHUIIL,

Bompoc Beibopa mmapamMerpoB aaropuTMa posi TacTHIL JIIsI TTOUC-
Ka 17100aJIbHOr0 MUHIMYMa. I1e/1eBoil pyHKIwN 00cy K acs B [5]. Dd-
(EKTUBHOCTDH TIPUMEHEHUSI AJTOPUTMA T'apAHTUPOBAHHOTO OICHWBA~
HUSI KaK IIPOIELyPhbl YTOYHEHUS MHOYXKECTBA IIOMCKA ObLIa MOKA3aHa
B [6]. Jaunast pabora 06beIUHSIET PE3yJIbTATbl ITHX UCCJIeI0BAHMIA.
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HyCTb COCTOSTHUE CUCTEMBI S B MOMEHT BpeMeHu t onuchbIBaeTCs
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BeKTOpOM S(t) — 3JIEMEHTOM TIPOCTPAHCTBA BO3MOXKHBIX COCTOSIHUIA
S. B coorBeTcTBUM ¢ BOZMOXKHBIMU THUIIAMHU BEJUYIUH TPOCTPAHCTBO
S MOXKHO TPeJCTABUTEL B BHUJE JEKAPTOBA ITPOU3BEICHUS S1 X So, IIe
Sq ommchIBaeT BO3MOYKHBIE KOJUIECTBEHHDbIE 3HAUCHUS, 8 So — Kade-
crBennbie. Ilycrs dyrKIMS nepexoqa ¢g: S X X X T — S onucbiBaet
nepexoy S u3 cocrosiaust S(t1) B S(t2) UpU HAJIMYNE BHEIIHETO BO3-
neitcrust © € X Ha BpeMeHHOM uHTepBase 1 = [t,ts] € T:

S(ta) = ¢S(S(t1)>x>T)'

Usmenenus, npoucxofgmmue ¢ S npu nepexoge S(t1) — S(ta) MOXKHO
pas3/e/InTh Ha KOJIMIeCcTBeHHbIe (pocT n yosisanue): Si(t1) — Si(t2),
S1 € S, u KagecTBeHHbIE (pA3BUTHE U JACTPAJIAIS, HJIH OTPUIATEI b
Hoe pazButue): So(t1) — Sa(ta), Sz € Sa.

B orsmmdme oT KOJIMYECTBEHHBIX, KAU€CTBEHHBIE BEJIMUUHBI HE
MOI'YT OBITh U3MEPEHBI, TAK KAK OTCYTCTBYET HEOOXOIUMBIIL JJIsI 5TO-
ro OObEKTUBHBI MHCTPYMEHT, HE3ABUCUMBbIH OT HabJogaress. Ha-
npuMep, “poct”’ KaK KOJMIECTBEHHAsT BEJIUYINHA C €IUHUIECH n3Mmepe-
Hug “‘MeTp’, MOXKeT OBbITh U3MEPEH, HAIIPUMED, JIMHEHKOM, HO BHIOOD
3HAYCHUI BEJIUYUMHBL “POCT’ U3 MHOXKECTBa ‘HU3KHUi’, “‘cpemuuii’ u
“BBICOKHIT” CyIIECTBEHHO 3aBUCUT OT SKCIEPTa (M €ro pocTa), BBIIOJI-
HAIOIIETO 3TO JelicTBUE.

g dopmammsanun cyObeKTUBHBIX TOHSTUNR, KOTOPbIE OCHO-
BaHbI HA KOJUYECTBEHHDBIX BEJIMYMHAX, MOXKHO UCIIOJIH30BATH HEYET-
kue nogmuoKecTBa (fx (u),u) (ux — QyHKIMS [TPUHAJIIEKHOCTH])
YHUBEPCAJIBHOIO MHOXkKeCTBa U, COCTOSIINEro u3 CTPYKTYp (CKalisi-
POB, BEKTOPOB, MATPHIL U T.II.) C KOJUIECTBEHHBIME djieMeHTamu [1].
Ecim ssmementsr U — ckassipuble Bemannbl (Hampumep, 3 R), 1o
OTHOIIIEHUE TOPSJKA B KJ/IACCe HEYETKUX ITOJIMHOXKECTB CTPOUTCH C
UCIIOJIb30BaHUEM OYKUJIAEMBIX 3HAUEHWI, MUHUMAJIBHBIX WJIA MAKCH-
MaJIbHBIX 3HaueHuii a-yposHeit u T.11. [2, Hacrs I11]. Ecou ssemenTsr
U — Goutee coyKHBIE CTPYKTYPBI, TO JJIs IOCTPOEHUST OTHOIIEHUH 110~
PsJIKa MO2KHO KCIIOJIB30BATh IIOJIXO/bI U3 TEOPUU MHOTOKPUTEPUATIH-
HOIT onrTuMu3anuu (BBIOOP MIABHOIO KPUTEPHs, JIEKCUKOTpadmaeckoe
YIIOPsiJIOYEHNE, CBEPTKU U T.II.).

Eciin gactsb 3/1eMeHTOB S BBIPaXKAOT He(POPMAIU3yeMbIe 10~
HSTUsI, KOTOPBIE HE OCHOBAHBI HA KOJMYECTBEHHBIX 3HAUEHUSX, (Ha-
npuMep, “IeHHOCTL” W “yJ0BI€TBOPEHHOCTS ), TO JIst X (hopMaJIb-
HOT'O IIPEJICTABJIEHUS MOYKHO UCIIOJI30BATh HETOUHbIE MHOYKECTBA BH-
na (X, X) (X — nmxnee npubmskenne, X — sepxuee) [2, Yacts [V].
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[Ipu sTOM OTHOIIEHME TOPSIJIKA B KJIAaCCe HETOUHBIX MHOXKECTB OITH-
CHIBAIOIINX HEKOTOPOe HedopMan3yeMoe MOHSITHE OIPEeJIEIsSieTCs ¢
YIETOM TPUHAJJIEIKHOCTH JIEMEHTa K HUXKHEMY WJIH BEPXHEMY TIPU-
ommkermsam (ecmm x € X, y € X uz & X, 10 v = y = ). Taxxe
[P OIPEJIeJIEHUN OTHOIIEHUsT MOPSJIKA yIUTBIBAETCST YIIOPSIOUEH-
HOCTb MHOKeCTBa HOHsTHIl (“MeHee neHHbIH < “neHHbIl” < “Gosee
HeHHBIR”).

[Iycrs dyukius f: S X X x T — Y, rme Y — MHOXKECTBO BO3-
MOXKHBIX 3HAYEHUH Ha BBIXOJE, OMUCHIBACT (DYHKITHOHUPOBAHUE CHU-
creMbl S.

Eciu monens cucremsl S nipejicraBiieHa B BUE YEPHOIO SIIAKA,
0TOOPAKAOIIETO BXOJI B BBIXOI:

y=fla,t]58)+e,

TO Pa36UMUE CUCTEMbI HE MOXKET OBITh OIMCAHO HA OCHOBE AHAJIM-
3a U3MeHeHuil eé CTPyKTYphI (Tak Kak sk — 4€pHbIil). V3menenue
Kawecmea PyHKITMOHUPOBAHUS MOXKET 33J[aBAThCs, HAIIPUMED, C YIE-
TOM BPEMEHU U /VJIN BXOJHOTO BO3JIEICTBUSI:

y=fijxt|S)+e reX;CX, teT;CT.

BameTnM, 9TO IPU UCIOJL30BAHAU HEYETKON KiaccuguKaimm
(XiNXy #0,0# 4, n/mm T; NTy # 0, j # j') monens f” MOYKHO
OlpeJIe/IUTh B Bujle (MepapXudecKoii) acCOIUATUBHON MAITUHbL (CM.
nanpumep (3, Ch. 7]).

Ecim npu MomesmpoBanuu yYuTBIBACTCA CTPYKTYPa CHCTEMbI
JIO ONPEJIEJIEHHOTO YPOBHSI JleTaju3anun (Ha HUYKHEM yPOBHE Kark-
JIBIi 9JIEMEHT MOJIEJIMPYeTCsl KaK YEPHBII SINUK ), TO 3HAYEHHE Kade-
CTBEHHO COCTABJISIIONIEH COCTOSIHIAS So OLPEJIEJISETCs Ha OCHOBE aHa-
JIM3a CTPYKTYPBI cucTeMbl (rpada ¢ y3/1aMu—COCTABHBIMU YaCTSIMU U
pé6paMu—cBsi3siMu ). 3aMeTuM, 4TO U3MEHeHHe CBA3eil, JlaXKe IpH 1o~
CTOSTHHOM COCTaBe, MOYKET IPHUBECTH K KA4ECMEEHHOMY U3MEHEHUIO
cucreMbl (HapuMep, autorpornus u noauMopdusm). Takxke uzmene-
HUe YNC/Ia 9JIEMEHTOB U CBS3eil MOMKET IPUBECTH K HEOOXOIUMOCTH
Ka4eCTBEHHOI'O M3MEHEHUs] Mojiesin (DYHKIMOHUPOBaHus (HAIpUMep,
[epexo/| OT areHTHOIO MOJIEIMPOBAHUS K arperupPOBAHHBIM MOIE/ISIM
C MHTErPAJIbHBIMA [TOKA3ATEISAMHM).

Ecim msBecTHa CTPyKTypa CHCTEMBI JI0 ONPEIEJIEHHOTO yPOB-
Hsl JIETAJM3AIUH, TO Ha OCHOBE MOPQOJOrHIECKOr0 aHaIM3a MOKHO
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OIPEJIE/IUTD TIPEJIe/IbHBIE BO3MOYKHOCTH CUCTEMBI JIJIs OIIPEICJIEHHOTO
Ka4eCTBEHHOI'O COCTOsIHUs (CTpecc-aHajm3). DTO MO3BOJISET 3a/aTh
TPAHUIIBI, B KOTOPBIX Oy/IeT HAXOAUTHCS IMPOTHO3HOE 3HAYEHUE. 3Ha-
HUE NIPEeAEeJIbHBIX BO3MOXKHOCTEN TaKzKe onpeliesdeT MOTEHIINAIbHY IO
OCYIIECTBUMOCTD — PA3PEIIIMOCTb 3341 CUHTEe3a CUCTEeMBbI, o0Ja-
JTalomnieil 3aJaHHBIMIA CBOMCTBAMMU.

[Tpu MomeupoBaHUM PA3BUBAIOIINXCST CUCTEM TpeOyeTcs yuu-
TBIBAThH, 9YTO KaYECTBEHHBIE OIEHKU — CyOBbEeKTHBHBI. PasmaHbie
dopmanuzanmu I OJHOW W TOM »Ke MOJEIN OJHON W TOi Ke CH-
CcTeMBbl MOTYT JIaTh pa3/JudHble pe3yabrarhl. [losTomy npm Mojem-
poBaHUU, a TaKKe IIpu I[IpeaoCTaBJICHUN IIOJIYyYEHHBIX PE3YJ/JIbTaTOB
CJIeJI0BaJIO Obl sIBHO yKa3bIBATh (¥KeJIaTesIbHO, (hOPMATU30BAHO, YTO-
6bI He OBLIIO PA3HOYTEHHI) CMBICJI 3HAYEHUH KAIECTBEHHBIX BEJININH.

1.  3ade JI. TlousaTne JUHIBUCTHIECKON ITEPEMEHHON U €r0 MPUMEHEHHE K
MPUHATHIO TPUOIMKEHHBIX pernenuit. M.: Mup, 1976.

2. Jho B. Teopust u mpakTHUKa HEONPEACIEHHOTO TPOrpaMMupoBanusd. M.:
BUHOM. Jlaboparopus 3uanmii, 2005.

3. Haykin S. Neural Networks. A Comprehensive Foundations. 279
edition. Pearson Prentiee Hall, 1999.
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